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FOREWORD

This book may be used as a general textbook at about 8th Grade (or Year 8) level in classes where
students are expected to complete a rigorous course in Mathematics. It is the third book in our Middle
Years series ‘Mathematics for the International Student’.

In terms of the IB Middle Years Programme (MYP), our series does not pretend to be a definitive course.
In response to requests from teachers who use ‘Mathematics for the International Student’ at IB Diploma
level, we have endeavoured to interpret their requirements, as expressed to us, for a series that would
prepare students for the Mathematics courses at Diploma level. We have developed the series
independently of the International Baccalaureate Organization (IBO) in consultation with experienced
teachers of IB Mathematics. Neither the series nor this text is endorsed by the IBO.

In regard to this book, it is not our intention that each chapter be worked through in full. Time constraints
will not allow for this. Teachers must select exercises carefully, according to the abilities and prior
knowledge of their students, to make the most efficient use of time and give as thorough coverage of
content as possible.

We understand the emphasis that the IB MYP places on the five Areas of Interaction and in response there
are links on the CD to printable pages which offer ideas for projects and investigations to help busy
teachers (see p. 5). Other features worth noting include ‘Graphics Calculator Instructions’ (p. 9) and
‘Challenge Sets’ on the CD (see p. 25). Chapter 25 is a collection of miscellaneous activities which we
hope students will find interesting and challenging (see p. 495).

Frequent use of the interactive features on the CD should nurture a much deeper understanding and
appreciation of mathematical concepts. The inclusion of our new EDFIRIME software (see p. 4) is
intended to help students who have been absent from classes or who experience difficulty understanding
the material.

The book contains many problems to cater for a range of student abilities and interests, and efforts have

been made to contextualise problems so that students can see the practical applications of the mathematics
they are studying.

We welcome your feedback. Email: info@haeseandharris.com.au

Web: www.haeseandharris.com.au

PV, PMH, RCH, SHH, MH
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USING THE INTERACTIVE CD
The interactive CD is ideal for independent study.

Students can revisit concepts taught in class and undertake their own
revision and practice. The CD also has the text of the book, allowing
students to leave the textbook at school and keep the CD at home.

By clicking on the relevant icon, a range of new interactive features
can be accessed:

¢ SelfTutor

¢ Areasof Interaction links to printable pages

¢ Printable Chapters

¢ Interactive Links — to spreadsheets, video clips, graphing and
geometry software, computer demonstrations and simulations

SELF TUTOR is a new exciting feature of this book.
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The icon on each worked example denotes an active link on the CD. \ \\\\\

Simply ‘click’ on the (or anywhere in the example box) to access the worked
example, with a teacher’s voice explaining each step necessary to reach the answer.

Play any line as often as you like. See how the basic processes come alive using

movement and colour on the screen.

Ideal for students who have missed lessons or need extra help.

Draw all lines of symmetry of:
a b

=

See Chapter 16, Transformations, similarity and congruence, p. 333



AREAS OF INTERACTION

The International Baccalaureate Middle Years Programme focuses teaching and learning

through five Areas of Interaction:

¢ Approaches to learning
¢  Community and service
¢  Human ingenuity

The Areas of Interaction are intended as a focus for developing connections between different
subject areas in the curriculum and to promote an understanding
of'the interrelatedness of different branches of knowledge and the
coherence of knowledge as a whole.

Click on the heading to
access a printable ‘pop-up’
version of the link.

Areas of interaction:

LINKS

click here

¢ Environments
¢ Health and social education

In an effort to assist busy teachers, we offer the following
printable pages of ideas for projects and investigations:

INFLATION RATES

Approaches to learning, Community and service

Links to printable pages of ideas for projects and investigations

Chapter 3: Percentage
p. 97

INFLATION RATES
Approaches to learning/Community and service

Chapter 7: The geometry of polygons

AIRCRAFT NAVIGATION

p. 163 | Human ingenuity/ Approaches to learning
Chapter 8: Indices RUSSIAN PEASANT MULTIPLICATION
p. 187 | Human ingenuity/ Approaches to learning

Chapter 9: Radicals and Pythagoras

CREATE YOUR OWN PYRAMIDS

p. 211 | Human ingenuity/ Approaches to learning
Chapter 10: Length and area HOW MUCH OXYGEN IS PRODUCED?
p. 240 [ Environments/Health and social education
Chapter 12: Volume and capacity ICEBERGS
p. 274 | Environments/Approaches to learning
Chapter 13: Coordinate geometry HOW FAR IS IT FROM YOUR CHIN TO YOUR
FINGERTIPS?
p. 300 | Approaches to learning

Chapter 16: Transformations, similarity and

THE MATHEMATICS OF AIR HOCKEY

congruence p.- 349 | Approaches to learning
Chapter 19: Quadratic equations HOW FAR WILL A CAR TRAVEL WHEN BRAKING?
p. 399 | Community and Service/Health and Social Education
Chapter 20: Quantitative statistics AT WHAT RATE SHOULD YOU BREATHE ?
p- 417 | Health and social education
Chapter 23: Trigonometry MEASURING INACCESSIBLE DISTANCES
p. 468 | Human ingenuity/ Approaches to learning
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10 GRAPHICS CALCULATOR INSTRUCTIONS

In this course it is assumed that you have a graphics calculator. If you learn how to operate
your calculator successfully, you should experience little difficulty with future arithmetic
calculations.

There are many different brands (and types) of calculators. Different calculators do not have
exactly the same keys. It is therefore important that you have an instruction booklet for your
calculator, and use it whenever you need to.

However, to help get you started, we have included here some basic instructions for the Texas
Instruments TI-83 and the Casio fx-9860G calculators. Note that instructions given may
need to be modified slightly for other models.

GETTING STARTED

Texas Instruments TI-83

The screen which appears when the calculator is turned on is the home screen. This is where
most basic calculations are performed.

You can return to this screen from any menu by pressing .

When you are on this screen you can type in an expression and evaluate it using the [ENTER
key.

Casio fx-9860g

Press [MENU] to access the Main Menu, and select RUN-MAT.

This is where most of the basic calculations are performed.

When you are on this screen you can type in an expression and evaluate it using the [EXE]
key.

VN BASIC CALCULATIONS

Most modern calculators have the rules for Order of Operations built into them. This order
is sometimes referred to as BEDMAS.

This section explains how to enter different types of numbers such as negative numbers and
fractions, and how to perform calculations using grouping symbols (brackets), powers, and
square roots. It also explains how to round off using your calculator.

NEGATIVE NUMBERS

To enter negative numbers we use the sign change key. On both the TI-83 and Casio this
looks like .

Simply press the sign change key and then type in the number.

For example, to enter —7, press ] 7.
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FRACTIONS

On most scientific calculators and also the Casio graphics calculator there is a special key
for entering fractions. No such key exists for the TI-83, so we use a different method.

Texas Instruments TI-83

To enter common fractions, we enter the fraction as a division.

For example, we enter % by typing 3 E 4. If the fraction is part of a larger calculation,
it is generally wise to place this division in brackets, i.e., 3 E 4 .

To enter mixed numbers, either convert the mixed number to an improper fraction and enter
as a common fraction or enter the fraction as a sum.

Forexample,wecanenterQ%as 11E4 or 23E4.

Casio fx-9860g

To enter fractions we use the fraction key [a b/c| .

For example, we enter % by typing 3 4 and 2% by typing 2 3 4. Press
[SHIFT (a% — %) to convert between mixed numbers and improper fractions.

SIMPLIFYING FRACTIONS & RATIOS

Graphics calculators can sometimes be used to express fractions and ratios in simplest form.

Texas Instruments TI-83

To express the fraction % in simplest form, press 35 E 56 [35<0EkFac

b=
IMATH] 1 [ENTER]. The result is 3. égﬂbﬂi 1+1-42¥Fr
28-15

To express the ratio % : 1% in simplest form, press 2

=13 D] = 1 1[=] 4 D] [waATH] 1 [ENTER].

The ratiois 8 : 15.

Casio fx-9860¢g

To express the fraction ‘;’—2 in simplest form, press 35 56 zE:T .
[EXE]. The result is R

oolut
[un}
L
—_
on

To express the ratio % : 1% in simplest form, press 2 [a b/c] RFiET)
3[=] 1 [abe] 1 [abe] 4 [EXE]. The ratio is 8 : 15.

ENTERING TIMES

In questions involving time, it is often necessary to be able to express time in terms of hours,
minutes and seconds.
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Texas Instruments TI-83

To enter 2 hours 27 minutes, press 2 (ANGLE) |2=27'
1:° 27 2:'. This is equivalent to 2.45 hours. 2. 17vOMS

To express 8.17 hours in terms of hours, minutes and seconds,

press 8.17 4:»DMS .

This is equivalent to 8 hours, 10 minutes and 12 seconds.

2.45
aeipt izt

Casio fx-9860g
To enter 2 hours 27 minutes, press 2 [OPTN (ANGL) 2tz - s

2. 1TrDME

©" 27 (°”") [EXE|. This is equivalent to 2.45 hours. g°1@° 12
To express 8.17 hours in terms of hours, minutes and seconds,

press 8.17 (ANGL) (»DMS) [EXE].

This is equivalent to 8 hours, 10 minutes and 12 seconds.

Bl B BASIC FUNCTIONS

GROUPING SYMBOLS (BRACKETS)

Both the TI-83 and Casio have bracket keys that look like and .

Foli]Rect Jenkis) T

Brackets are regularly used in mathematics to indicate an expression which needs to be
evaluated before other operations are carried out.

For example, to enter 2 x (4 + 1) we type 2 4 1 .

We also use brackets to make sure the calculator understands the expression we are typing in.

For example, to enter ﬁ we type 2 E 4 1 . If we typed 2 E 4 1

the calculator would think we meant % + 1.

In general, it is a good idea to place brackets around any complicated expressions which need
to be evaluated separately.

POWER KEYS

Both the TI-83 and Casio also have power keys that look like . We type the base first,
press the power key, then enter the index or exponent.

For example, to enter 25% we type 25 3.

Note that there are special keys which allow us to quickly evaluate squares.

Numbers can be squared on both TI-83 and Casio using the special key .

For example, to enter 252 we type 25 |z?].
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SQUARE ROOTS

To enter square roots on either calculator we need to use a secondary function (see the
Secondary Function and Alpha Keys).

Texas Instruments TI-83

The TI-83 uses a secondary function key .
To enter v/36 we press 36 .

The end bracket is used to tell the calculator we have finished entering terms under the square
root sign.

Casio fx-9860g
The Casio uses a shift key to get to its second functions.

To enter /36 we press m . 2?] 36.

If there is a more complicated expression under the square root sign you should enter it in
brackets.

For example, to enter /18 + 2 we press 18 E 2 .

ROUNDING OFF

You can use your calculator to round off answers to a fixed number of decimal places.

Texas Instruments TI-83

To round to 2 decimal places, press [MODE| then E to scroll

E%ﬁ%ﬂt%ggﬂg
down to Float.

Use the [»] button to move the cursor over the 2 and press

[ENTER] . Press to return to the home screen.

If you want to unfix the number of decimal places, press [MODE

[v] to highlight Float.

Casio x-9860g

".4'11 Horiz G-T

To round to 2 decimal places, select RUN-MAT from the Main  [Anale iRad T

Plm almn O

R C
Menu, and press [SHIFT| [MENU] to enter the setup screen. Scroll Eijﬂe? ':;"‘:jf‘ .
1x G H
L —

down to Display, and press (Fix). Press 2 to select

the number of decimal places. Press [EXIT| to return to the home
screen.

To unfix the number of decimal places, press [SHIFT] [MENU] to return to the setup screen,
scroll down to Display, and press (Norm).
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INVERSE TRIGONOMETRIC FUNCTIONS

To enter inverse trigonometric functions, you will need to use a secondary function (see the
Secondary Function and Alpha Keys).

Texas Instruments TI-83

1 —1

The inverse trigonometric functions sin~—*, cos~! and tan~!

are the secondary functions of

ISIN], [cOS| and [TAN| respectively. They are accessed by using the secondary function key
2nd .

i 3 — -1(3
For example, if cosz =2, then z=cos™'(2).

To calculate this, press 3 E 5 .

Casio fx-9860g

1

The inverse trigonometric functions sin~ !, cos~! and tan—1!
b

are the secondary functions of
, and respectively. They are accessed by using the secondary function key
ISHIFT] .

i -3 — -1(3
For example, if cosz = £, then z = cos (5)

To calculate this, press m m 3 E 50)] . m

SCIENTIFIC NOTATION

If a number is too large or too small to be displayed neatly on the screen, it will be expressed
in scientific notation, that is, in the form ax 10" where 1 < a < 10 and n is an integer.

Texas Instruments TI-83

. 2IEE™3E

To evaluate 23003, press 2300 [A] 3 [ENTER]. The answer 3325%51.215?519
displayed is 1.2167E10, which means 1.2167 x 10'°. 1.5e-4
To evaluate ﬁ’ press 3 E 20000 . The answer
displayed is 1.5E—4, which means 1.5 x 1074

S . . . 2.6eld4-13
You can enter values in scientific notation using the EE function, 2EL3
which is accessed by pressing - E
For example, to evaluate 2:6X10 6X10 , press 2. 6 - E 14 E
13 [ENTER]. The answer is 2 x 1013,
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Casio x-9860g

To evaluate 23003, press 2300 3 . The answer fi;;a 1.216Te+1@
displayed is 1.2167E+10, which means 1.2167 x 10%°. . Loz 3

To evaluate ﬁ, press 3 E 20000 . The answer | EIF
displayed is 1.5E—04, which means 1.5 x 104

You can enter values in scientific notation using the [EXP] key. 2:felasls 2E+13
For example, to evaluate 2'6%{014, press 2.6 [EXP] 14 [£] 13
[EXE|. The answeris 2 x 10'3. TR

E-DARY FUNCTION AND
ALPHA KEYS

Texas Instruments TI-83

The secondary function of each key is displayed in yellow above the key. It is accessed by
pressing the key, followed by the key corresponding to the desired secondary function.

For example, to calculate v/36, press 36 .

The alpha function of each key is displayed in green above the key. It is accessed by pressing

the key followed by the key corresponding to the desired letter. The main purpose
of the alpha keys is to store values into memory which can be recalled later. Refer to the
Memory section.

Casio fx-9860g

The shift function of each key is displayed in yellow above the key. It is accessed by pressing
the key followed by the key corresponding to the desired shift function.

For example, to calculate v/36, press 36 .

The alpha function of each key is displayed in red above the key. It is accessed by pressing
the key followed by the key corresponding to the desired letter. The main purpose
of the alpha keys is to store values which can be recalled later.

D N MEMORY

Utilising the memory features of your calculator allows you to recall calculations you have
performed previously. This not only saves time, but also enables you to maintain accuracy
in your calculations.
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SPECIFIC STORAGE TO MEMORY

Values can be stored into the variable letters A, B, ..., Z using either calculator. Storing a
value in memory is useful if you need that value multiple times.

Texas Instruments TI-83

Suppose we wish to store the number 15.4829 for use in a 15.4829+H15 4570
number of calculations. Type in the number then press [STO®| |R+1E )
25.4829
|ALPHA| [MATH| (A) ENTER]. A*3
37r11.563767F
We can now add 10 to this value by pressing
10 , or cube this value by pressing
3 [ENTER].
Casio fx-9860g
Suppose we wish to store the number 15.4829 for use in a number | 13- 452%+H T
of calculations. Type in the number then press ::;a 25 4879
(A) ) IT11.563TET
AT
We can now add 10 to this value by pressing
10 , or cube this value by pressing 3
[EXE].
ANS VARIABLE
Texas Instruments TI-83
The variable Ans holds the most recent evaluated expression, |Fd o
and can be used in calculations by pressing ) 17-An=
3
For example, suppose you evaluate 3 x 4, and then wish to
subtract this from 17. This can be done by pressing 17 E
[2nd] [ENTER].
If you start an expression with an operator such as , E, 1 7—FAns 12
etc, the previous answer Ans is automatically inserted ahead of o
the operator. For example, the previous answer can be halved Anz~2 25
simply by pressing [+] 2 [ENTER] . Az rFrac =

If you wish to view the answer in fractional form, press [MATH

1 [ENTER] .
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Casio x-9860g

The variable Ans holds the most recent evaluated expression, Tt
12

i i ing [SHIFT] 17-A
and can be used in calculations by pressing [SHIFT| [(=)]. For n= =
example, suppose you evaluate 3 x 4, and then wish to subtract

this from 17. This can be done by pressing 17 [] rn

[EXE].

If you start an expression with an operator such as [+], [=], [ 12
etc, the previous answer Ans is automatically inserted ahead of |177Ans 5
the operator. For example, the previous answer can be halved |2 2.5
simply by pressing [+] 2 [EXE]. pring

If you wish to view the answer in fractional form, press [F«D].

RECALLING PREVIOUS EXPRESSIONS

Texas Instruments TI-83
The ENTRY function recalls previously evaluated expressions, and is used by pressing

[ENTER].

This function is useful if you wish to repeat a calculation with a minor change, or if you have
made an error in typing.

Suppose you have evaluated 100 4+ 1/132. If you now want to evaluate 100 4 /142, instead
of retyping the command, it can be recalled by pressing .

The change can then be made by moving the cursor over the 3 and changing it to a 4, then
pressing [ENTER] .

If you have made an error in your original calculation, and intended to calculate 1500++/132,

again you can recall the previous command by pressing .

Move the cursor to the first 0.

You can insert the digit 5, rather than overwriting the 0, by pressing [2nd] [DEL] 5 [ENTER] .

Casio fx-9860g

Pressing the left cursor key allows you to edit the most recently evaluated expression, and is
useful if you wish to repeat a calculation with a minor change, or if you have made an error

in typing.
Suppose you have evaluated 100 + /132.

If you now want to evaluate 100+ +/142, instead of retyping the command, it can be recalled
by pressing the left cursor key.

Move the cursor between the 3 and the 2, then press [DEL| 4 to remove the 3 and change it
to a 4. Press [EXE] to re-evaluate the expression.
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E_ LISTS

Lists are used for a number of purposes on the calculator. They enable us to enter sets of
numbers, and we use them to generate number sequences using algebraic rules.

CREATING A LIST

Texas Instruments TI-83

Press [STAT| 1 to take you to the list editor screen. L1 Lz Lz 1
R
To enter the data {2, 5, 1, 6, 0, 8} into Listl, start by moving :
the cursor to the first entry of L1. Press 2 [ENTER| 5 [ENTER| ;
...... and so on until all the data is entered.  mmmne
Li7a=
Casio fx-9860g
Selecting STAT from the Main Menu takes you to the list editor List 1 |List 2|1t 3] List
screen. i
5 1]
To enter the data {2, 5, 1, 6, 0, 8} into List 1, start by moving H :
the cursor to the first entry of List 1. Press 2 [EXE| 5 [EXE] ...... LR P CALCTES TATHTEJUIS T I

and so on until all the data is entered.

DELETING LIST DATA

Texas Instruments TI-83

Pressing |STAT| 1 takes you to the list editor screen.

Move the cursor to the heading of the list you want to delete then press |CLEAR| [ENTER] .

Casio fx-9860g
Selecting STAT from the Main Menu takes you to the list editor screen.

Move the cursor to anywhere on the list you wish to delete, then press  [F6] (=) [F4] (DEL-A)
(Yes).

REFERENCING LISTS

Texas Instruments TI-83

Lists can be referenced by using the secondary functions of the keypad numbers 1-6.

For example, suppose you want to add 2 to each element of Listl and display the results in
List2. To do this, move the cursor to the heading of L2 and press 1 2 .
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Casio fx-9860g

Lists can be referenced using the List function, which is accessed by pressing [SHIFT] 1.

For example, if you want to add 2 to each element of List 1 and display the results in
List 2, move the cursor to the heading of List 2 and press |SHIFT| 1 (List) 1 2 .

Casio models without the List function can do this by pressing (LIST)

(List) 1 [+] 2 [EXE].

NUMBER SEQUENCES

Texas Instruments TI-83

You can create a sequence of numbers defined by a certain rule
using the seq command.

This command is accessed by pressing E to enter

the OPS section of the List menu, then selecting 5:seq.

For example, to store the sequence of even numbers from 2 to 8

in List3, move the cursor to the heading of L3, then press
E 5 to enter the seq command, followed by 2
L] (X [5] 1 ] 4 1] [EnTeR].

This evaluates 2z for every value of = from 1 to 4.

Casio fx-9860¢g

You can create a sequence of numbers defined by a certain rule
using the seq command.

This command is accessed by pressing (LIST)
(Seq).

For example, to store the sequence of even numbers from 2 to
8 in List 3, move the cursor to the heading of List 3, then press

to enter a sequence, followed by 2 E
Gl G4 G D] Exe.

This evaluates 2z for every value of z from 1 to 4 with an
increment of 1.

MATH

Lzif=2

List || List 2 m“st y
SLE

Lict JL+mfOim|Fill]=eq | Re

Lizt || List 2| FECRER List u

FLE]
|
E
El

U
SequiHir. 14210

List || List 3] List 3| List W

g2 [l
a E
u B

e
ListL+M]Oim|Fill]5eq [
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ﬂ_ STATISTICAL GRAPHS

STATISTICS

Your graphics calculator is a useful tool for analysing data and creating statistical graphs.

In this section we will produce descriptive statistics and graphs for the dataset 5 2 3 3 6
4537571895,

Texas Instruments TI-83

Enter the data set into Listl using the instruc- [1-Mar Statz L1 1-Mar Stats
. . L. .. ¥=d, SEEEEEEET
tions on page 18. To obtain descriptive statistics Tn=r
— Exe=d27
f the data set ss |STAT 1:1-Var Stats Sw=2, 263583337
0 ¢ pre o] ox=2. 185525262

1Ly .
To obtain a boxplot of the data, press |2nd] Eluﬂgtz Floks — T
HF

(STAT PLOT) 1 and set up Statplotl as I

shown. Press [ZOOM| 9:ZoomStat to graph the  |EEEH: 1I:| .
boxplot with an appropriate window.

To obtain a vertical bar chart of the data, press E] R DR
A of+

[2nd] 1, and change the type of graph to Feils Lt
a vertical bar chart as shown. Press ZOOM ﬁ,{éitﬂ“
9:ZoomStat to draw the bar chart. Press

and set the Xscl to 1, then GRAPH|

to redraw the bar chart.

We will now enter a second set of data, and [L

Le Lz c DFI.FME Flokz
compare it to the first. E_ """ ﬁgpe: Lo L=
iE
2
Enter the dataset 9 6 23 55756 7 6 E
T

344584 into List2, press 1, |Ga=s el el
and change the type of graph back to a boxplot

as shown. Move the cursor to the top of the Pl R Fots —] [
screen and select Plot2. Set up Statplot2 in the el E . 1
same manner, except set the XList to L2. Press  [gLl1sh Lz :

Fre=:1

7YYV . . Mark: B +
1zoOM| 9:ZoomStat to draw the side-by-side ark: O
boxplots.
Casio fx-9860g
Enter the data into LlSt 1 using the. il’l'StI'U.CtiO'nS susl List | |List 3|List 3]st u %—Uar‘ig{:égssssss
on page 18. To obtain the descriptive statis- L -
tics, press until the icon is in s nt T e
p I e | || *

the bottom left corner of the screen, then press

(CALC) [F1] (1VAR).
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To obtain a boxplot of the data, press [EXIT

(GRPH) (SET), and set up

StatGraph 1 as shown. Press
(GPH1) to draw the boxplot.

To obtain a vertical bar chart of the data, press
(SET) (GPH2), and set up
StatGraph 2 as shown. Press

(GPH2) to draw the bar chart (set Start to 0,
and Width to 1).

We will now enter a second set of data, and
compare it to the first.

Enter the dataset 9623557567634
4584 into List 2, then press (SET)

(GPH2) and set up StatGraph 2 to draw a
boxplot of this data set as shown. Press [EXIT
(SEL), and turn on both StatGraph 1 and

StatGrarhl

Freauency i1
Outliers 0T
Hizt [Eow i E 1UAR
StatGrarh 2

i= iLi=
Freauetic =1 '
[AEE [Eo= [MoEErEn T 11AF

List 1| List a|List 3|t v

ELELGFaPhZ

3UE raph Twpe it MedBox
1 5 E]
Fl a B I ALENCY :
3 3 a Outlietrs fO0ff
u 3 3
[GFHT [GFHE [GFRT LIST,
=Lallararh = D gwln
aLl-ap & De-awls |_|:|:|_|
StalGrarh3  iDrawldff
[on [TFF [ORA ATAF,

StatGraph 2. Press (DRAW) to draw the side-by-side boxplots.

"cll WORKING WITH FUNCTIONS

GRAPHING FUNCTIONS

Texas Instruments TI-83

Pressing selects the Y= editor, where you can store functions
to graph. Delete any unwanted functions by scrolling down to

the function and pressing |CLEAR] .

To graph the function y = x? — 3z — 5, move the cursor to

Y1, and press E 3 E ) . This
stores the function into Y1. Press to draw a graph of

the function.

To view a table of values for the function, press [2nd] [GRAPH

(TABLE). The starting point and interval of the table values can

be adjusted by pressing (TBLSET).

Flekl Flakz Flekz

M EHEE-FE-S
M=
wMr=

# 49
| iz
-z E
-1 -
] -E
i -7
: -7
3 -E

uw=-3
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Casio fx-9860g

Selecting GRAPH from the Main Menu takes you to the Graph
Function screen, where you can store functions to graph. Delete
any unwanted functions by scrolling down to the function and

pressing (Yes).

To graph the function y = 22—3x—5, move the cursor to Y1
and press EZ’»ES.
the function into Y1. Press (DRAW) to draw a graph of
the function.

This stores

Graph Fumc  24'=

\ I

To view a table of values for the function, press [MENU| and
select TABLE. The function is stored in Y1, but not selected.
Press (SEL) to select the function, and (TABL) to view

the table. You can adjust the table settings by pressing
and then (SET) from the Table Function screen.

FINDING POINTS OF INTERSECTION

-3
FOkH [P [EpTT F-CoH [G-FLT

It is often useful to find the points of intersection of two graphs, for instance, when you are

trying to solve simultaneous equations.

Texas Instruments TI-83

12 —

We can solve y = 11 —3x and y = Tx simultane-

ously by finding the point of intersection of these two lines.
—x

Press , then store 11 — 3x into Y1 and into

Y2. Press |GRAPH| to draw a graph of the functions.

To find their point of intersection, press (CALC)

5, which selects S:intersect. Press [ENTER]| twice to specify
the functions Y1 and Y2 as the functions you want to find the
intersection of, then use the arrow keys to move the cursor close

to the point of intersection and press [ENTER| once more.

The solution z= =2, y=15 is given.
Casio fx-9860¢g
12 -2 .
We can solve y = 11 — 3z and y = —5 simultane-

ously by finding the point of intersection of these two lines.
Select GRAPH from the Main Menu, then store 11 —3x into

12 — —
Y1 and Tx into Y2. Press (DRAW) to draw a graph

of the functions.

Flubl Flokz Flats
e = ) s
s EB012-r02

“Ny=
=Me=
“MNE=
=Ma=

Inkskseckion I \
b Y=£

SEL TYPEJS TYL G HER [T
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To find their point of intersection, press (G-Solv)

(ISCT). The solution x =2, y=>5 1is given.

Note:

remaining points of intersection can be found by pressing E .

If there is more than one point of intersection, the

SOLVING f(z) = 0

In the special case when you wish to solve an equation of the form f(z) =0,
and then finding when this graph cuts the x-axis.

done by graphing y = f(z)

Texas Instruments TI-83
2 — 322 + x4+ 1 = 0, press and store
23— 322+ 2+ 1 into Y1. Press [GRAPH| to draw the graph.

To solve

To find where this function first cuts the z-axis, press
(CALC) 2, which selects 2:zero. Move the cursor
to the left of the first zero and press , then move the
cursor to the right of the first zero and press . Finally,

move the cursor close to the first zero and press [ENTER] once

more. The solution x ~ —0.414 is given.

Repeat this process to find the remaining solutions « =1 and

T~ 241.

Casio fx-9860g

To solve 23 — 3224+ 2+ 1 = 0, select GRAPH from the
Main Menu and store 2% —3z? +x +1 into Y1. Press
(DRAW) to draw the graph.

To find where this function cuts the x-axis, press (G-Solv)
(ROOT). The first solution z ~ —0.414 1is given.

Press E to find the remaining solutions x =1 and = ~ 2.41.

TURNING POINTS

Texas Instruments TI-83

To find the turning point (vertex) of y = —2%+2x+3, press

and store —z2+2x+3 into Y1. Press to draw
the graph.

From the graph, it is clear that the vertex is a maximum, so press

(CALC) 4 to select 4:maximum.

this can be

o 3 ma i M
lintersect
[ (e s

JF el

L/

R ) [
f="HihzizE Y=0

WY=EE-ERE R+ /

RooT

H=-D0. 4IU2135624 =0

Z2izero

Simindram

sl &1 Fr
fintersect

=R R
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Move the cursor to the left of the vertex and press [ENTER], then
move the cursor to the right of the vertex and press [ENTER].

Finally, move the cursor close to the vertex and press | ENTER|
Haximur

once more. The vertex is (1, 4).

Casio fx-9860g
To find the turning point (vertex) of y = —x2 + 2z + 3, select GRAPH from the Main
Menu and store —22 + 2z + 3 into Y1. Press (DRAW) to draw the graph.

From the graph, it is clear that the vertex is a maximum, so to

find the vertex press (G-Solv) (MAX).
The vertex is (1, 4).
FEN\

Yi=—kE+2H+3

ADJUSTING THE VIEWING WINDOW

When graphing functions it is important that you are able to view all the important features
of the graph. As a general rule it is best to start with a large viewing window to make sure
all the features of the graph are visible. You can then make the window smaller if necessary.

Texas Instruments TI-83

Some useful commands for adjusting the viewing window MEMORY
include: ecimal
SEESquaPE
|zo0M| 0:ZoomFit : This command scales the y-axis to fit % %%tahdar*d
the minimum and maximum values of |22 ZInteger
Qi ZoomStat

the displayed graph within the current  |gRFSamE1 f.
x-axis range.
6:ZStandard : This command returns the viewing %& MEMORY
window to the default setting of

~10< 2 <10, —10<y < 10. ot %EEH L
) . . 4:f0ecimal
If neither of these commands are helpful, the viewing window |5z 2535;?3
can be adjusted manually by pressing [WINDOW] and setting the %%r’r:?gdar“d

minimum and maximum values for the x and y axes.

Casio fx-9860g
The viewing window can be adjusted by pressing |[SHIFT] Micw Witdow

(V-Window). You can manually set the mlum and jé?leéé iéSS‘r‘SlalS
maximum values of the x and y axes, or press (STD) Maw 1@

to obtain the standard viewing window —10 < z < 10,
—-10 < y < 10.
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CHALLENGE SET

and cach
How many b v o

 and y are positive integers and 32+ 2y = 20, Shor
pairs of numbers = and y which make this equation truc.
3 oy s soain o i o Jo n e lpbon

“I do not have a dog, said Jon. Aunty Heather knows b
it on of e o 4 o nd e e do s, Wher
said she stated that “at least one of them is ot tlling the
‘Which one of them has a dog’

4 Find the next member of the following sequences:

CHALLENGE SET 2

3 xa

5180+, Find o

& bus fin there are 10 towns. Fach bus ticketcontain the names of bohthe stating

and Tiihing towns o  jouney, How many ieren

Click on the icon to access printable Challenge Sets.

CHALLENGE
SETS

-

; 3 jow many: & squares
2 3,612,244, b 1410 Remember: Squares are speci CHALLENGE SET 3
5 Ame and Brad tgether have $34, Brad and Chiistine tor
Deid togehrbave 21, andDeidd Elen i b 1 Susan b 100y b Each oy sh s ol b of e, She st 5
viine and Ellen putall of their money togetherhey B e ey golf o lewn many as she can but not more than a quarer of the number she had at the start of the
e I a sporting club, members cithr play golf or lavn bow day. How many jely beans docs she cat on the 10th day
E N 70% of the members play golf and only 15% of the mem ¥ ey v
6 Find the values of A and B if e = play both glf and bewls? 2 Find the area of  triangle with sides 3 cm, 5 cm and § 1
’ 5 Twelve identical cubes are stuck together with instant 3 A recanpular paddock s 100 m ong by 60 m vide Fonc (UGN
7 A farmer can buy fencing pancls in 10 m lengths. He wishi e dentin . st v around the paddock. How mary poss re equired
N AR lue 10 form the rectangular prism shown. How many
cach 10 m by 10 m. Draw a diagram of the most ccon e to form th rcts o shown, 5 1 o= Youm svna i coninrand 5 e
e il e s cannt o s fom vt 4 The given subtraction contans every digt, , continer. Explain use these 10
© 1f each letr represents a ifferent digit, olve the i 0.1,2.8.85.6.7.8md2 ] s et out acty 1 e of water
problem ind the missing digits. ’
6 1o and b are real numbers and @ b = a(b+ 1) 5 AL and C are verices of  cube S
2 fnd 205 b findeif Ser=20 Find the measure of angle BAC,
< prove thatif (asb)ec=as(bec) thencither a A 2 heel 4 cockvise in which o (e
7 By continuing the pattern, find the next two digitsof the 1 5
8 Danicl mltplicd & mumber by 3 instead of divding it by ) <
should Daniel’s answer have been
6 oot cor il membero et 15,4,5,6,7.© 13 o, st Al vl s
Find the maximum and minimum possible values of = 50 minutes late, another cycis leaves B and ravels
A 100km B constan speed of 30 km per hour towards A,
CHALLENGE SET 7 How many diffent paths e possile from A 10 B if At what time do they meet?

1 Two containers cach hold 100 mL of iquid. The first holds water and the second holds

pure alco

Lo water s aken rom lh: first container and put into the second container, and

the mixture is shaken vigorousy

20 mL of Hquid i emoved fom th sccond conine and plyat i e i s

only downward motion is permitted 4 You have 1 ltre of 20% cordial mixture and
a large quantity of 5% cordial mixture. How
much of the 5% cordial mixture must you
add 0 the 207 cordal mixtare o make an
8% cordial mixture’

50 that both containers now have exactly equal volumes of mi
Which mixture contains the greater amount of alcohol?

CHALLENGE SET 6

% cordial

2 How many 3 digit umbers ars i by 77 ==
3 Determine the otal number of triangles contained 1 1f s an odd number, find which of the following are also odd: —
in the given figure. a2 b w43 € atil datiril 5 How many diagonals has  T-sided polygon?
2 s i e . [
e largest riangle is shadet A o
. Place integers in the circles so the CHALLENGE SET 7 sity number which consists of two digits
the sum of the oumbes in the djac e i vhichcomiss of o digin
£ inisan ineger explainwhy 307+ 5n i abvays ven, B e mesin
Hint: n could be cither even o oc <
3 Ina class of 30, we know that 11 students like tennis and 20 | 2 For 3 equilateral triangles, if sides are shared there is one. T
o the maximum mumber who ke both of thesesports and oly one figure which can be constructed: AN & deazand
5 Notice that 1=1%, 1+3=2% 1+3+5 ©  the minimum number who may like both of these sports. How many different figures are possible with:
Fod et 1434307 404115 & At et in competion, fhe oo s combisr B —
6 For the given rectangle,show that. a? +&° = s s 150 kg, 3 When 2 s subtracted from the numerator and 1 is added to the
b N fraction, the result is 5. Find the fraction given that it lies betv 1 A Show that a
" s the last digit of the numl "7‘007 Hint: Draw the alttude from A to [BC).
R & Whatis the last digit of he numb ,
Hint:  Consider 7', 72,
¢ -
, ¥ AX=yBem d I [ 3 Show o1 s sy dite by 6oy g
) the length AB. - e Hint: Fully factorise n* — B [§ D
X Mt Lt CX=xX1 .
B o Wha i the mass oFthe bae without any weights o it ¢ 3'ﬂm«';mmmﬂrrmmmmmm- 2 When the Jones family Gncuding pareis)weigh themsees, h averge mas s 50 kg
. ane § When savelng o Fo 10 Tt you avenge s 50 and 10 em? respectively. ‘With the parents missing, the average mass ofthe children is 35 kg. The combined mass
Find th volome of the peis. of the paents s o many childen are thre inthe Jones furily?
from Bute to Fab and observe that your average speed for the. the pr  the parenis is 190 kg. He y childs h the X family’
o ket Pt oy s e, T Hour, What was your sveragespesd from But to Fab? 300 atb=5, bie=6 ad cta=7, fnda,bandc
300 and 400, 1f the amber i counted in thres, fives and se\ 6 n, ﬁgn{lnumber what is the number? oo 4 A melon cost the same s the sum of the costs of an apple, a banana and a carrot.
on cvery occasion ay bl did Peer ave? - N —— A bananscoss thesame s the su ofth coss of an appl ond o
set of the first n positive integers. N 1t would cost the same to buy a banana as it would to buy 3 carrots.
=6 x5 x 21 =T 7 Ve o b i e b 1 ot st el Ny st could Yo e n kot
v 24705 on the nd of 1001 when this umbe increased by 65 another perfctsquar resuls. Show tiat there
CHALLENGE SET 9 ber of the ol numbers, 5 Michacl Fong noticed that the hands of a clock were at right angles to one another and
} avmber ofthe following sequences + s cot o st 10, W ot il ,1,2,9,4,5, e ime e pm. What s h actl i, 0 e et sckond,when s
! b 126201 Jr— oceumed?
q For cxample:  768: 10° + 6% 10° + 8x 10 + 5. & If n is any odd number, show that n? — 1 is always divisible by 8.

Find

[y

1 Acirele is inseribed within an equilateral tiangle with

M cacty  mates 1 3 b ono s
You may still bave some ane-by-one squares

One cube of cheese has sides of length 10 cm. A larger
volume twic tht of the smlle cube. Find the lengths o
1 made  trribe crro, Instesd ofadding 3 nd then mlt
and then added 3 Consequently, my answer was 4 of wl
wasthe original muber

7 players entered the Combined Schools Tennis Chamy.
need to be scheduled to determine the champion?

732 digits were used 1o number the pages of the second
pages were in the book?

Hint: There are 3
‘Shaw how to cut a 12 cm by 12 cm square into two ide 5
together, form an 15 em by § em rectangle. Hine Expand
1 could be any real number, find the smallest possible & One g conins

22246

X

Sides of length 6 em. Find the radius of the circle.

vinegar and water in the ratio 1

2 Pierre said that is age was the sum of Sally’s and Julie’s ages. Howenver,last year Sall
‘age was double Julie's age, and in two years from now Pierre’ age will be double Julie’s
age. How old s Pierre now?

Superdog counts in base 4. He requires only the dig
ole

CHALLENGE SET 10

e the letters C, C and D there are 3 possible ‘words” you could make. These

are: CCD, CDC, and DCC.

How many ‘words® could you make using C, C, C, D and D?  List them,

How many different lines can be drawn through at least two of four distinet poinis?
cases to consider

“The sum of two mumbers is 7 and the sum of their squares is 29. What is their product?
)

3. Another full glass with
twice the capacity of the first has vinegar and water in the ratio 1

contents
of both glasses were mixed together, what would be the ratio of vinegar 10 water?

By drawing one straigh line through X, divide the figure

into two cqual arcas.

8 Ifit takes 3 minutes to saw a log into 3 pieces, how long would it take t0 saw it into 4

picces?

In the figure, [AM] and [CN] each have length v/5 cm.
Find the length of [AC]
int: Lot AN = NB

L show that ' = 32 +2.
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28 NUMBER (Chapter 1)

Numbers have been part of human thinking since prehistoric times. Today, we live in
numbered streets, have telephone numbers, registration numbers, bank account numbers, and
tax file numbers. We use numbers to describe the value of things, to measure the universe
and plot courses through time and space. We are “tagged” with a number when we are born
and often after we die. Numbers are thus an essential part of our lives.

In this chapter we review integers, fractions, decimals, and ratio, and also investigate the
notation called index form.

OPENING PROBLEM KET MONEY”

During a twelve week school term, Tim and
his sister Becky agreed to do the dishes for
their parents from Monday to Friday. Tim
did them on Monday, Wednesday and Friday,
leaving Becky to do them on Tuesday and Thursday. They
negotiated with their parents to be paid 2 cents for the first
week, 4 cents for the second week, 8 cents for the third
week, and so on.

Consider the following questions:

What is the ratio of the work Tim does to the work Becky does?
What fraction of the work does Tim do?

How much will they be paid in weeks 4, 5 and 67

What would each person be paid for the final week of term?

ol & W N =

How much would each person be paid for doing the dishes during the term?

"SI NATURAL NUMBERS

NATURAL NUMBERS

The natural numbers are the counting numbers 1, 2, 3,4, 5,6, 7, 8, 9, ......

The set of natural numbers is endless. As there is no largest natural number, we say that the
set is infinite.

FACTORS

The factors of a natural number are all the natural numbers which divide exactly into it,
leaving no remainder.

For example, the factors of 10 are: 1, 2, 5 and 10.

A number may have many factors. When a number is written as a product of factors, we
say it is factorised.
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For example, consider the number 20.

20 has factors 1, 2, 4, 5, 10, 20 and can be factorised into pairs as: 1 x 20, 2 x 10, or 4 x 5.
20 may also be factorised as the product of 3 factors, for example 20 =2 x 2 x 5.

The highest common factor or HCF of two or more natural numbers is the largest factor
which is common to all of them.

|_Example 1

Find the HCF of 24 and 40.

The factors of 24 are: {1, 2, 3, 4, 6, 8, 12, 24}
The factors of 40 are: {1, 2, 4, 5, 8, 10, 20, 40}
the HCF of 24 and 40 is 8.

MULTIPLES

A multiple of any natural number is obtained by multiplying it by another natural number.

For example, the multiples of 3 are: 3, 6, 9, 12, 15, 18, ...... These are obtained by
multiplying 3 by each of the natural numbers in turn:
3x1=3, 3x2=6, 3x3=9, 3x4=12, ...

| Example 2 | ) Self Tutor

a Find the largest multiple of 9 less than 500.
b Find the smallest multiple of 11 greater than 1000.

a 91 50° b 11 | 100'0

5 5 with 5 remainder 9 0 with 10 remainder
So, the largest multiple is So, the smallest multiple is
9 x 55 = 495. 11 x 91 = 1001.

The lowest common multiple or LCM of two or more natural numbers is the smallest
multiple which is common to all of them.

o) Self Tutor

Find the LCM of 6 and 8.

The multiples of 6 are: {6, 12, 18, 24, 30, 36, 42, 48, 54, 60, ....}
The multiples of 8 are: {8, 16, 24, 32, 40, 48, 56, ....}

the common multiples of 6 and 8 are: 24, 48, .....

the LCM of 6 and 8 is 24.
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EXERCISE 1A

1 List all the factors of:

a9 b 12 c 19 d 60

e 23 f 48 g 49 h 84
2 List the first five multiples of:

a4 b 7 c9 d 15
3 Find the HCF of:

a 6,8 b 12,18 ¢ 24,30 d 72,120

e 6,12, 15 f 20, 24, 36 g 12,18, 27 h 24, 72,120
4 a Find the largest multiple of 7 which is less than 1000.

b Find the smallest multiple of 13 which is greater than 1000.

¢ Find the largest multiple of 17 which is less than 2000.

d Find the smallest multiple of 15 which is greater than 10 000.
5 Find the LCM of:

a 5,8 b 4,6 c 8,10 d 15,18

e 2,3,4 f 3,4,5 g 5,9, 12 h 12, 18, 27
6 Three bells chime at intervals of 4, 5 and 6 seconds respectively. If they all chime at the

same instant, how long will it be before they all chime together again?

50 DIVISIBILITY TESTS

One number is divisible by another if, when we divide, the answer is a natural number, or

whole number.
The following divisibility tests can be used to help us find factors:

A natural number is divisible by:

if the last digit is even or 0
if the sum of the digits is divisible by 3

if the last digit is 0 or 5
if the number is even and divisible by 3.

SO W N

Find OJ if 530 is divisible by:
a 2 b 5 c 4 d 3

if the number formed by the last two digits is divisible by 4
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a To be divisible by 2,
0=0,2,4,6 or8

o, O=0orb
¢ To be divisible by 4,
O=2o0r6

d To be divisible by 3,

O=1,40r7

[J must be even or 0.

b To be divisible by 5, [ must be 0 or 5.

‘300" must be divisible by 4.
{as 32 and 36 are divisible by 4}
543+ 0 must be divisible by 3.
8 + [0 must be divisible by 3.
{as the number must be 9, 12 or 15}

EXERCISE 1B

1 Determine whether the following numbers are divisible by:

9
10

i 2 ii 3 iii
a 1002 b 12345
e 861 f 6039

Find OJ if the following are divisible by 2:

a 430 b 59200 ¢ 306

Find OJ if the following are divisible by 3:

a 310 b 203 ¢ [42

Find O if the following are divisible by 4:

a 420 b 304 ¢ 51401

Find O if the following are divisible by 5:

a 390 b 89601 ¢ 73005

Find O if the following are divisible by 6:

a 420 b 5501 ¢ 6018

4

iv 5 v 6
¢ 2816 d 123210
g 91839 h 123456789
d 013 Check your
answers using
your calculator!
d 32005
d 68010
d 6402
d 4102

Find the largest three digit number divisible by both 3 and 4.

Find the smallest whole number greater than 1 which leaves a remainder of 1 when

divided by 3, 4 and 5.

How many three digit numbers are divisible by 7?

Find the digits X and Y if the number of form ‘X7Y6’ is divisible by 24.

1 | P | Q | R | S | is a four digit number. Find the number given the following clues:

Clue 1: All digits are different.

Clue 2: The product of digits R and S equals digit P.
Clue 3: Digit Q is one more than P.

Clue 4: The sum of all digits is 18.

Clue 5: The four digit number is divisible by 11.
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The negative whole numbers, zero, and the
natural numbers form the set of all integers.
...... ,—b,—4,-3,-2,-1,0,1,2,3,4, 5, ...

INTEGERS

We can show these numbers on a number line. Zero is neither positive nor negative.

-5 -4 -3 -2 -1

We can classify integers as follows:

0 1 2 3 4 5

integers
PR BN
negative integers re el T X
- ‘ zero or positive integers
In previous courses we developed + (positive) gives a (positive)
the following rules for the addition — (positive) gives a (negative)
and subtraction of integers: -+ (negative) gives a (negative)
— (megative) gives a (positive)
_Example 5| «) Self Tutor
Simplify:
a 4+-9 b 4—-9 ¢ —3+-5 d -3—-5
a 44+ -9 b 4—-9 c =8 1) d —3——5
=4-9 =449 =-3-5 =—-3+5
=-5 = 13 = = =2
The following rules were (positive) x (positive) gives a (positive)
developed for multiplication (positive) x (negative) gives a (negative)
with integers: (negative) x (positive) gives a (negative)
(negative) x (negative) gives a (positive)
Example 6 ) Self Tutor
Find the value of:
a 3x4 b 3x -4 ¢ —3x4 d —3x—4
a 3x4=12 b 3x—-4=— c 3x4=-12 d -3x-4=12
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|_Example 7 ) Self Tutor
Simplify:
a —42 b (—4)? ¢ —23 d (-2)3
a 42 b (—4)? ¢ 23 d (-2)°
=—-4x4 =—-4x—4 =—-2X2x2 =-—2X—-2x -2
—16 =16 —8 —8

The following rules were
developed for division with
integers:

(positive) = (positive) gives a (positive)

(positive) = (negative) gives a (negative)
(negative) = (positive) gives a (negative)
(negative) +— (negative) gives a (positive)

Find the value of:
a 142 b 14+-2 c —14+2 d —14=+-2
a 14+ 2 b 14+ -2 c —14=2 d —14+-2
=7 =7 =-7 =5
EXERCISE 1C
1 Find the value of:
a 13-38 b 13+ -8 ¢ 13—-8 d —13+38
e —13-8 f —13—-8 g 8—13 h 13+8
i 16+25 ] 16 —25 k 16 +—25 16 — —25
m —16+ 25 n —16+ —25 o —16——25 p 25—16
2 Find the value of:
a 6x7 b 6x -7 c —6x7 d —6x-7
e 5x8 f 5x -8 g —5Hx8 h —5x-8
3 Find the value of:
a —5° b (-5)? ¢ (-1)3 -13
e 3x—-2x5 -3 x2x -5 g —3x-2x-5 h 2x(=3)2
i —2x(=3)? j —2¢ k (—2)* I (=3)2 x (—2)?
4 Find the value of:
a 15=3 b 15+--3 —-15=+3 d —-15+-3
e 248 f 24+ -8 g —24-+8 h —24+-8
; 4 j o L =
8 8 -8 -8
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][ ORDER OF OPERATIONS

Some expressions contain more than one operation. To evaluate these correctly we use the
following rules:

The word BEDMAS

e Perform the operations within brackets first. may help you

e Calculate any part involving exponents. remember this order.

e Starting from the left, perform all divisions ?
and multiplications as you come to them.

e Restart from the left, performing all additions

and subtractions as you come to them.

78

%

Grouping symbols or brackets are used to indicate a part of an expression which should be
evaluated first.

e If an expression contains one set of brackets, evaluate that part first.

e If an expression contains two or more sets of brackets one inside the other, evaluate
the innermost first.

e The division line of fractions also behaves as a grouping symbol. This means that the
numerator and the denominator must be found separately before doing the division.

) Self Tutor

Simplify: a 3+7-5 b 6x3=+2

a 3+7-5 {Work from left to right as only + and — are involved.}
=10—-5
=5

b 6x3=+2 {Work from left to right as only x and = are involved.}
= 182
=9

Example 10 ) Self Tutor

Simplify: a 23—-10+2 b 3x8—-6x5

a 23 -10+2 b 3Xx8—-6x%x5
=23-5 {+ before —} 24 — 30 { x before —}
=18 = —6
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EXERCISE 1D.1

1 Simplify:
a 5+8-3 b 5-8+3 ¢ 5—-8-3
d 2x10=+5 e 10+-5x2 f 5x10+2
2 Simplify:
a 44+7x3 b 7x2+438 ¢ 13-3x2 d 5x4-20
e 33-3x4 f 15-6x0 g 2x5-5 h 60—-3x4x2
i 15+342 ] 8x7—-6x3 k 5+2+3x2 I 7—-5x3+2
m 28 —8-=+2 n 64+10+2 o 23—-3x7 p 15+5+8=+2
| Example 11 | ) Self Tutor
Simplify: 34 (11 —7) x 2
34 (11—=7) x 2
=3+4x2 {evaluate the brackets first}
=3+38 { x before + }
=11
3 Simplify:
a 12+(5-2) b (12+5) -2 ¢ (8+4)-2
d 8+ (4-2) e 84— (12 6) f (84—12)+6
g 32+ (8+2) h 32— (8414)—7 i (32-8)+(14—7)
i (16+8)+2 k 16+ (8+2) I 18— (6x3)—4
m 24x8=(4—2) n (16+4)— (8+2) o 2x(5—3)=4
| Example 12 | =) Self Tutor
Simplify: [124(9+3)] —11
12+(9+3)]-11
= [12+3] - 11 {evaluate the inner brackets first}
=15-11 {outer brackets next}
— 4
4 Simplify:
a 8—[(2—-3)+4x3 b [16—-(9+3)] x2
¢ 13—[(8—3)+6 d [16 - (12+4)] x 3
e 2004 x(6=+3)] f[(12x3)+(12+3)] x2
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|_Example 13

12+ (5-7)
18 = (6 + 3)

Simplify:

124 (5-7) 124 (-2)
18+(6+3)  18=+9

{evaluate the brackets first}

= 1—20 {simplifying numerator and denominator}
=5
5 Simplify:
75 21 18+3 7+9
b < d ——
5x5 16 -9 14 —11 6—2
53 —21 p 3x8+6 57 3+8)—5
9-5 6 T (2x3) 3+ (3-5)

6 Using x, +, + or — only, insert symbols between the following sets of numbers so that
correct equations result. Remember that the operations must be evaluated in the correct
order.

a9 3 2=8 b 9 3 2=25 c9 3 2=5

7 Insert grouping symbols where necessary to make the following true:

a 8—-6x3=6 b 120+-4x2=15 ¢ 120+-4x2=60
d 5x7-3-1=15 e bx7—-3—-1=33 f 5x7-3-1=19
g 3+2x8—-4=236 h 3+2x8—-4=11 i 3+2x8—-4=15

USING YOUR CALCULATOR TO PERFORM OPERATIONS

In this course it is assumed that you have a graphics calculator. A set of instructions for
many common tasks can be found starting on page 9.

In this section we consider evaluating expressions on your calculator. Your calculator already
has the order of operations built into it. However, you may need to consult the sections
about negative numbers and grouping symbols on pages 10 and 12.

|_Example 14 <) Self Tutor

15 15
Calculate: — +2 b ——
alculate a 3+ 319

Try to remember
BEDMAS!

a 15 [=] 3 2 [=] Answer: 7
b 15[ [ 3 2D] H Answer: 3
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|_Example 15 ) Self Tutor

Calculate: a 20+ —4 b T1

a 20 E 4 E Answer: —5
58E5E 1E Answer: —2

EXERCISE 1D.2

1 Evaluate each of the following using your calculator:

a 17+23x15 b (17+23)x 15 ¢ 128+-8+8

d 128+ (8+38) e 34x -8 f —64+—16
89+ =5 ;155
S h —25+432+ —4 — -
—7x3 * ' (8:9
136 4 8 127307 ;| 28-(8+2)
4x9 2x3x5 (5+1)x2

|5 | FRACTIONS AND RATIONAL NUMBERS

Rational numbers can be written as a ratio of two integers.
a

They can be written in the form 7

where a and b are integers and b # 0.

Rational numbers appear in many forms.

For example, 4, —2, 0, 10%, —%, 1.3, 0.6 are all rational numbers.
. . a _ _

They can be written in the form — as: %, TQ, %, 1—10, 74, }—g, %

. . o a
A fraction is an expression written in the form — where b # 0.

The quantity a is called the numerator and the quantity b is called the denominator.

A common fraction consists of 1 pumerator
two integers separated by a bar = - bar (which also means divide)
symbol. For example, 4 denominator

The reciprocal of a fraction is obtained by swapping its numerator and denominator.

b
So, the reciprocal of % is —.
a
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TYPES OF FRACTIONS

% is called a proper fraction as the numerator is less than the denominator.

% is called an improper fraction as the numerator is greater than the denominator.

22 is a mixed number as it is really 2+ 3.

% and % are equivalent fractions as both fractions represent equivalent portions.

ADDITION AND SUBRACTION

To add (or subtract) two fractions we convert them to equivalent fractions with a common
denominator. We then add (or subtract) the new numerators.

Example 16 o) Self Tutor
Find: 243 == {LCD = 12}
= % 4F % {to achieve a common denominator of 12}
_ 8.9
“1Tn
17
12
5
=15

|_Example 17 |
Find: 23 —12 27 — 12
=2-1 {write as improper fractions}
=25 % {to achieve a common denominator of 10}
~%- 4
= % or 1%0
EXERCISE 1E.1
1 Find:
a {1t b G+5% ¢ §+3 d £+3
e 2+4 13+ 2 g 13+2% 2% + 332
2 Find:
2 1-3 b 3-3 ¢ 4-1 a1-3
e 531 f 2211 g 2444 21 — 33
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MULTIPLICATION

To multiply two fractions, we multiply the numerators together and multiply the
denominators together. We cancel any common factors in the numerator and denominator
before completing the multiplication.

c ac

In general, a X===,
b d bd

Example 18 ) Self Tutor Remember to cancel

any common factors
Find: a % X % b (2%)2 before completing
the multiplication.
1 2 1\2
8 3X§ b (23) V\\
_ 1 2 _ 91 1
= 7X% =23 X 23
_ 1 _ T 7
=3 3%X3
49 4
=79 or 5§
DIVISION

To divide by a fraction, we multiply by the reciprocal of that fraction.

Example 19 ) Self Tutor

The reciprocal of

Find: a 4+1 b 1232 s 2
a 4+l b 122
=4x3 =3+?
=4x3 =3x3
—12 =%
:4%
EXERCISE 1E.2
1 Calculate:
a 3x3 b 2x1 ¢ 2x3 d 2x4
e 14 x32 12 x & g (21) h (11)3
2 Evaluate:
2 3+ b §+3 ¢ %+ 4§+
e 2+3 14+2 g 321 2% + 32
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3 Calculate:

a 43422 b (%) ¢ 6-3x3 d 3x1}+2

6x3x3 41
—a f1s(3+2) g 1+3+3 h 3><§

1 3

PROBLEM SOLVING WITH FRACTIONS
Example 20 ) Self Tutor
During a season, Joe hit % of the home runs for his team. [Remember that ‘Of]
means ‘X’.

How many home runs did he hit if there were 40 scored
in total?

Joe hit %0f40:%><40
_2><4(€)8
= 5

— 16 home runs.

EXERCISE 1E.3

1 Michael eats % of a cheesecake and later eats % of the cheesecake. What fraction remains?

2 The cost of a Ford is % of the cost of a Rolls Royce. If the current price of a Rolls

Royce is $211 250, what is the cost of a Ford?

3 The price of tracksuit pants is % of the price of the matching top. If the two items
together cost £36, find the price of each.

4 A family spends % of its weekly budget on rent, i on food, % on clothes, % on

entertainment, and the remainder is banked.
How much is banked if the weekly income is €864.72?

5 Renee used % of a length of pipe and later used % of what remained.
What fraction of the pipe is left?

6 % of the weight of a loaf of bread comes from the flour used in its baking.
% of the weight of the flour is protein. What fraction of the weight of the loaf is protein?

7 A farmer has 364 ewes and each ewe has either one
or two newborn lambs. If there are 468 lambs in total,
what fraction of the ewes have twin lambs?

8 A tree is losing its leaves. Two thirds fall off in the
first week, two thirds of those remaining fall off in the
second week, and two thirds of those remaining fall off
in the third week. Now there are 37 leaves. How many
leaves did the tree have originally?
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FRACTIONS ON A CALCULATOR

The instructions on page 11 discuss how to enter and evaluate fractions on a graphics
calculator.
However, you must not forget how to manually perform operations with fractions.

) Self Tutor

Find, using your calculator: a

=
|
wlvo
(-3
—_
Sl
L
[\]
N
n
=

Wl

Note the solution given is for a scientific calculator or the Casio fx-9860G.
a ;-3 Keyin 1[ab%]4[-]2[at]3 [ExE]

Display |1+%4=2Z.3 .17 Answer: —

Sl

b 135+2; Keyin 1 1 12 [+] 2 [abid 1 [abi] 4 [EXE] [SHIFT] [F+D]

Display 1.1.12+2.1.4 7.1.3 Answer: 3%

c%+§ Key in 14E23

Display 1ad=2.3 3.8 Answer: %

EXERCISE 1E.4

1 Find, using your calculator:

1 1 1 5 3 2 1 1
a §_|__ b §+7 c §- = d - — =
2 3 5 2 6 1 3 .2
e —X§ f —X§ _XE 3
H 1 1 3 H 3 1 1 1 3 4
i 1__|_2§X_ i 2 x 2=+ 1= k 3__(2_><_>

IHIE DECIMAL NUMBERS

A decimal number is one which contains a decimal point. We can use decimal numbers to
display fractions of whole numbers.
For example: e 4.63 is a quick way of writing 4 + 1% + %. This number can also be

written as the improper fraction % or as the mixed number 4%.
6

e 14.062 is a quick way of writing 14 + 355 + ﬁ.

Expansions of decimals like those above are referred to as expanded fractional form.
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" Example 22 | ) Self Tutor

a Write 5.704 in expanded fractional form.

b Writt 3+ 2 + 55 + 15555 in decimal form.
State the value of the digit 6 in 0.036 24

_ 7 4 2 4 1 _
a 5.704—5+1—0+m b 3+1—0+m+m—3.2401

¢ In 0.036 24, the 6 stands for %.

EXERCISE 1F.1

1 Write the following in expanded fractional form:

a 2.5 b 2.05 ¢ 2.0501 d 4.0052 e 0.0106
2 Write the following in decimal form:

a 3+3 b L+ 35 ¢ E+35

d 5+ 1o e 4+ 15555 f 5+ 155 + o950

3 State the value of the digit 6 in the following:

a 7608 b 762 ¢ 0.619 d 0.0762 e 0.000164
4 Evaluate:
a 10.76 + 8.3 b 16.21 +13.84 ¢ 16.21 — 13.84
d 25-0.6 e 12—-17.254 f 0.26+3.09+ 0.985
g 0.0039+0.471 h 79-86 i 0.2540.087 —0.231
j 0.421-1 le —0.258 4+ 3 I —2.7-3.61
Example 23 ) Self Tutor
Evaluate:
a 24x0.38 b 3.6-+0.02
a 24 x 8 =192
24 x 0.8 = 1972 { + 10 by shifting decimal 1 place left}
b 3.6 =+ 0.02
= 3.60 + 0.02 {shift both decimal points the same
=360 +2 number of places to the right}
= 180
5 Evaluate:
a 13.7 x 100 b 0.5-+100 ¢ 15+05 d 0.5x8
e 0.5x0.08 f 3000 x 0.6 g 3.6x0.6 h 1-+0.02

i (0.3)3 j 500 x (0.2)2 k 0.64 = 160 I 0.0775+2.5
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Write 0.075 in simplest fraction form. 0.075 = %
_ 75325
100025
_ 3
0
6 Write in simplest fraction form:
a 05 b 0.6 ¢ 3.25 d 0.625 e 0.0375 f 0.0084
g 2.75 h 9.1 i 3.125 j 0.076 lc 0.0875 I 0.0005
Example 25 ) Self Tutor
Write the following in decimal form: a 4—70 b %
a5 b 7
=740 =37
=0.175 = (0.428571
Calculator: 7 E 40 E Calculator: 3 E 7 E

When fractions are
converted to
decimals they either
terminate or recur.

7 Write in decimal form:

a 3 b 2 ¢ $ d e %
f 3 8 h 2 i 3 i &
k 2% I & m % n o5 o
P 3 q g5 r 5 5 oo t o0

) Self Tutor

Jon bought four drinks for $1.30 each.
How much change did he get from a $10 note?

cost = $1.30 x 4 .. change = $10 — $5.20
= $5.20 = $4.80
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8 Solve the following problems:

b

Benjamin fills his car with 50 litres of petrol. How much does it cost him if petrol

is selling at 94.6 pence per litre?

Potting mix sells at €3.80 per kg. How much would a 3.5 kg bag of potting mix

cost?

The sweet shop sells licorice at $9.40 per kg. How much would 250 g of licorice

cost?

The cost of electricity is 43.4 cents per kilowatt for each hour. What would:

i 500 kilowatts of electricity cost for one hour
ii it cost to burn a 60 watt globe for 10 hours?

At a milk processing factory, cartons are filled from
large refrigerated tanks that each hold 8400 litres.
How many 600 mL cartons can be filled from one
tank?

A large mixer at a bakery holds 0.75 tonnes of
dough. How many bread rolls, each of mass 150 g,
can be made from the dough in the mixer?

How many dozen bottles of wine can be filled from
a 9000 litre fermentation tank if each bottle holds
750 mL?

A trophy store wishes to make brass medallions,
each of mass 17.5 g, from 140 kg of brass. How
many medallions can be made?

ROUNDING DECIMAL NUMBERS

We often need to round numbers to a certain number of decimal places. This sometimes
occurs when we measure quantities and when we calculate the price of a particular amount
of an item.

RULES FOR ROUNDING

o Rounding to the nearest whole number

Look at the first decimal place.

If the digitis 5,6, 7,8 or 9, round up.

If the digitis 0, 1, 2, 3 or 4, round down.
¢ Rounding to the nearest one decimal place

Look at the second decimal place.

If the digitis 5, 6,7, 8 or 9, round up.

If the digitis 0, 1, 2, 3 or 4, round down.
o Rounding to the nearest two decimal places

Look at the third decimal place.

If the digitis 5,6, 7,8 or 9, round up.

If the digitis 0, 1, 2, 3 or 4, round down.

5i6
"t look at this
then round

5.64
‘L look at this
then round

5.648
"t look at this
then round



NUMBER (Chapter 1) 45

|_Example 27 ) Self Tutor

Round 39.748 to the nearest:
a whole number b one decimal place ¢ two decimal places

a 39.748 =~ 40 to the nearest whole number
b 39.748 ~ 39.7 to one decimal place
¢ 39.748 ~ 39.75 to two decimal places

Notice that: 0.5864 ~ 0.586 (to 3 decimal places)

~ 0.59 (to 2 decimal places)

~ 0.6 (to 1 decimal place)
Example 28 ) Self Tutor
Calculate, to 2 decimal places:
122 —-43
a (2.843.7)(0.82—-0.57) b 18.6 — =3

a 2.8 [+] 3.7D] 0.82 [-] 057 D] [F]

Screen: 1.625 Answer: 1.63
b 18.6[] 122[] 43D] [=] 52 5]
Screen: 17.080769 23 Answer: 17.08

EXERCISE 1F.2

1 Round to the nearest whole number:

a 3.245 b 5.671 ¢ 19.81 d 200.5

Round correct to 1 decimal place:
a 3.12 b 10.41 ¢ 4.85 d 3.96
Round correct to 2 decimal places:

a 9.432 b 13.126 ¢ 9.305 d 0.194

Find, giving your answers correct to 2 decimal places where necessary:
a (16.8+124)x171 b 168+ 124 x17.1 ¢ 127+-9-5

16.84
d 127 (9— — f 374-16.1+(4.2-27
7+0-5) 7.9+ 11.2 ( )
. . 9 —17. . 1
274 18.6 h 27.9 1734_4.7 i 0.0768 47
3.2 16.1 8.6 18.69 — 3.824

Seet Huang puts 25.42 litres of fuel in his motor bike. If the fuel costs 136.8 cents per
litre, what price does Seet Huang need to pay?
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Gl 8 RATIO

A ratio is an ordered comparison of quantities of the same kind.

For example, if there are 13 boys and 17 girls in a class, the ratio of boys to girls is 13 to
17, written 13 : 17.

If measurements are involved, we must use the same units for each quantity.

For example, suppose Andreas and Carol measure their heights.
Carol records that Andreas is 1.76 m tall. Andreas records
that Carol is 161 cm tall. The ratio of Andreas’ height to
Carol’s height is not 1.76 : 161 since these measurements
have different units.

Rather, since 1.76 m = 176 c¢cm, the ratiois 176 : 161.

) Self Tutor

Write as a ratio, without simplifying your answer:
a Jack has $5 and Jill has 50 cents.
b Mix 200 mL of cordial with 1 L of water.

a Jack: Jill = $5 : 50 cents {write in the correct order}
= 500 cents : 50 cents {write in the same units}
=500 : 50 {express without units}

b cordial : water =200 mL: 1 L {write in the correct order}

=200 mL : 1000 mL {write in the same units}
=200 : 1000 {express without units}

EXERCISE 1G.1

1 Write as a ratio, without simplifying your answer:
a $10isto $7 b 2Listo5L ¢ 80 kg is to 50 kg
d $2is to 50 cents e 500 mListo 2 L f 800 mis to 1.5 km

2 At my school there are 29 badminton players and 18 tabletennis players. Compare these
quantities using a ratio.

3 The school cross-country race is 3.7 km long. The longest race at the athletics carnival
is 800 m. Compare these distances using a ratio.
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SIMPLIFYING RATIOS

Two ratios are equal if the quantities they compare are in the same proportions.
For example, if we have 9 oranges and 3 lemons, there are 3 oranges for every 1 lemon. So,
the ratio 9 : 3 equals the ratio 3: 1.

We can simplify a ratio by writing an equal ratio with integer components that are as small
as possible.

To simplify a ratio we multiply or divide each part by the same non-zero number. This
ensures we create an equal ratio.

) Self Tutor

Express the following ratios in simplest form:
a 45:15 b 27:3 ¢ 04:14
a 45:15 b 21:4 ¢ 04:14
=45-+-15:15=+15 :g:% =04x10:1.4x10
:3:1 :%XQ %XQ :4214
=4-+2:14-=2
=5:1
=2:7

EXERCISE 1G.2

1 Express as a ratio in simplest form:

a 3:6 b 2:1 ¢ 05:02 d 18:24
e 24:13 f 15:0.3 g 20ct0$1.20 h 2L to500mL

2 Use your calculator to find 1% + 1%. Simplify 1% : 1%. What do you notice?

3 Simplify the ratios:

a 3:3 b 21:13 ¢ 37:2 d 12:15
k& Express as a ratio in simplest form:
a 05:03 b 02:08 ¢ 06:15 d 0.35:0.49

EQUAL RATIOS

Ratios are equal if they can be expressed in the same simplest form.
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|_Example 31

Find OJ if: a 2:3=6:0 b 12:30=0:35
PRy
a 2:3=6:0 b 12:30=12+-6:30+-6
-~
X3 =2:5
O0=3x3 )7\‘
=9 L AehH=0:3H
e
O=2x7=14

Example 32 ) Self Tutor

12 school prefects are chosen to accompany grade 5 students on an
excursion. The ratio of prefects to students is 3 : 10. How many
grade 5 students are going on the excursion?

prefects : students = 3 : 10

x4
=

TS
3:10=12:0

O0=10x4
0 =40

40 grade 5 students are going on the excursion.

EXERCISE 1G.3

1 Find O if:
a 2:5=8:0 b 3:7=0:21 c 4:5=16:0
d 2:6=0:27 e 12:9=16:01 f 15:25=9:0

2 A hospital employs nurses and doctors in the ratio 7 : 2. If there are 84 nurses, how
many doctors are there?

3 A farmer has pigs and chickens in the ratio 3 : 8. If she has 360 pigs, how many chickens
does she have?

4 The price of a TV is reduced from $500 to $400. A DVD player costing $1250 is reduced
in the same ratio as the TV. What does the DVD player sell for?

USING RATIOS TO DIVIDE QUANTITIES

Quantities can be divided in a particular ratio by considering the total number of parts the
whole quantity is to be divided into.
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|_Example 33 ) Self Tutor

An inheritance of $60 000 is to be divided between Donny and Marie in the ratio 2 : 3.
How much does each receive?

There are 2+3 =5 parts in total.

Donny gets % of $60 000 and Marie gets % of $60 000
=2 x 60000 =2 % 60000
= $24 000 = $36 000

EXERCISE 1G.4

1 Divide: a $50 in the ratio 1:4 b $35 in the ratio 3:4

A fortune of £800000 is to be divided in the ratio 3 :7. What is the larger share?

The ratio of girls to boys in a tennis club is 4 : 5. If there are 144 children in the club,
how many are girls?

A glass contains alcohol and water in the ratio 1:4. A second glass contains the same
quantity of liquid, but this time the ratio of alcohol to water is 2 : 3. Each glass is
emptied into a third glass. What is the ratio of alcohol to water in the final mixture?

One full glass contains vinegar and water in the ratio 1 : 3.
Another glass with twice the capacity of the first has vinegar
and water in the ratio 1 : 4. If the contents of both glasses
are mixed together, what is the ratio of vinegar to water?

“"POCKET-MONEY” SPREADSHEET

4,

# Consider again the Opening Problem on page 28. SPREADSHEET
'I-'-\”N A spreadsheet can be used to analyse the problem (ﬁ >
‘3\3 and help calculate the answers.

What to do:
A B | c | b [ E |
1 Open a new spreadsheet | 1 Days Fraction of work | % of pay 1
and enter the following | 2 Tim 3 A
headings and data: 3 | Becky 2
4 | Total (2 cents for week 1 ) —+ $0.02
5

2 Complete your spreadsheet by entering the following formulae:

A | B ] c | D | E | F
1 Days Fraction of work | % of pay |1 =E1+1
2 Tim |3 =B2/B4 =C2*100 |=C2*$E$4
3 | Becky |2 =B3/B4 =C3*100 |=C3"$E%4
4 Total |=B2+B3 $0.02 =E4*2
5
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3 Fill the formulae in:
a B4 across to column D b E2 and E3 across to column F
¢ F1, F2, F3 and F4 across to column P.

4 Use your spreadsheet to answer the questions posed on page 28.

5 [Investigate the split of the payments if:

a the process continued for a further five weeks Hint: Fill across to column
U.

b Tim works 4 days to Becky’s 1 day Hint: Enter 4 in B2 and 1 in B3.
¢ the week 1 payment was 5 cents. Hint: Enter 0.05 in E4.

Rather than writing 2 x 2 x 2, we can write such a product as 23. We call this index
notation. We say that 2 is the base and that 3 is the index or power.

PRIME NUMBERS AND
INDEX NOTATION

index or

23 reads  “two cubed” or 347
2 power

“the third power of two” or

“two to the power of three”. base

If n is a positive integer, then a™ is the product of n factors of a.

a” =aXaXaXxXaXxXaXaX.... X a
n factors
| Example 34 | «) Self Tutor
Find the integer equal to: a 3% b 24 x32x7
a 34 b 24 %32 x7
=JxIxIxF =2X2X2%Xx2Xx3x3%XT
— 81 = 1008

You can evaluate powers on your calculator using a special key. Instructions for graphics
calculators can be found on page 12.

PRIMES AND COMPOSITES

A prime number is a natural number which has exactly two distinct factors, 1 and itself.

A composite number is a natural number which has more than two factors.
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Notice that one (1) is neither prime nor composite.
17 is a prime number since it has only 2 factors, 1 and 17.

26 is a composite number since it has more than two factors. These are 1, 2, 13 and 26.

Apart from order, every composite number can be written as a product of prime factors
in one and only one way.

For example, 72 =2x2x2x3x3 or 72=23x3% We call this a prime factorisation
and say the number is written in prime factored form.

One method for factorising a composite number in this way is to continue to divide the
number by primes. Divide firstly by 2, and when 2 is exhausted divide by 3, and when 3 is
exhausted divide by 5, and so on.

Example 35 o) Self Tutor

a Write 32 as a power of a prime number.
b Write 264 as a product of prime factors in index form.
a 32=2x2x2x2x2 b 2 | 264
= 25 2| 132
21 66 264 =2x2x2x3x11
SN 33
11 11 . in index form,
1 264 = 23 x 3! x 11!
EXERCISE 1H
1 Find the integer equal to:
a 23 b 2¢ ¢ 33 d 3x5?
e 2% x 32 f 2x3%x52 g 22x3xT7? h 2% x5 x 11
2 Find, using your calculator:
a 54 b 83 c 12° d (—4)°
e (-7)4 f (-3)3 g 2.85 h 192
3 List the set of all primes less than 30.
4 Write the following as powers of a prime:
a8 b 27 ¢ 64 d 625
e 343 f 243 g 1331 h 529

5 Express the following as the product of prime factors in index form:
a 56 b 240 ¢ 504 d 735
e 297 f 221 g 360 h 952
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6 The most abundant number in a set of numbers is the number which has the highest
power of 2 as a factor.
For example:
e the most abundant number of {1, 2, 3,4, 5,6, 7, 8,9, 10} is8as 8= 2%
e the most abundant number of {41, 42, 43, 44, 45, 46, 47, 48, 49, 50} is 48 as
48 = 2% x 3.

Find the most abundant number of the set
{151, 152, 153, 154, 155, 156, 157, 158, 159, 160}.

7 Find, correct to 3 decimal places:

a (2.6+3.7)* b (8.6)% — (4.2)3 ¢ 124 x (10.7)4
3.2+1.92\° 052  \* 648
R e [——=— f
1.47 0.09 x 6.14 (3.62)"
8 Find the last digit of 3100,
Hint: Consider 3%, 32,33, 34, 35,36, ... and look for a pattern.

9 Find the last digit of the number 72°°. Hint: Consider 7%, 72, 73, 74, 75, .....

10 The sum of two different odd numbers is 36. When their difference is factorised into
primes, the sum of the primes is 10. Find the numbers.

11 3% xa® =518 or five thousand one hundred and eighty ...... Find a.

Which is correct?

333 or 333
= &) PO
=273 — 327
= 19683 = 7625597484987
INVESTIG THE 3-DIGIT PROBLEM
A~
.\# What to do:
ing

(j'
@

N N 1 Choose any three different digits from 1 to 9. Write down the six
possible two digit numbers that can be formed using these digits. For
example, if we choose the digits 2, 7 and 8, we would write down:
27, 28, 72, 78, 82, 87 which add to 374. Find the sum of the six
numbers and write their sum in prime factored form. Record your
results in a table:
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Digits chosen |  Numbers | Sum of 6 numbers | Sum in prime factored form

27, 28, 72,
78, 82, 87

2,7,8 374 2x 11 x 17

Choose another three digits and repeat the process outlined above.
Choose a further three digits and repeat.
Find the HCF of all the sums.

wi B WD

Prove that you will always obtain this HCF for all possible choices of 3 different
digits.
Hint: Any two digit number with digits a and b has the form 10a + b.

For example, 37 =10 x 3+ 7.

INVESTIGA PRIME OR COMPOSITE?

J‘y Is 251 prime or composite?

é&%& A systematic approach to answering this question is to divide 251 by all the
N

primes up to the square root of 251. We start with the smallest prime first.

For example, /251 ~ 15.84. We divide 251 by the primes 2, 3, 5, 7, 11, 13 which are
all less than 15.84. We discover that none of these primes divide exactly into 251, so
251 is a prime number.

What to do:
1 Use this method to determine which of the following numbers are prime:

a 129 b 371 ¢ 787 d 4321

2 Explain why we only need to check primes up to the square root of the number.

1 a Evaluate (—5) x (-3).
Evaluate 18+ (6 —9).
Find O if 6907 is divisible by 2.
Evaluate % X 1%.
Write 400 mL isto 2 L as a ratio in simplest form.
Write 132 as a product of primes in index form.

W - ® O A O

Write % as a decimal.
h What natural number has the prime factorisation 23 x 3% x 5?
2 Find the:

a HCF and LCM of 24 and 36
b largest multiple of 17 which is less than 1000.
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3 Find 2 of $48.60.

& Use your calculator to find, correct to 2 decimal places:
a 2.76x57—-29+4 b 23+92 <

5 a A butcher sells % of his hamburger patties on

Monday and % of the remainder on Tuesday.
What fraction of the patties remains unsold?
b A lemon drink is mixed using one part lemon
juice to seven parts water. If 250 mL of lemon
juice is used, how much water should be added?
¢ At a Falcons vs Crocs basketball match, the
ratio of supporters is 5 : 3. If there are 4000 in
the crowd, how many are Falcons supporters?

REVIEW SET 1B

1 a Evaluate 1.2 x0.4. b Evaluate 22 x 11.
. —8 x =5

¢ Find the value of + d Evaluate % + %

e Write 2—75 in decimal form. f Evaluate 5x3—4x5.

g Write 2 m isto 40 cm as a ratio in simplest form.

h Write 1188 as a product of primes in index form.

i Find O if 27002 is divisible by 3. j Evaluate 22 x 33 x 52,
2 Find:

a the HCF and LCM of 15 and 27
b the smallest multiple of 13 which is greater than 2000.

3 Find, in minutes, % of 2 hours and 16 minutes.

4 Use your calculator to find:
a 3213 b 4.65—7.873.25 correct to 3 decimal places.

5 a How many 2.4 m lengths of wire can be cut
from a roll 156.4 m long?
How much wire is wasted?
b A profit of $85000 is to be split amongst two
business owners in the ratio 3 : 2. What is the
smaller share?

¢ A painter paints % of a house on one day and

% of the house on the next day.
What fraction of the house is yet to be painted?
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Algebra is a powerful tool used in mathematics. It involves the use of letters or pronumerals
to represent unknown values or variables.

We use algebra to construct mathematical expressions and formulae that describe problem
solving situations.

For example, the area of any rectangle is found by multiplying its length by its width.

For a general rectangle, the length and width are unknown or variable. We let A represent
the area of the rectangle, ! represent its length, and w represent its width.

Using algebra, the area of the rectangle can be
written as the formula T

w
A=Ilxw or A=lw. l
PR —

Likewise, instead of writing “the perimeter of a rectangle is found by adding twice its length
to twice its width”, we write the formula P = 2] + 2w.

OPENING PROBLEM

A picture frame has height and width in the ratio 3: 2.
' | ' It forms a border 5 cm wide around the painting.

ot

Ela
‘.M.\\. /

Things to think about:

N ! /|
N\
1 How can we use algebra to represent:
a the height of the picture frame b the height of the painting
¢ the width of the picture frame d the width of the painting

e the area of the painting?

2 Find the area of the painting on display if the picture frame is 60 cm wide.

"SIl ALGEBRAIC NOTATION

In algebra we use letters or pronumerals to represent variables.

We include the variables in expressions as though they were numbers.

However, we obey some rules which help make algebra easier.

In algebra we agree:

e to leave out the “x ” signs between any multiplied quantities provided that at least
one of them is an unknown (letter)

e to write numerals (numbers) first in any product

e where products contain two or more letters, we write them in alphabetical order.

For example: e 3b is used rather than 3 x b or b3
e 3bc is used rather than 3cb.
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Write in product notation:

o) Self Tutor

a txo6s b 4xk+mx3 ¢ 3x(r+s)
a t x 6s b 4xk+mx3 < 3x(r+s)
= 6st =4k + 3m =3(r+s)

WRITING SUMS AS PRODUCTS
Sums of identical terms can be easily written using product notation.

3+3+3+3=4x3 {4 lots of 3}
b+b+b+b=4xb=4b {4 lots of b}
and likewise a4+a+4+a=3a and y+y+y+y+y=>5y.

For example,

o) Self Tutor

Simplify: a r+r+r+s+s b d+d-(a+a+a+a)
a r+r4+r+s+s b d+d—(a+a+a+a)
=3r+2s =2d —4a

INDEX NOTATION

When the same number is multiplied by itself two or more times we use index notation as
a quick way of writing the product.

For example, 3x3x3x3=3% and bxbxbxb=>0b"

Simplify:

a 8xbxbxaxaxa b k+k—-3xdxdxd

b k+k—-3xdxdxd

=2k — 3d?3

Xxbxbxaxaxa
= 8a>b?

SIMPLIFYING ALGEBRAIC PRODUCTS

3x2r and a2 x 2ab are algebraic products.

Algebraic products can often be simplified using these steps:

e Expand out any brackets.

e Calculate the coefficient of the final product by multiplying all the numbers.

o Simplify the unknowns using index notation where appropriate. The unknowns should

be written in alphabetical order.
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EXERCISE 2A

1 Simplify using product notation:

a 3xm b kx4 c nx7 d 6x2b

e 7x3a f mxbd g 8mx3 h 8nxp

i pxT7xgq ] pxgx2 lk axbxc I pxhxd
Simplify:

a axb+n b 3xa+2xb ¢c bxa+m d bxa-—c

e d—axc f k—dx4 g cxa+dxb h 10—axbx2

i 8x(m+n) j 4x(d—2) k (b—d)x3 I axbx(c+1)
Simplify using product notation:

a t+t b n+tn+n ¢ p+tptqgt+qgt+qg+3
d d+d+d+e e S5+y+y+z f ata+a+a+b+0
g ata+5+a h b—(a+a) i b—a+a

j t+t+t+s+s lkk 5+d+d+d I 24a+b+b+a
Explain why:

a 3—(a+a) isnotthesameas 3 —a+a

b m—(n+n+n) isnotthe sameas m—n+n+n.
Write in expanded form:

a a? b v ¢ 3d? d 4n? e 10a2b

f 4ab® g (2a)? h 2a? i a?+ 22 i a3 —3v?
Write in simplest form:

a 3xaxa b 5xbxbxb € 2xaxaxbh

d 8xaxaxb e bxmxnxXxnxn f 3xpx4dxqgxgq

g PXDPXPXGXTXT h 4xax5xa i 3xdxdx2xc

] a+axa k axaxa+a Il bxbxb—axa

m bxb+3xb n cxexc—5xc

0 3Xaxbxb—5bxbxc Pp 3xaxataxm In algebra we use

q dxzr+2xTXTXT rdx(z+2+z)xx Slieief ) Sl

to simplify the look
of an expression.
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i1 | THE LANGUAGE OF MATHEMATICS

Some key words used in algebra are:

Word Meaning Example(s)
variable an unknown value that is | C =2nr has variables C
represented by a letter or symbol and r.
. . 2a+b
expression an algebraic form consisting of 20 +y—1, ot
numbers, variables and operation
signs
-1
equation an algebraic form which contains | 3z +8 = —1, ’ 5 = —4
an = sign
terms algebraic  forms  which are | 3z — 2y + 2y — 7 has four
separated by + or — signs, the | terms. These are 3z, —2y, xy
signs being included and —7.
like terms terms with exactly the same | In 4x + 3y + xy — 3x:

variable form

e 4x and —3z are like terms
e 4z and 3y are unlike terms
e zy and 3y are unlike terms.

constant term

a term which does not contain a
variable

In 3z —¢y2+7+23 Tisa
constant term.

coefficient

the number factor of an algebraic
term

In 4z + 2xy —y3:

e 4 is the coefficient of z

e 2 is the coefficient of zy

e —1 is the coefficient of y3.

Consider 4y? — 6x + 2zy — 5 + 2.
a Is this an equation or an expression?

Q n

i The coefficient of = is —6. ii

b How many terms does it contain?

¢ State the coefficient of: iz i 22

d State the constant term.

a We have an expression, as there is no = sign present.

b The expression contains five terms: 4y?, —6x, 2xy, —5 and z2.

The constant term is —5.

The coefficient of 22 is 1.
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EXERCISE 2B

1 State the coefficient of = in the following:

a 4x

e 54 6x

b -7z

f zy—3zx

State the coefficient of y in the following:

a 2y
e dx—vy

b —2y
f 3x—Ty+1

Consider 522 + 6zy — y* + 3z — 4y + 6:

a Is this an equation or an expression?

b

How many terms does it contain?

<
d

State the coefficient of

What is the constant term?

T

2

Y

2 — 2z

11y
y® + 3y

d —=
g 1
h 22°——+2x
T
—3y

h 6y?—13y+8

2

Y

iv

Y.

How many terms are there in:

a Jz+y—7

b 22—ab+c—11

4
¢ 422+ —-64-=-2°
X

Which of the following are equations and which are expressions?

a at+b—2c b 322 —-6x+8 ¢c 3x—y="7
z_6 r_ozr—l ¢ Lol g
2 2 3 2 3

"o/ CHANGING WORDS TO SYMBOLS

In algebra we can convert sentences into algebraic expressions or equations.

For example,

Twice a number

increased by 7

becomes 2x

+ 7

is

5 less than the number

xr — 5.

Many algebraic statements contain words such as sum, difference, product, and quotient.

VYourz GOY HENRY YOH Yec! HE

1§ VERY STUDIOUE [/ TorPg HIS
IGN'T HE,JOE #_/CLASS N

POTTS

FRENCH, GERMAN
AND ALGEBRA !

HE
DoES
%

WE GURE DOES | HENRY!
COME. HERE AND SAY
"HULLO To M= POTT ~

( —NALsEBRA ! )

© Jim Russell, General Features Pty Ltd.
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Word Meaning Example
sum The sum of two or more numbers is | 3+7, a+4, b+c+d are
obtained by adding them. sums.
difference | The difference between two numbers | 9—5, d—6 (ifd > 6) are
is the larger one minus the smaller | differences.
one.
product | The product of two or more numbers | 3 X 6, 3a, zyz are products.
is obtained by multiplying them.
quotient | The quotient of two numbers is the | The quotient of z and y is z
first one mentioned divided by the y
second.
average | The average of a set of numbers is | The average of a, b and c¢ is
their sum divided by the number of | a +b+ ¢
numbers. 3

State

State

the sum of 4 and z.

State the difference between =z and y (if y > x).

the average of r, s and ¢.

When writing products
we leave out the
multiplication signs
between unknowns and
write them in
alphabetical order.

The a

The sum of 4 and z is

The difference is y — x.

4+ z.

r+s+t

verage is 3

{as y is larger than z}

\

EXERCISE 2C

1

Write expressions for the sum of:

a Tand 3 b 4andy c
Write expressions for the product of:

a 7and3 b 4andy c
Write expressions for the quotient of:

a 7and3 b 4andy c
Write expressions for the average of:

a 7and3 b 4andy C
Write expressions for the difference between:

a 7and3 b

¢ dandy if 4>y

78

>

t and 2p d a,bandc

t and 2p d a,bandc

t and 2p d a+bandc
t and 2p d a,bandc

dandy if 4<y

(a+b)and ¢ if (a+b) <c
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Example 6

a a and b divided by 2

Write down algebraic expressions for the sum of:
b @ and b, all divided by 2

a—l—é b

2

a+b

2

Write down algebraic expressions for:
a the sum of b and a squared

¢ the sum of the squares of b and a

b the sum of b and a, all squared

a b+a? b (b+a)?

¢ b¥+a?

6 Write down algebraic expressions for the sum of:
a b and c divided by 3 b
¢ 2 and x squared d

7 Write down algebraic expressions for:
a one third of the sum of r and s

¢ the sum of m and n cubed

8 Write down algebraic expressions for:
three times x, subtracted from b
the sum of @ and five times b

4 more than a

5 - 0 0

the square of the product of ¢ and d

- @ 0 A o

the sum of the squares of p, ¢ and r

b and c, all divided by 3

2 and z, all squared.

b triple the sum of b and ¢

d the sum of m and n, all cubed.

the product of a and the square of b
3 less than ¢

the product of the square of x and 9
the sum of the squares of x and y

half the sum of ¢ and d squared.

Example 8

a b+7 b 2a+0

Write, in sentence form, the meaning of:

) Self Tutor

¢ 2(a+0b)

b+ 7 is “the sum of b and 7”

2a + b is “the sum of twice a and b”.
2(a+b) is “double the sum of a and b”.

or “7 more than b”.

9 Write, in sentence form, the meaning of:
a a+6 b 7+5b
e 3(c+d) f be

<
S

d c+3d
h p?+¢?

c+d
(p+4q)?
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b b
i 3x2? i (3z)? k a+g I a—5|—
m 0 (L) °o & b
Yy b b2 P —

][ GENERALISING ARITHMETIC

To find algebraic expressions for many real world situations, we first think in terms of numbers
or numerical cases. We then proceed to more general cases.

For example, suppose we are asked to find the total cost of x books which each cost €y. We
could start by finding the total cost of 5 books which each cost €10.

First work out
how to do the

We multiplied the two quantities, and so the total cost of problem using
x books at €y eachis x x €y = €xy.

In this case the total costis 5 x €10 = €50.

numbers.

) Self Tutor

Find: a the cost of m mandarins at 45 cents each

b the change from £20 when buying n pens at £1.20
each.

a The cost of 3 mandarins at 45 cents each is 3 x 45 cents.
the cost of m mandarins at 45 cents each is m x 45 = 45m cents.
b The change when buying 4 pens costing £1.20 each is 20 — (4 x 1.20) pounds.
the change when buying n pens costing £1.20 each is
20 — (n x 1.20) pounds = 20 — 1.2n pounds.

EXERCISE 2D

1 Find the total cost (in yen) of buying:
a b5 toys at ¥300 each b a toys at ¥300 each ¢ a toys at ¥c each.
2 Find the total cost (in euros) of buying:
a § pears at 50 cents each b p pears at 50 cents each
¢ p pears at y cents each.
3 Find the change from $100 when buying:
a 3 boxes of chocolates at $11 each b x boxes of chocolates at $11 each
¢ x boxes of chocolates at $y each.
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4 Zane is now 14 years old. How old was he z years ago?
Anne can paddle her canoe at 3 km per hour. How far can she paddle in ¢ hours?

6 Katia is climbing the stairs to the top of a 35 m tower. Each step is 21 cm high. If Katia
has climbed z steps:
a how high has she climbed

b how much further must she climb to the top?

7 Graham buys c chairs and ¢ tables. Find the total cost if each chair costs £45 and each
table costs £85.

8 Su Lin travelled @ km in 3 hours and then b km
in 2 hours. Find:

average speed =
distance travelled

a the total distance Su Lin travelled :
. time taken
b the average speed for the whole trip.

9 a A lorry driver travels at an average speed of
80 km per hour for 5 hours. How far has the
driver travelled?

b How far would the driver travel at an
average speed of s kmper hour for ¢ hours?

3/ ALGEBRAIC SUBSTITUTION

In Exercise 2D we found algebraic expressions for many real world situations. These
expressions involve the variables present in the situation.

For example, suppose a triangle has base b units and height h units. Its area is given by the
expression %bh.

If we are given the base and height of a triangle, we can evaluate the expression to find the
area. We do this by substituting the given values of the variables into the equation.

For example, if the base of a triangle b = 5 cm and the height of the triangle h = 2 cm,
then the area of the triangle is % x5 x2=>5cm?,

To evaluate a mathematical expression we find its value for particular numerical
substitutions of the variables or unknowns.

If we substitute a negative value, we place it in brackets. This helps us to
evaluate the signs in the expression correctly.
For example, consider the expression 5a + 3b

If a=—-2 and b=4 then 5a+3b=5x(-2)+3x4
=—-10+12

=2 Notice how we place
negative substitutions
inside brackets.




ALGEBRAIC OPERATIONS (Chapter 2) 65
Example 10 ) Self Tutor
For a =2, b= —1 and ¢ =3, evaluate:
a 3a—2b b 2+b
a  3a—2b b A+b
=3x2-2x(-1) =32+ (-1)
=6+2 =9-1
EXERCISE 2E
1 If a=1, b=2 and c¢ =3, find the value of:
a a+b b 2a c a—c d b+ 2c
e 5—2c f be g ab—a h 2v2
i 2(a+0) i 3(c—a) k (2a)? 3c?
2 If k=4, |=-2, m=3, and n = —1, evaluate:
a 2k+1 b 2m -5 ¢ kl+n d 2n?
e (2n)? f12-—m g K h 3l —4n
i k-2 j l(n+2) k 2(k+1) I 2k+3m
3 If p=3, ¢q=-2, r=-3 and s =4, evaluate:
a p? b —p? ¢ r3s d pgr
e pg? f p>+q-—3 g pr+2s h p—q¢®>+2
i ¢+ i 2(qg+s) k p(r+s) I (p+a)(p—aq)
| Example 11 | =) Self Tutor
If p=3, gq=-2 and r = —4, evaluate:
_ 2
- pb—q b q° +pr
r p+r
_ 2
. p—q b q° +pr
r p+r
_3-(=2) (=22 +3x(—9)
(—4) T 3+ (-9
_3+2 4-12
4 = —
_ 5
=
- _35
- 4 =8
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L If a=2, b=-3, ¢c=4, and d = —1, find the value of:

c b b+d a—d
- b - d
@ a d c b
. b+d f b+2 c h 3a
b—d 1—a S % 2
. a-+tec . —a a—2>b a—+ 2c
i i k |
2b b+d a—d a—2c

5 For p q r S t find the value of:

—3 [ =2 4 | -1
. 4 b 1°7 ¢ 4 +t d 4 + s
r s 2p r—t
2 — 2 —t
e A4 f 224 g 4 bl
—t q° q—s r—q
24t t t
| rs i q ;L k S+r I qs
qt P p —pr
ID “TO BE OR NOT TO BE” EQUAL
~ # We can use substitution to give us a better understanding of whether two
™~ different looking algebraic expressions are equal or not.

~ /

‘%‘QN We choose some values for the variables and substitute these values into
both expressions. If the results are always equal no matter what values we
choose for the variables, then the expressions are equal.

For example:

e 2(x+3) and 2z+6 are equal expressions because no matter what value of
is substituted, the expressions are equal for this value of x.

e 2(x+3) and 2z+3 cannot be equal, because when z =1,

2(z +3) whereas 2x+3
=2(1+3) —2x1+3
=2x4 =2+3
=38 =5

e One counter example is sufficient to show that two expressions are not equal.

What to do:
1 Copy and complete the bl a+bd | a a b
following table of values: a | b |a+ 1 1 1 +b 1 + 1
8 | 4
315
6 | —2
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From the table, which of the four expressions are likely to be equal and which are
definitely not equal?

2 Use a table like that in 1 or use a spreadsheet to test the following for equality:

a %x and % using x =4, 6, —8
180 — (a+b) and 180 —a —b using a=20,b=30; and a =40,b="75
(2z)? and 22® using z=0,1,2,3

(x+y)? and 2°2+y? using z=1,y=2; and x=3,y=5

® & A O

(x—y)? and 22 —2zy+y? using x=3,y=1; and x =4, y = —1.

17 | COLLECTING LIKE TERMS

Like terms are algebraic terms which contain the same variables to the same indices.

For example:

e 2y and —2zy are like terms

e a2 and —3a are unlike terms because the indices of a are not the same.

Algebraic expressions can often be simplified by adding or subtracting like terms. This is
sometimes called collecting like terms.

Consider 2a + 4a = a+ta + a+t+a+a+a.
~—— —_———
“2 lots of a” “4 lots of a”

In total we have 6 lots of @, and so 2a + 4a = 6a.

|_Example 12

Simplify, where possible, by collecting like terms:

a 3z+2x b 7a-—3a ¢ 2x+3—=x

d 3bc+ be e 2z — 2

a 3z + 2% b Ta — 3a [ —2r+3—=
= 5x = 4a =-3zx+3

{since —2z and —=z
are like terms}
d 3bc + be e 2x —x? is in simplest form

= 4bc {since 2z and —z? are unlike
terms }
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EXERCISE 2F

1 Simplify, where possible, by collecting like terms:

a 3+z+5 b 84+7+=x ¢ p+34+7 d 124+a+a

e b+3+0b fb+0 g 2x+x h a+34+a+7

i x4+ 3z j 3z—2z k 3x—=x I a®?+a?

m 7x+3 n 2z% 422 o 17z -7 p 17z —=x

q 3b% —b? r 2ab+ 3ab s g+g+yg t 9b—7b—2
2 Simplify, where possible:

a lln—11n b 1ln—n ¢ 1ln—11

d 3ab+ba e xy+2zy f 2p% —p?

g 3a+2+a+4 h 2a+3a+4a i b+3+2b6+4

J 3zy+4yx Ik 2a+b+4+3a+0 I 3a®+a+a®+2a

m 3x+2x—=z n n+2n-—3n o ab+b%+2ab+b?

p 3z+7xr—10 q 3x+ 7z — 10x r 3x+7xr—=x

s r+r+2r2 t 22+ +2 u 3+6y—1+2y
3 Simplify, by collecting like terms:

a 3z+4 8 3r — 8z ¢ -3+ 8z

d —3z—8z e ba+ta f Sba—a

g —ba-+a h —5a—a i m?42m

] —3d—5d ke —3d+5d I 3d—5d

m b+2b—3 n t—3t—2t o —6g—yg

p 4dm—Tm+1 q a+2-3a r —2b——3b

s 3b—0 t 3b—-b u r— -2z
| Example 13

Simplify, by collecting like terms:
a 24+3a—3—2a

b 2?2 —2z+ 3z — 222

a 2+3a-3-2a b 2?22+ 37— 277
=3a—2a+2-3 =2® - 22° — 20 + 3z
=a—1 =—z2+z
{3a and —2a are like terms, {x? and —22? are like terms,
2 and —3 are like terms.} —2z and 3z are like terms.}

4 Simplify, where possible:

a a+2—2a-5 b a—20+3a+5b

¢ ab+2—3ab—4 d ab+ 3ab— 4ab

e 3r—4+4—4x f 222 —-7+22-3

g 3In+2+n—-7 h 3a+b—2a—Tb
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i 5bc—8bc+3 i 3x?+z—2%2—22
k —23 — 2% + 23 — 322 | 20 —y——2x—y
m zy+y— 22y — 3y n 2r—4-3x—-6

DUCT AND QUOTIENT
SIMPLIFICATION

In this section we will simplify products like 2x x 3x? and quotients or divisions like
423

4a3 2 -
xXr xr Oor o0

PRODUCTS

The product of two factors is found by multiplying them together.

m ) Self Tutor

Simplify:
a 2z x5 b 4z x 322 ¢ 622 x bx?
a 2x X 5 b 4z x 322 < 622 x 5>
=2XxXxX5H — 41500 54 3) 54 48 X4 a1 =@ xaxaxDxamxn
= 10z = 1227 — 3024

With practice, you should be able to do these mentally. The following procedure may help
you:

Consider the factors —2x and 3z2. Their product —2z x 322 can be simplified by
following the steps below:

Step 1: Find the product of the signs.

For —2z, the sign
Step 2: Find the product of the numerals or numbers. is —, the numeral
is 2, and the
variable is x.

Step 3: Find the product of the variables or letters.

So, — 921 % 312 = —623

— X+ =— TTT rxz? =23
2X3=6
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EXERCISE 2G.1

1 Write the following algebraic products in simplest form:

a Xy b

e (—z)? f
2 Simplify the following:

a 3axb b

e (4a)? f

i 5b% x b2 i

m 2z x (—3z) n

q 5x(—x3) r
3 a Find:

i 2?2 x 2
b

whole numbers.

QUOTIENTS

TX3IXY

2

Tr” X T

3a x b?

(3b)% x b?

3b% x 4b°
(—2z) x (—4x)
2z x (—x)3

3

i 23 x a2

<
S

0O X W a

TXYXT
(—x) x 2z

3ab x 2b
4y x 292
4z X (—x)
(—2?) x 2z
4d? x (—d)
3

il 2t xax

ax 2b

h (—a)xa?

5ab x 4ab

h 5b% x 2b

I (=3z) xx
322 x (—6)

t (2z)3

iv 23 x a8

By considering your answers to a, simplify =" x ™ where m and n are positive

The quotient of two factors is found by dividing the first by the second. The result is an

algebraic fraction.

When we divide algebraic expressions we can cancel common factors in exactly the same

way as for numerical fractions.

Example 15

) Self Tutor

o 63 42
Slmpllfy: a g b T:LA
623 b 422
3z 1224
2 1 L [
B xzxaxa _ A X xxT
3 xa, s¥2 X @ X @ X,
222 1
T R
= 222
EXERCISE 2G.2
1 Simplify the following:
xt xt xP xd
a 3 b — < o d 3
33 54 1023 10z
e — f — g —— h
x 2 2z 5z
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| 4zt . 4zt k 4zt I 2zt
2 I o 227 Az
m - o 37 o 370
82 83 623 9z5

2 a Find:
oot b Lol a8
i = i o iiii = iv o

S ™ .
b By considering your answers to a, find —  where m and n are positive whole
x

numbers.

REVIEW SET 2A

1 Simplify:

a 3xmxnxn b (3z)? x 2 € 3xaxb—2xaxa
2 Consider the expression 7a + 120 — 4ab — 5a + 3ab — 4.

a How many terms are present? b State any like terms.

¢ State the coefficient of b. d State the constant term.

e If possible simplify the expression.
3 Find:

a the number 6 more than y b the number p less than ¢

¢ the change when p basketballs are bought for $¢ each from an amount of $r.
4 If =4, y=-3, and z = —2, evaluate:

2zy

a b — ¢ (x—y)?
5 Simplify by collecting like terms:
a 4p+3p—-7 b 3a+7b— (—4b) —2a
6 Simplify:
4a® 6a”
a 3m? x2m b (3m?)? < % %

REVIEW SET 2B

1 Simplify:

a 4xTX3XYyxy b 5z x (2z)? € 5xaxaxa—5xa
2 Consider the expression bz + 7y — 8xy + 3 — 5y.

a How many terms are present? b State any like terms.

¢ State the coefficient of xy. d State the constant term.

e If possible, simplify the expression.
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3 Find:
a the number 4 less than x
b the number g more than the square of p

¢ the total cost in euros of buying p pens at g cents each, and r rulers at s cents
each.

h If a=-3, b=4, and c= —2, find:

3ab b—c
3 -
a —c b 2 c 9
5 Simplify by collecting like terms:
a 3¢—5qg+2 b 3c+5d—8c—2d
6 Simplify:
54 1222
2 _ _ 97,2 = ——
a 5x° X 4x b (—3z) x (—2z°) i .

DAME KATHLEEN OLLERENSHAW

Like many people Kathleen Ollerenshaw enjoyed
attempting puzzles of various kinds. Her interest in
mathematics was stimulated when she was ill as a child
and started doing mathematical puzzles to fill in time.
Kathleen was virtually deaf from the age of 8.

She was so fascinated by reading about some of the
great mathematicians that she was determined to pursue
mathematics as a career. Many people advised her
against pursuing such a career because they saw no future
in mathematics for a girl. Despite these opinions, Dame
Ollerenshaw continued with her plan. She attended
Somerville College at Oxford University and completed
her degree.

After working as a statistician she returned to Oxford to teach during the war. Over a period
of 10 years she produced a number of research papers and in fact was awarded her Doctor of
Philosophy. Her main area of interest was in the study of the geometry of numbers. While
continuing her interest in mathematics and education she became greatly involved in public
duties and in 1971 became Dame Kathleen as a result of service to education. She served as
a city councillor and was Lord Mayor of Manchester in 1975-76.
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Percentages are commonly used every day around us. We may see headlines like:

e Imports now taxed at 10%. e 40% off sale this week.
e Earn 6.5% on your money. e Opera attendances down by 8%.
e 65% of children are overweight.

An understanding of percentages and how to operate with them is therefore vital.

OPENING PROBLEM

Roger’s Racquets specialises in selling

' | ' tennis racquets. The owner Roger
purchases 120 racquets for $80 each. He

applies a profit margin of 70% to the
racquets, but finds he cannot sell any at that price.

Consequently he has a 15% discount sale.

Consider the questions below:

a What was the price of each racquet before the
sale?

b What was the price of each racquet after
discounting?

¢ What was the percentage profit made on the cost price of each racquet?
d If80% of the racquets were sold in the sale, how much profit was made?

e What is the overall percentage return on costs if the remaining racquets are given
away?

NE PERCENTAGE

We use percentages to compare an amount with a whole which we call 100%.

% reads “per cent” which is short for per centum.

Loosely translated from Latin, per cent means in every hundred.

If an object is divided into one hundred parts then each part is called 1 per cent, written 1%.

T
Thus, ﬁ =1% e and % = 100%

So, a percentage is like a fraction which has denominator 100.

7
In general: — =z%
100
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CONVERTING FRACTIONS AND DECIMALS INTO PERCENTAGES

All fractions and decimals can be converted into percentages. We can do this either by:

e writing the fraction or decimal as a fraction with denominator 100, or

e multiplying by 100%, which is really just

100

100

or 1.

To convert to a
percentage, we obtain
a fraction with
denominator 100.

Convert each of the following to a percentage:
9
a 55 b 3
9
a 20 3
_ 9%5 __ 3x100
= 20%5 1x100
45 _ 300
100 — 100
= 45% = 300%

o) Self Tutor

Convert each of the following to a percentage:
a 0.46 b 1.35
a 0.46 1.35
— 46 — 135
=~ 100 =~ 100
= 46% = 135%

3

Convert these into percentages by multiplying by 100%:

a g b 0.042
a & b 0.042
=3 x100% {100% = 1} = 0.042 % 100%
— 60% =4.2% {shift decimal point

2 places to the right}

EXERCISE 3A.1

1 Write the following as fractions with denominator 100 and hence convert to a percentage:

=gl

e

b
f

3

1
4

e 13
€ %0 d 3
11 11
3 % h &



76  PERCENTAGE (Chapter 3)

2 Write each of the following as a percentage:

a 0.06 b 0.1 ¢ 0.92 d 0.75

e 1.16 f 5.27 g 0.064 h 1.024
3 Convert the following into percentages by multiplying by 100%:

a 2 b 0.82 ¢ 0.95 d 1.085

e 5.16 f 1.012 g 31 h iI

i3 i 23 k 12 I 3%

CONVERTING PERCENTAGES INTO FRACTIONS AND DECIMALS

A percentage may be converted into a fraction by first writing the percentage with a
denominator of 100, then expressing it in its lowest terms.

|_Example 4 ) Self Tutor

Express as fractions in lowest terms: a 115% b 12%%
a 115% b 12i%
_ 115 _ 125
100 100
1155

B
= T00-5 = 15008 {multiply both numerator
23 _1 and denominator by 10,
20

8 then + each by 125}

Percentages may be converted into decimals by
shifting the decimal point two places to the left. This Shifting the decimal

. . P point 2 positions to the
is equivalent to dividing by 100%.

left divides by 100.
" Example 5 <) el Tutor

Express as decimals: a 83% b 116%

a  88% b 116%
— 088.% =116.%
—0.88 —1.16

EXERCISE 3A.2

1 Express as fractions in lowest terms:
a 85% b 42% c 105% d 15%
e 48% f 73% g 63% h 132%

i 162% i 331% k 160% I 0.25%
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2 Express as decimals:

a 92% b 106% c 112.4% d 88.2%
e 7.5% f 1% g9 256% h 0.05%
i 1150% j 0.0037% k 342.8% I 63.7%

ONE QUANTITY AS A PERCENTAGE OF ANOTHER

We can compare quantities using percentages. To find one quantity as a percentage of another,
we write the first as a fraction of the second, then multiply by 100%.

) Self Tutor

Express as a percentage:
a Mike ran 10 km out of 50 km
b Rani spent 5 months of the last two years overseas.

2
a 10 km out of 50 km = é—gflx 100%  {cancelling}

= 20%
So, Mike ran 20% of 50 km.
b 5 months of the last two years
= 5 months of 24 months {must have the same units}

= 2_521 x 100% {Calculator: 5 E 24 100 E }
~ 20.8%
So, Rani spent about 20.8% of the last 2 years overseas.

3 Express as a percentage:

a 40 marks out of 50 marks b 21 marks out of 35 marks
¢ 5 km out of 40 km d 500 m out of 1.5 km

e 8 km out of 58 km f 130 kg out of 2.6 tonnes
g 4 hours out of 1 day h 3 months out of 3 years

4 Anastasia was given €20 pocket money and Emma was given €24. Anastasia saved €7
while Emma saved €9. Who saved the greater percentage of their pocket money?

5 Matt spent $40 on jeans, $25 on a top and $65
on shoes. He received $20 change from $150.
What percentage of his money did Matt spend
on:

a jeans b atop ¢ shoes

d all of his clothes?
6 Maya scored 32 out of 40 for a Maths test and

41 out of 55 for a Science test. For which test
did she score a lower percentage?
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INVESTIGATION SPORTING INJURIES

<~
# The graphs below show the number of players involved in eight different
D N sports in England and the number of injuries suffered by players involved

@ in those same eight sports.

1000--T260 950 INJURIES | 8000117400 NUMBERS
900- PER YEAR | 7000- PLAYING
800+ IN THE 8 MAIN 6000 THE 8 MAIN -
700+ SPORTS _ i SPORTS
600- 5000 34500000
igg' figures in '000 4000 figures in "000
300- 3000 =1 2400 2300 2250
2001 2000
1004 1000+

0+ 04

o o = £33 c (] = w—
2 2 23 2 5 § £ 2 2 £ 2 2 3 5 §
= = = Qo = (O] = o = = o = =] Q () =
= £ 92 % .% 1S =3 E £ a © £ I =
E & 3 8 & E E T o & & 8 £
3 o L = © (0] § Y (0] ) '8 ©
17 4 z © > & 9) = E @©

8 < m © 3 © =3 D

j= ) = o

ic = i =

What to do:

Investigate, using your calculator:

the total number of injuries per year in all 8 sports
2 injuries per year for each of the eight sports, expressed as a percentage of total
injuries per year
the total number of people in England playing these 8 sports
the percentage of the total number of players playing each sport
the injury rate for each sport using

number of injuries per year

: 100%.
number playing that sport . %

Injury rate =

6 Use the injury rates to decide which sport appears to be the:

a most dangerous b safest.

HE UNITARY METHOD IN
PERCENTAGE

Sometimes we know a certain percentage of the whole amount. For example,

Maddie knows that 16% of her wage is deducted for tax. Her payslip shows that $120 is
taken out for tax. She wants to know her total income before tax.

The unitary method can be used to solve such problems.
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Find 100% of a sum of money if 16% is $120.

16% of the amount is
1% of the amount is

100% of the amount is

the amount is

*))) Self Tutor There is no need to
actually calculate $420.
The final answer can be
found in one step by
$120 multiplying $222 by
$120 100.
— = 37.50
16 §
$7.50 x 100
$750.
o) Self Tutor

Example 8
Find 60% of a sum of money if 14% is $728.
14% is  $728
. $728
1% 18 T = $52
60% is  $52 x 60 = $3120.

Example 9

attend the match?

82% of fans at a basketball match support the Lakers. If
there are 24 026 Lakers fans at the match, how many people

o) Self Tutor

So,

82% is
1% is
100% is

29 300 fans attend the match.

24 026 fans
24 026
2 = 293 fans

293 x 100 = 29300

EXERCISE 3B

1 Find 100% if:
a 20% is $360
d 15% is 450 kg
g 12%is 66 L

2 Find:
a 30% if 7% is $126
c 5% if 48% is $816
e 95% if 6% is 55 kg

b 24% is 192 kg ¢ 9% is 225 mL
e 87% is $1044 f 95% is 342 mL
h 35% is 252 ke i 47% is $585.

b 72% if 11% is 176 kg
d 15% if 90% is 1890 mL
f 4% if 85% is $1000.
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3 24% of the passengers on board a cruise ship are children. If there are 210 children
aboard, determine the total number of passengers on board the ship.

& 80% of a plumbing contractor’s income was from
government contracts. If his income for the year
from government contracts was $74 000, find his
total annual income.

5 A country town has 1536 female residents. 48%
of its population is female. Find the town’s total
population.

6 In the local high school 18% of the students play
football and 32% play netball. If 126 students
play football, how many students:

a attend the school b play netball?

G A PERCENTAGE OF A
QUANTITY

To find a percentage of a quantity, convert the percentage to a fraction or a decimal and then
multiply.

) Self Tutor

Find: a 15% of 400 kg b 4.5% of €210

a  15% of 400 kg b 4.5% of €210
=0.15 x 400 kg = 0.045 x 210
= 60 kg — €9.45

m ) Self Tutor

Sandra scored 86% in her exam out of 150. What mark did she score?

Sandra scored 86% of 150

= 0.86 x 150
=129 So, Sandra scored 129 marks.
fRemember that ‘of”
EXERCISE 3C means multiply!
1 Find:

a 30% of 90 kg b 25% of €170
¢ 4% of 50 L d 75% of 40 km
e 6.5% of $540 f 95% of 5 m
g 471% of £1400 h 13% of $53600
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2 Solve the following problems:
a Su-la scored 45% in her test out of 80. What mark did she score?

b John scored 72% for an examination marked out of 150. How many marks did he
actually score out of 150?

¢ A mixture of petrol and oil for a two-stroke
lawn mower contains 85% petrol. How
much oil is required for 18 litres of the fuel
mixture?

d A real estate agent receives 4%%
commission on the sale of all property

she handles. How much does she receive
for a house she sells for £148 500?

e A share farmer receives 65% of the proceeds of the sale of a crop of wheat. If the
wheat is sold for $62 400, how much does he receive?

f To insure goods to send them overseas it costs the exporter 2%% of the value of the
goods. If the goods are valued at €16 400, what will the insurance cost?

3 38.8% of Canada’s population live in Ontario. The population of Ontario is 12.9 million.
a Use the unitary method to find the population of Canada.

b If 2.8% of Canadians live in Nova Scotia, how many actually live in Nova Scotia?

ENTAGE INCREASE AND
DECREASE

Every day we are faced with problems involving money. Many of these situations involve
percentages. For example, we use percentages to describe profit, loss and discount.

Profit is an example of percentage increase. Loss and discount are examples of percentage
decrease.

PROFIT AND LOSS

Profit or loss is the difference between the selling price and the cost price of an item.
Profit or loss = selling price — cost price.
A profit occurs if the selling price is higher than the cost price.

A loss occurs if the selling price is lower than the cost price.

Businesses make a profit by buying goods cheaply and then marking up or increasing the
price when they sell them.
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m =) Self Tutor A profit is made

A TV set is purchased for $450 and is marked up by 30%. when the selling

price is greater than
the cost price.

Find: a the profit b the selling price.

a Profit = 30% of cost price b Selling price \ =
= 30% of $450 = cost price + profit “?
= 30 % $450 = $450 4 $135

— 100 2
= $135 = $585 a‘\

A retailer will often express their profit or loss as a percentage of
the cost price.

For a profit we find the percentage increase in the price.

For a loss we find the percentage decrease in price.

Example 13 ) Self Tutor
We are really

A bicycle costs $240 and is sold for $290. calculating the

Calculate the profit as a percentage of the cost price. percentage increase
in the price!

Profit = selling price — cost price \
= $290 — $240

= $50

profit as a percentage of cost price

~ profit
~ cost price
50

~ 20.8%

x 100%

EXERCISE 3D.1

1 For the following items, find the: i profit or loss 1ii selling price
a a bicycle is purchased for $300 and marked up 80%
b a ring is purchased for €650 and marked down 45%
¢ a house is purchased for £137000 and sold at a 15% profit
d a car is purchased for ¥2570000 and sold at a 22% loss.

2 A bicycle costs $260 and is sold for $480. Calculate the profit as a percentage of the
cost price.

3 A greengrocer buys fruit and vegetables from the market and sells them at a 25% mark
up. On one particular morning, her fruit and vegetables cost her €500. If she sells all of
her produce, find: a her profit b her total income.
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4 A 30 m roll of wire mesh was bought wholesale for £216. If it is sold for £8.50 per
metre, find the profit and express it as a percentage of the wholesale or cost price.

|_Example 14 |

Ali bought shares in Boral at $10.50 per share, but was forced to sell them at $9.30
each. Calculate:
a her loss per share b the loss per share as a percentage of the cost.
a Loss b % loss
_ <elli o . 1
selling price — cost price _ loss L 00%
= $9.30 — $10.50 cost
=—§1.20 1.20
= I x 100%
i.e., a $1.20 per share loss. $10.50
~ 11.4%

5 A used car firm pays $6000 for a car, but,
because of financial difficulties, has to sell it
immediately and receives only $4920 for the
sale. Find the loss incurred by the used car
firm and express this loss as a percentage of
the cost price.

6 Ulrich and Jade purchased a new house for £320000. Due to interest rate rises after 3
years they were unable to afford their mortgage repayments and had to sell the house for
£285000. Find:

a the loss incurred b the loss as a percentage of their total costs.

7 A hardware store has a closing down sale.
They advertise an aluminium ladder at $256.
If the wholesale or cost price of the ladder
was $274, find the loss and express it as a
percentage of the cost price.

DISCOUNT

A discount is a reduction in the marked price of an item.

When retail stores advertise a sale, they offer a percentage off the marked price of most
goods.

Discounts are often given to tradespeople as encouragement to buy goods at a particular
store.
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|_Example 15

A store offers a discount of 15% off the marked price of a shirt selling for $49.
Find the: a discount b sale price.
a Discount = 15% of $49 b Sale price = marked price — discount
= 0.15 x $49 = $49 — §7.35
=$7.35 = $41.65

EXERCISE 3D.2

1 Find the discount offered on the following items and hence find the sale price:
a a pair of shoes marked at €70 and discounted 40%
b a suit marked at £150 and discounted 25%
¢ a cap marked at $24 and discounted 123 %.

2 A plumber buys supplies worth €220 but is given a 5% discount. What does she save
with the discount?

3 A builder buys timber worth €4800 but is given a 12% discount. What does he pay for
the timber?

4 A dressmaker buys material in bulk. It is marked at ¥13200 but she is given a 7%%
discount. How much does she actually pay for the material?

Example 16 m
Kylie buys a pair of jeans marked at $90 but only pays $76.50.

What percentage discount was she given? We are really
calculating the
percentage decrease
in the price.

Discount = $90 — $76.50 = $13.50

discount

% discount = ————— x 100%
marked price
$13.50
= ——— x 100
go0 < 100%
=15%
So, Kylie was given 15% discount.

5 Ronan purchases a CD marked at €28 but actually pays €23.80. What percentage discount
was he given?

6 Nghia saw a car advertised for sale at $17875, having been discounted from $27500.
Calculate the percentage discount.

7 A supermarket employee buys groceries worth ¥7600 but is only charged ¥7030. What
employee discount did she receive?
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PERCENTAGE CHANGE
USING A MULTIPLIER

In the exercise on profit and loss, we dealt with percentage change. Another simple method
for working with percentage change is to use a multiplier.

For example:

e If we increase an amount by 30%, we will have 100% +30% = 130% of the amount.

So, to increase an amount by 30% we multiply by % or 1.3. 1.3 is the multiplier.

e If we decrease an amount by 30%, we will have 100% — 30% = 70% of the amount.

So, to decrease an amount by 30% we multiply by % or 0.7. 0.7 is the multiplier.

) Self Tutor

What multiplier corresponds to:

a a 50% increase b a 12% decrease?

a 100% of the amount + 50% of the amount = 150% of the amount
multiplier = 1.5

b 100% of the amount — 12% of the amount = 88% of the amount
multiplier = 0.88

) Self Tutor

a Increase $300 by 20%. b Decrease $300 by 20%.

a New amount b New amount
= 120% of $300 = 80% of $300
= 1.2 x $300 = 0.8 x $300
= $360 = $240

EXERCISE 3E.1

1 What multiplier corresponds to a:

a 40% increase b 6% increase ¢ 20% decrease

d 15% decrease e 42% decrease f 12% increase?
2 Perform the following calculations:

a Increase $120 by 15%. b Increase 450 kg by 20%.

¢ Decrease £4800 by 24%. d Decrease $720 by 8%.

e Increase 5000 hectares by 120%. f Decrease 1600 tonnes by 12%.

g Decrease 12500 m? by 1.46%. h Increase €125672 by 0.13%.
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FINDING A PERCENTAGE CHANGE

The multiplier method can be used to find the percentage increase or decrease given the
original and new amounts. We do this by expressing the new amount as a fraction of the
original amount and then converting the result to a percentage.

new amount

multiplier = ——;
original amount

Example 19 ) Self Tutor
Finding the fraction

Find the percentage increase when $160 changes
to $180. new amount can

original value

new amount always be used to find

percentage changes.

original value

$180
~ §160
=1.125 {the multiplier is 1.125}
= 1.125 x 100% {decimal to percentage}
= 112.5% {100% + 12.5%}

So, there is a 12.5% increase.

EXERCISE 3E.2

1 Find the percentage increase in the following, to 1 decimal place if necessary:

a £80 changes to £96 b €14000 changes to €16 000

¢ 32 hours changes to 37.5 hours d 180 cm changes to 185 cm

e 42 kg changes to 49 kg f $156000 changes to $164 000
g 3.5 kg changes to 7 kg h 52.4 L changes to 61.7 L

2 My dairy herd produced a daily average of 467 L of milk last year. This year production
has increased to 523 L. What is the percentage increase in milk production?

%) Self Tutor

Find the percentage decrease when 80 kg is reduced to 72 kg.

new amount 72 kg
original value 80 kg

=0.9 {the multiplier is 0.9}
= 0.9 x 100% {decimal to percentage}
= 90% {100% — 10%}

So, we have a 10% decrease.
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Find the percentage decrease in the following:
a $80 to $70 b 95 kg to 90 kg ¢ 60 hours to 40 hours
d 8 kmto 4 km e $155 to $140 f €16 to €4

Increase $1000 by 10% and then decrease your answer by 10%. What do you notice?

My parents increased my pocket money by 10% and then three months later increased
it by a further 10%. My father said this was an increase of 21%. Can you explain this?

APPLICATIONS OF THE MULTIPLIER

A simple application of the multiplier is in business problems where we are calculating the
selling price. We are actually increasing or decreasing the cost price and so the multiplier
can be used.

Selling price = cost price x multiplier

" Example 21 | ) Self Tutor

A warehouse owner buys a refrigerator for $750 and marks it up by 35%.
At what price does the owner sell the refrigerator?

100% + 35% = 135%
multiplier = 1.35

selling price = cost price x multiplier
= $750 x 1.35
= $1012.50

The refrigerator is sold for $1012.50.

EXERCISE 3E.3

1

When a car priced at €14 200 is bought, a further 10% must be added for tax. What is
the selling price of the car?

A leather coat costs a fashion store $150. They will
sell it for a 70% profit. Find:

a the selling price of the coat - /1T 517
b the profit as a percentage of the selling price. REAL ESTATE | 1= r=
—— // 4
| UNIT 7/
A real estate company buys a block of units for $¢= ué\{_f' £

€326 000. They spend €22 000 on renovations and N

(
repairs. Three months later they are able to sell the . ~Z ZI Fﬂ T N K
units at a profit of 11% on their total investment. &2 s —
Find the total sale price for the block of units. i :
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|_Example 22

Jody bought a block of land for $92 000, but was forced to sell it at a 12% loss.
At what price did she sell the block of land?

selling price = cost price x multiplier
= $92000 x 0.88 {100% — 12% = 88% = 0.88}
= $80960

Jody sold her block for $80 960.

& The car firm 4 A Autos paid $13 600 for a car, but were forced to sell it for a 15% loss.
For what price did they sell the car?

5 A share trader buys WMC shares for $9.50 each. She will sell her shares if they lose
20% of their value. At what price will she sell her WMC shares?

6 A washing machine is priced at €440 but advertised for sale with a 30% discount. What
will it cost to buy?

7 Answer the questions posed in the Opening Problem on page 74.

8 Dan Brogen’s Electrical buys a television set for $720. They add 30% to get the
showroom price. At a sale the store offers a 15% discount. Find:

a the customer’s price b the profit, as a percentage of the cost price.

9 My pocket money is €15 per week. When I turn 14 it will be increased by 200%. What
will my pocket money be when I turn 147

10 Find the percentage change in the area of a rectangle if all of its side lengths are:
a increased by 20% b decreased by 20%.

11 A machine costing $80000 loses value or depreciates at 10% per year. Find its value
after 2 years.

DOUBLING AN INVESTMENT

Trevor invests in $1000 worth of shares. He expects the value of his

B
%

&N investment to increase by 10% each year.
R\ Trevor decides that he will sell the shares when they have doubled in value.

The purpose of this investigation is to find how long it takes for any investment to double
in value at a particular rate. Doubling will usually occur during a year, but we are only
interested in the whole number of years immediately after the doubling has occurred.

What to do:

1 Consider doubling the value of a $1000 investment which is increasing by 10% p.a.
each year.
For an increase of 10%, we must multiply our investment amount by 110% = 1.1.
So, our multiplier for each year is 1.1.
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New amount

Number of years | Value
= $1100 at the end of the first year. 1 $1100
Copy and complete the given table: 2 $1210
How long will it take for the investment to double : :
in value?

2 Would the answer be different if the initial value of $1000 was changed? Try some
other initial values to see what happens.

3 Investigate what happens with other rates of increase, such as 4%, 6%, 8%, and 12%.
You could use the spreadsheet which follows by clicking on the icon.
Hint: For 4%, enter 0.04 in cell C1.

A B | C |
Increase V=%1000 0.1

Years Value ($)
0 1000 SPREADSHEET

=A3+1 =B3*(1+C$1) “ﬁ’ -
| |

fill down fill down

& Graph your results, with investment rates on the horizontal axis and doubling time
on the vertical axis. Comment on your results.

7/ FINDING THE ORIGINAL AMOUNT

It is often useful to know what the original value of an item was before a percentage increase
or decrease occurred.

For example, suppose an item is marked up by 30% and its new price is £156. How can we
find its original price?

The following example illustrates a method for doing this.

<) Self Tutor

The price of a TV set is marked up by 25% for sale. Its selling price is $550.
For what price did the shopkeeper buy the TV set?

cost price x multiplier = selling price
cost price x 1.25 = $550  {100% + 25% = 125% = 1.25}
550

. $
t =—— =544
cost price = ——- $440

So, the television set cost the shopkeeper $440.
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EXERCISE 3F

1 Find the original amount given that:

a after an increase of 25% the price was RM250
after an increase of 35% the price was $243
after a decrease of 10% the price was £81
after a decrease of 17% the price was €37.35
after a decrease of 37.5% the price was 115 pesos
after a decrease of 22%% the price was €9300

2 ‘Blacks Furniture Mart” sells a lounge suite for $3280.50, making a profit of 35% on the
cost price. How much did the business pay for the lounge suite?

3 A retailer sells a microwave oven for €640. This is a 25% profit on the cost price. How
much did the retailer pay for the microwave oven?

4 An electrical firm sells a washing machine for $383.50, making a 30% profit on the
wholesale or cost price. Find the wholesale price of the machine.

5 Jason sells a bicycle for $247 at a loss of 35%. What did Jason pay for the bicycle
originally?

G| B SIMPLE INTEREST

When a person borrows money from a lending institution such as a bank or a finance company,
the borrower must repay the loan in full, and also pay an additional interest payment. This
is a charge for using the institution’s money.

Similarly, when money is invested in a bank, the bank pays interest on any deposits.

SIMPLE INTEREST

If the interest is calculated each year as a fixed percentage on the original amount of money
borrowed or invested, then the interest is called simple interest.

For example, suppose $8000 is invested for 5 years at 10% per annum or per year simple
interest.

The simple interest paid for 1 year = 10% of $8000
= 0.1 x $8000
= $800
Thus, the simple interest for 2 years = 10% of $8000 x 2
= 0.1 x $8000 x 2
= $1600

Thus, the simple interest for 5 years = 10% of $8000 x 5
= 0.1 x $8000 x 5
= $4000
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These observations lead to the simple interest formula.

SIMPLE INTEREST FORMULA

If $C is borrowed or invested for n years at r% p.a. (per annum) simple interest, the simple
interest I can be calculated using the formula:

I=Crn where C' is the principal,
r is the flat rate of interest per annum,
n is the time or duration of the loan in years.

m ) Self Tutor

Find the simple interest payable on an investment of $20000 at
12% p.a. over a period of 4 years.

C = 20000 Now I =0Crn
r=12-+100 = 0.12 o 1=20000x0.12 x 4
n=4 .. 1 =9600

simple interest is $9600.

Remember to
convert the
time period to
years.

) Self Tutor

Calculate the simple interest payable on an investment of $15 000
at 8% p.a. over 9 months.

C =15000 Now [ =Crn
r=8+100=0.08 . I =15000 x 0.08 x 0.75
9 I =900
= —=0.75
"I 12

simple interest is $900.

In some areas of finance, sums of money may be invested over a period of days. However,
the interest rate is still normally quoted per annum, so the time period n in the formula must
be in years. So, the number of days must be divided by 365.

=) Self Tutor

Determine the simple interest payable on an investment of $100000 at 15% p.a. from
April 28th to July 4th.

From April 28th there are 2 days left in April.
2 days left in April -—— we exclude the first day (April 28)
31 days in May
30 days in June
4 days in July —— we include the last day (July 4)
67 days
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C = 100000 Now I=Crn
r=15=100=0.15 . T =100000 x 0.15 x 0.183 562
67 - I =2753.42
=— ~0.1 2 >
n=ge 0.18356

So, the interest payable is $2753.42

EXERCISE 3G
1 Find the simple interest payable on an investment of:
a $4000 at 8% p.a. for 5 years b £1500 at 11% p.a. for 3 years
¢ €2500 at 103% p.a. for 2 years d $20000 at 121% p.a. for 4 years.
2 Find the simple interest payable on an investment of:
a $5000 at 7% p.a. over 6 months b €8000 at 9% over 3 months
¢ ¥1600000 at 3%% p.a. over 10 months

d £11500 at 5%% p-a. over 18 months.

3 Stella Ho deposits €46 000 in a special investment account on March 17th. If the account
pays 9%% p.a. simple interest and she withdraws the money on June 30th, how much
will her investment have earned during this time?

4 Tony Giacomin deposited $1600 on July 3rd in a special investment account which earns
13% p.a. simple interest. On August 17th he deposited another $5600 in the account.

If he closed the account on November 12th by withdrawing the total balance, calculate
how much his investment has earned over this period of time.

|_Example 27 ) Self Tutor

Calculate the total amount to be repaid if $5000 is borrowed for 3 years at 14% p.a.
simple interest.

C' = 5000 Now [ =Crn
r=14-+100=0.14 . 1 =5000x0.14 x 3
n=3 .. I =2100
The total repayment = principal + interest
= $5000 + $2100
= §7100

5 If £2000 is borrowed under simple interest terms, how much must be repaid after:
a 3 years at 5% p.a. b 8 months at 12% p.a. ¢ 4 years at 83% p.a.?
6 Jamil borrows $5400 from the finance company to buy his first car. The rate of simple
interest is 13% per annum and he borrows the money over a 5 year period. Find:
a the amount Jamil must repay the finance company
b his equal monthly repayments. Hint: There are 60 months in 5 years.



PERCENTAGE (Chapter 3) 93

7 An electric guitar with all attachments is advertised at €2400. If Klaus pays a deposit of
€600, he then has to borrow the remainder or balance at 12% p.a. simple interest over
3 years. What are his monthly repayments?

;I COMPOUND INTEREST

When you deposit money in the bank, you are in effect, lending the money to the bank. The
bank in turn uses your money to lend to other people. The bank will pay you interest to
encourage your custom, and they charge interest to borrowers at a higher rate. This way the
bank makes a profit.

If you leave the money in the bank for a period of time, the interest is automatically added
to your account.

After the interest is added to your account, it will also earn interest in the next time period.
Consider the following example:

$1000 is placed in an account earning interest at a rate of 10% p.a. The interest
is allowed to compound itself for three years. We say it is earning /0% p.a.
compound interest.

We can show this in a table:

Year Amount at beginning Compound Interest Amount at end of
of year year
$1000 10% of $1000 = $100 | $1000 + $100 = $1100
$1100 10% of $1100 = $110 | $1100 + $110 = $1210
$1210 10% of $1210 = $121 | $1210 + $121 = $1331

After 3 years there is a total of $1331 in the account. We have earned $331 in compound
interest.

If we construct a similar table for $1000 in an account earning 10% p.a. simple interest for
3 years, we can compare the values of the 2 different types of interest.

Year Amount at beginning Simple Interest Amount at end of
of year year
$1000 10% of $1000 = $100 | $1000 + $100 = $1100
$1100 10% of $1000 = $100 | $1100 + $100 = $1200
$1200 10% of $1000 = $100 | $1200 + $100 = $1300

After 3 years there is a total of $1300 in the account, so we have earned $300 in simple

interest.

Comparing the two, Year | Compound Interest | Simple Interest
1 $100 $100
2 $110 $100
3 $121 $100
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Notice that the principal on which the interest is calculated is different for the two forms of
interest:

e For simple interest we always use the initial amount invested as the principal in each
calculation.

e For compound interest we use the amount at the end of the previous year as the
principal in each calculation.

For the same rate of interest, therefore, we will always earn more interest from compound
interest accounts than from simple interest accounts over the same length of time.

) Self Tutor

How much interest will I earn if I invest $10000 for 3 years at:

a 15% p.a. simple interest b 15% p.a. compound interest?

a We use the simple interest formula where C' = 10000, r =0.15, n = 3.

Now [ =0Crn
I =10000 x 0.15 x 3 = 4500 Thus, the interest is $4500.
b | Year | Initial Amount Interest Final Amount
1 $10000 15% of $10000 = $1500.00 | $11500.00
2 $11500 15% of $11500 = $1725.00 | $13225.00
3 $13225 15% of $13225 = $1983.75 | $15208.75

Interest = final amount — initial amount
= $15208.75 — $10 000
= $5208.75

EXERCISE 3H.1

1 Calculate:
a the simple interest earned on €2000 at 5% p.a. for 3 years
b using a table, the compound interest earned on €2000 at 5% p.a. for 3 years.

2 If £50000 is invested at 9% p.a. compound interest, use a table to find:
a the final amount after 2 years
b how much interest was earned in the 2 year period.

3 Use a table to determine the interest earned for the following investments:
a €4000 at 8% p.a. compound interest for 2 years
b $12000 at 6% p.a. compound interest for 3 years
¢ £500 at 3% p.a. compound interest for 3 years.
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COMPOUND INTEREST SPREADSHEET

= ‘y A spreadsheet is an ideal way to investigate compound interest investments
™ because it allows us to construct the table very rapidly.

(5

(\'/
ﬁ%‘ Suppose $5000 is invested at 4% p.a. compound interest for 10 years.

What to do:
1 Open a new spreadsheet and enter the following:

T A | B =R D |  sPREADSHEET
1| Investment 5000 - >
.2 | Interest rate 0.04 1 ,

3
4 Year Initial amount | Interest | Final amount
= 1 =E1 =B5"B%2 =B5+C5
L6 | =AEH =05 =BE"B%2 =BE+CE

2 Highlight the formulae in row 6. Fill down to row 14 for the 10th year of investment.
Format all amounts in dollars.
3 Use your spreadsheet to answer the following questions:
a What interest was paid in i Year 1 ii Year 10?
b How much is in the account after I 5 years ii 10 years?

& Suppose $15000 is invested at 6% p.a. compound interest for 10 years. Enter 15000
in B1 and 0.06 in B2. For this investment, answer a and b in question 3 above.

5 How long would it take for $8000 invested at 5% p.a. compound interest to double
in value? Hint: Enter 8000 in B1, 0.05 in B2, and fill down further.

6 What compound interest rate is needed for $12 000 to double in value after 6 years?
Hint: Enter 12000 in B1 and repeatedly change the interest rate in B2.

THE COMPOUND INTEREST FORMULA

Suppose you invest €1000 in the bank for 3 years, earning 10% p.a. compound interest.

Since the interest rate is 10% p.a., your investment increases in value by 10% each year. Its
new value is  100%+10% = 110% of the value at the start of the year, which corresponds
to a multiplier of 1.1.

After one year your investment is worth $1000 x 1.1 = $1100
After two years it is worth $1100 x 1.1

=$1000 x 1.1 x 1.1

= $1000 x (1.1)* = $1210
After three years it is worth $1210 x 1.1

=$1000 x (1.1)% x 1.1

= $1000 x (1.1)* = $1331

This suggests that if the money was left in your account for n years, it would amount to
$1000 x (1.1)™.
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We can write a formula for Compound Growth:

F, = P,(1+1¢)™ where F, is the future value
P, 1is the present value or original amount

¢ is the annual interest rate as a decimal
(1414) is the multiplier
n is the number of years of investment

Notice that the formula for F, above gives the total future value, which is the original
amount plus interest.

To find the interest only we use:

Compound interest = F,, — P,

Example 29 o) Self Tutor

a What will $5000 invested at 8% p.a. compound interest amount to after 2 years?

How much interest is earned?

a An interest rate of 8% indicates that ¢ = 0.08.
For 2 years, n=2 andso F, = P,(1+4)"
= $5000 x (1.08)?
= $5832

b Interest earned = $5832 — $5000 = $832.

EXERCISE 3H.2

1 a What will an investment of $3000 at 10% p.a. compound interest amount to after
3 years?

b What part of this is interest?
2 How much compound interest is earned by investing €20 000 for 4 years at 12% p.a.?
3 £5000 is invested for 2 years at 10% p.a. What will this investment amount to if the

interest is calculated as:

a simple interest b compound interest?

4 a What will an investment of $30000 at 10% p.a. compound interest amount to after
4 years?

b What part of this is interest?

5 How much compound interest is earned by investing €380 000 at 9% p.a. over a 3 year
period?

6 £6000 is invested for 2 years at 15% p.a. What will this investment amount to if the
interest is calculated as:

a simple interest b compound interest?
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7 You have €8000 to invest for 3 years and there are 2 possible options you have been
offered:
Option 1: Invest at 9% p.a. simple interest.
Option 2: Invest at 8% p.a. compound interest.

a Calculate the amount accumulated at the end of the 3 years for both options and
decide which option to take.

b Would you change your decision if you were investing for 5 years?

8 What percentage increase will occur if I invest any amount over a 4 year period at
10% p.a. compound interest? Hint: Let the principal be 1000 of your local currency.

9 An investment of $5000 at 7% interest compounded annually over = years will grow to
$5000% (1.07)*. Enter the function Y; = 5000 (1.07)"X into a graphics calculator
and use the calculator to find:

a the value of the investment after i 5 years 1i 10 years iii 20 years
b how long it takes for the investment to increase to:
i $10000 it $20000 ili $40000.

Comment on your answers.

5B | INFLATION RATES

LINKS Areas of interaction:
click here Approaches to learning, Community and service

THE RATE OF INCREASE SPREADSHEET

Click on the icon to obtain a printable SPREADSHEET
investigation on finding the annual average (ﬁ =
rate of increase in an investment.

REVIEW SET 3A

What multiplier corresponds to: @ an 8% increase b a 7% decrease?

o =

Find the percentage change when €108 is increased to $144.

(%]

a Decrease $160 by 18% using a multiplier.
b Increase 120 kg by 10% using a multiplier.

&

If 28% of a shipment of books weighs 560 kg, find the total weight of the shipment.

w

Jodie sold a dress for $224, making a loss of 30%. How much did the dress cost
her?

6 Herb sold his house for £213 600 and made a 78% profit. How much did the house
originally cost him?
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See Kek inherited 33%% of her uncle’s estate of $420000. However, she needs to
pay 15% of her inheritance in tax.

a What percentage did she actually inherit after the tax is paid?
b How much did she actually inherit?

The local sports store buys sports shirts for $16 and adds a 40% mark up. In an
end of season sale, a 25% discount is offered. Find the customer’s price for a sports
shirt.

Determine the simple interest on a loan of €7500 for 4 years at 8% p.a.

Determine the compound interest earned on £50000 at 4% p.a. over a four year
period.

A local manufacturing business has an increase of 6% in sales. Find the original
weekly sales if the business now makes sales of $8533 per week.

REVIEW SET 3B

2
3

What multiplier corresponds to: a a 2%% decrease b a 7.3% increase?

Increase $240 by 24% using a multiplier.
A digital TV marked at $3000 is discounted by 12%. Find:
a the discount given b the selling price.

A television was bought for $560 and sold for $665. Find the profit as a percentage
of the cost price.

The deposit of 40% for a concreting job costs £2400. How much will the remaining
60% cost?

Imran bought a cricket bat and then sold it for $250 at a profit of 25%. How much
did the bat cost him?

Sergio exercised regularly to decrease his body weight by 14%. He now weighs
81.7 kg. How heavy was Sergio before he commenced the exercise program?

In the first year of business, Jennifer made a profit of €83 000. In the second year
her profit increased to €98 000.
a By what percentage did her profit increase?

b What is her estimated profit for the next year assuming the same percentage
increase as before?

a Determine the simple interest on a loan of $7800 for 3 years at 11% p.a.
b Find the equal monthly repayments required to pay off the loan.

Determine the compound interest earned on $30000 at 5% p.a. over a three year
period.

Over a period of time, the value of a house increased by 15% to $455400. Find the
original value of the house.
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OPENING PROBLEM

Each week Jasmin earns €5 from her father for
washing the family car and €7 from her grandfather
for mowing the lawns.

If Jasmin does these tasks each week for an 11 week period, write
a single expression for how much she earned over the period:

e from her father e from her grandfather
e from them both.

USIl THE DISTRIBUTIVE LAW

In the Opening Problem, Jasmin earned 11 x €5 from her father and 11 x €7 from
her grandfather over the 11 week period.

Another way of looking at this is that Jasmin earned 11 lots of €5 + €7, which is
11 x (54 7) euros.

Consequently, 11(5+7)=11x5+11xT.
Notice that the factor outside the brackets is multiplied by each term inside the brackets.

This process of removing the brackets in a product is known as expansion, and

a(b+ c) = ab+ ac s called the distributive law.

m ) Self Tutor

Expand and simplify:
a 5(z+4) b 4(y—3)
A
a 5(z +4) b 4(y — 3) Multiply each term
=5xz + 5x4 B inside the brackets by
=4(y+-3) the quantity outside
= bz + 20 —Axy + 4x(=3) the brackets.
=4y — 12

m ) Self Tutor

Expand and simplify:

a 3(2a+7) b 2(3z—4)
O A
a 3(2a+7) b 2(3z —4)
=3%X2a + 3x7 =2x3z + 2x(—4)




ALGEBRAIC EXPANSION (Chapter 4)

101

EXERCISE 4A
1 Expand and simplify:

a 2(x+7) b 3(z—2) ¢ 4(a+3) d 5(a+c)

e 6(b—3) f 7(m+4) g 2(n—0p) h 4(p—q)

i 3(56+x) j 5(y—=x) ke 8(t—38) I 4(7+m)
m 6(d+e) n 2(zx—11) o 3(7T+k) P 5(p—9q)
q 4(10—j) r 7(y+mn) s 2(n—12) t 8(11—d)

2 Expand and simplify:

a 9(2z+1) b 3(1-3xz) ¢ 5(2a+ 3) d 11(1—2n)
e 6(3z+y) f 5(x—2y) g 4(3b+¢) h 2(a— 2b)

i 7(a—5b) i 12(2+ 3d) k 8(3— 4y) I 6(5b+ 3a)

11(2z — y) n 4(p+9q) o 5(a—8b) P 2(9+8z)
q 309z+y) r 7(c—9d) s 6(m—+Tn) t 8(8a—c)
|_Example 3 |
Expand and simplify:
a 2y(3y+5) b 2z(3 —2z)

£y e
a 2y(3y + 5)
=2yx3y + 2yx5s

£y s
b 2z(3 — 2x)
=2x x3 + 2z x (—2z)

= 6y% + 10y = 6 — 4z
3 Expand and simplify:

a z(z+2) b z(5b—x) ¢ a(2a+4) b(5 — 3b)

e a(b+ 2c) f a(a®+1) g a*(2—a) h 2x(3 —4z)

i 3z(6—x) j Sz(x—4) k 4a(1-—a) I 7b(b+2)
m (2z + 3)x n (5-2z)z o ab(a+b) p a’b(3-0)
a mn(m —n) r ac(c—4a) s 6p(4—Tpq) t (3k+50%)k
u (7a% —5b)b v zy(x+9y) w (7—4x)zy x (3t —5s%)t

Expand and simplify:
a —4(z+3) b —3(2z—4) ¢ —(3—22)

%
a —4(z +3)
= 4xzx + —4x3
= —4x —12

{—4 is multiplied by x and by 3}
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O
b —3(2x — 4)
=-3x2z + —3 x(—4) {—3 is multiplied by 2z and by —4}
= —6z 4 12
< —(3 — 2z)
L
=—1(3 — 2z) {—1 is multiplied by 3 and by —2z}
=—-1x3 + —1x(—2z)
=S 27
4 Expand and simplify:
a —2(xz+2) b —3(zx+4) ¢ —4(z—2) d —5(5—2)
e —(a+2) f —(z-3) g —(b—x) h —(2z+1)
i —34—=x) j —4(bx —2) k —5(3—4c) I —(z—-2)
| Example 5 <) Self Tutor
Expand and simplify:
a —a(a+7) b —4b(2b—3)
£ ) £
a —a(a+7) b —4b(2b — 3)
=—axa+-axT = —4b x 2b+ —4b x (—3)
= _—a?2 - 17a = —8b% + 12b
5 Expand and simplify:
a —ala+1) b —bb+4) ¢ —c¢(5b—c) d —x(2z+4)
e —2z(l-—x) f —3y(y+2) g —4a(5—a) h —6b(3 —2b)
Example 6

Expand and simplify:
a 3(x+5)+24-12)

b 53—z)—2(x+1)

-

a  3@x+5)+24—1)

=3r+15+8 — 2z
=3r—2x+ 15+ 8
=x+ 23

b 5(3-2)—2@x+1)

=15—-5x—2x—2
=15—2—-b5x — 2x
=13 —-Tx

=3xzx 4+ 3x5 + 2x4 4+ 2x(-x)

=5%x3 4+ 56x(—-z) + —2xz + —2x1

(In practice the second
line of working is
often left out.
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6 Expand and simplify:

a 3xz+2)+2(x+3) b 5(x+3)+4(x+3)
¢ 4(xr—2)+5(x—4) d 322 —-7)+2(1—x)
e 5(m+4)—3(m—2) f 5(m—3)—2(m+1)
g 3(z—1)—22z—-4) h 7(1—-2)—(3z+2)
i 7T(x+2)+3(2—4x) i 3(4—3z)—2(2x+1)
k —5(n—4)—3(2n—5) I 62y —1)+4(2—-vy)
m 9(z+1)+3(2z —3) — 15z n 11(2t—1)—-3(5b—3t)+4
) Self Tutor
Expand and simplify:
a 4-2(z+3) b 8—-3(2y—1)
a  4-2(z+3) b 8-32y—1)
=44+ -2(z+3) =8+ —-3(2y—1)
=44+ -2xzx+-2x3 =8+ -3 x2y+ -3 x(-1)
=4—-2x—6 =8—6y+3
7 Expand and simplify:
a 3z—(2x+1) b 5—-3(z+2) c 7—6(2r—3)
d 1lz—(2—2) e 6—5(1—2z) f 11— (3—22)
g 16 —7(1—3x) h 24+6-34—2x) i 8z+1-2(3-2x)
j 7T—(1-22) k 22— (8—"Tx)+3 I 8—5(11—3x)
Example 8 o) Self Tutor
Expand and simplify:
a a(a+2)+2a(3a—2) b y(3y—1) —3y(2y —5)

a a(a + 2) + 2a(3a — 2)
=axa + ax2 + 2ax3a + 2ax(-2)
=a?+2a+6a%—4a
=T7a% —2a

b yBy—1)—3y(2y—5)
=yx3y + yx(-1) + -3y x2y + —3y x (=H)
:3y2—y—6y2+15y
= 14y — 3y
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8 Expand and simplify:

a z(x+1)+2z(x—4) b z(1—2z)—z(2+=x)
¢ 4(a+b)—3(a—0b) d 22(z +2)—22%(1 —x)
e z(x? —5) - 2z(1 — 2?) f 5(a+b—-2)—4(5—a+2b)
Example 9 ) Self Tutor
Expand and simplify:
a 3(x?+4x -5) b 2a(a®?—-3a+1)
96\« ,@6\
a 3(z“ + 4z —5) b 2a(a® —3a+1)
=3x a2 4+ 3 x4z + 3 x (=5) =2a x a® + 2a x (—3a) + 2a x 1
=3z% + 12z — 15 = 2a® — 6a® + 2a

9 Expand and simplify:

a 2(y®+2y+3) b 5(a® —4a—2) ¢ 3222 +3z—1)

d 4(-3b* —2b+3) e 3y(y?—2y+7) f 2a(4a® +a—1)

g 2z(—5x% —x +4) h —3b(20% +4b —2) i —2y(3y? —y+5)
INVE “THINK OF A NUMBER"”

= Algebra is a powerful tool in mathematical problem solving.

.
Iy Algebra can help us to describe problems in general terms and often gives
‘é\% us an insight into why something works

2 .

What to do:

1 Play the following ‘think Think of a number.
of a number’ game with a Double it.
partner: Subtract 4.
Halve the result.
Add 3.

Subtract your original number.

Repeat the game choosing different numbers. You should find that the answer is
always 1. Why is this so?

2 Algebra can provide an insight into why the answer to the game above is always 1.
Let x represent the starting number.
Copy and complete the following argument by writing down each step in terms of

x:
Think of a number. z
Double it. gives 2z
Subtract 4. gives 2z —4
Halve the result. gives 1(...—...)or ... — ...

Subtract your original number. gives ... —...—x Or ....
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3 Try the following ‘think of a number’ game: Think of a number.
Treble it.
Add 9.
Divide the result by 3.
Subtract 3.

What is your answer? Repeat the game using different numbers.

4 For the game above, let  be the starting number. Use algebra to show how the
game works.

5 Make up your own ‘think of a number’ game. Test it with algebra before you try it
on others.

":J|[" THE EXPANSION OF (a -+ b)(c + d)

Products like (a + b)(c+ d) can be expanded by repeated use of the distributive law.

For example, (z+2)(x—1) (1)  Compare: O(z—1)
=(x+2)x+ (x+2)(-1) (2) =0xz+0x (1)
=z(z+2)—1(z+2) (3)  Notice that the distributive law for bracket
=224 2% —2x—2 (4)  expansion was used three times: once to
— 2242 get line (2) and twice to get line (4).

=) Self Tutor

Expand and simplify by repeated use of the distributive law:

a (z+5)(z+4) b (z—2)(2z-1)

a (z+5)(z+4) b (x —2)(2z — 1)
=(z+5)z + (z+5)4 = (z—2)2z + (z—2)(-1)
=x(x+5) + 4(x+5) =2z(x —2) — (z—2)
= z? + 5z + 4z + 20 =227 — 4z — 2 +2
=z° + 9z +20 =2z” — 5z + 2

=) Self Tutor

Expand using the distributive law repeatedly:

a (z+5)? b (z—5)2
a (z + 5)2 b (z — 5)2
= (z+5)(z+5) (1:—5)(3:— 5)
=(x+5)z + (x+5)5 =(z—-5)z + (x—5)(—5)
=z(x+5) + 5(x+5) =z(z—5) — 5(z—5)
=2 + 5z + 52+ 25 =2? — 5z — 5z + 25

=22+ 10z + 25 =22 — 10z + 25
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EXERCISE 4B
1 Expand and simplify by repeated use of the distributive law:
a (z+2)(x+3) b (a+4)(a+5) ¢ (b+2)(b—5)
d (a—3)(a—4) e (z+y)(a+d) f (a+b)(p+q)
g (z+1)(2x+3) h (z—1)2z+3) i (3z+4)(x—5)
i Bz —4)(z+5) k (5bz—7)(2z—1) I (z4+1)(2?+4)
2 Expand by repeated use of the distributive law:
a (z+3)? b (z—3)2 ¢ (z4+7)2 d (z—7)2
e (2z+5)2 f (22 —5)? g (z+y)? h (z—y)?
i (x—4)? i (10 + )2 k (2—3x)? I (1+42)?
Example 12 ) Self Tutor
Use the distributive law (x + 2)(x® + 2z — 3)
to expand and simplify: =(x+2)x? + (z+2)2z + (z+2)(-3)
(z +2)(a® + 2z - 3) =22z +2) + 2z(x+2) — 3(x+2)
=23+ 202 + 202 + 42— 32— 6
=a3 442 +z—6

3 Use the distributive law to expand and simplify:

a (z+1)(z2+z+3) b (z+2)(222+x+5)
¢ (x—2)(z%2—2-3) d (22 +z+1)(z+4)
e (22 —2+2)(2x—3) f (222 4+2—-1)32+7)
g 2z +7)(5—x+2?) h (z+9)(2?+7-2x)
The distributive law can also be seen by examining areas. b <
Consider the figure alongside. (1 @) a
The overall area is a(b + c)
So, a(b+ c¢) = area of rectangle (1) + area of rectangle (2) e b+c >
=ab+ac
c d
Now consider a rectangle with side lengths (a + b) and
(c+d). ) @) 4
The overall area is  (a + b)(c + d).
But this area can also be obtained by adding the areas of the 3) ) b
four smaller rectangles.
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So,
= ac+ ad + bec + bd
(a+b)(c+d) =ac+ ad + be + bd

Hence

This expansion rule is sometimes called the FOIL rule as:

(a+b)(c+d) = area of (1) + area of (2) + area of (3) + area of (4)

inners
(a+b)(c+d) = ac + ad + be + bd
outers Firsts Outers Inners Lasts
Example 13 ) Self Tutor
Expand and simplify: a (z+3)(z+7) b (z—2)(z+4)

a (x+3)(xz+7)

:x2+7:c+3:z:+21
=22+ 10z + 21

b (z—2)(z+4)

=2?+4x— 2z —8
=224 2x—8

=xXxx + X7+ 3xx + 3 %7

—rxXxr + x4 — 2xx — 2x4

Expand and simplify:

) Self Tutor

=22 + 14z + 49

a (z+7)2 b (3z —2)2
a (z47)2 b  (3x-2)?
=(@+7)(z+7) =3z —2)(3z — 2)

224+ Te + Tz + 49

=922 — 62 — 6z + 4
=922 — 122+ 4

Example 15

Expand and simplify using
a (z+3)(z-3)

) Self Tutor

(a+b)(c+d) = ac+ ad+ bc+ bd:
b (2 —5)(2z+5)

a (z+3)(z—3)
=22 -3z +3x—9
=2%2-9

b (2z — 5)(2z + 5)
= 42% + 10z — 10z — 25
=4x% — 25

The second line
is often done
mentally and not
written down.

The middle
two terms are
identical.

The middle
two terms
add to zero!

>
v
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EXERCISE 4C.1

1 Use the rule (a + b)(c+ d) = ac+ ad + bc + bd  to expand, and then simplify if
possible:

a (p+q)(m+n) b (z+y)(r+s) ¢ (z+4)(x+7)
d (z+3)(z+1) e (y+3)(y+2) f (a+3)(a+7)
9 (z+2)(x—2) h (z—4)(z+2) i (x+7)(z—3)
i (z—9)(z+2) k (z—4)(xz+3) I (z+6)(z—2)
m (z—4)(z—3) n (z-5)(z-8) o (z—11)(z—4)
P 2z+3)(z—1) g (x—4)(3z+2) r (2z +3)(2x —4)
2 Expand and simplify using the rule (a + b)(c + d) = ac + ad + bc + bd:
a (z+1)? b (z+4)? ¢ (z—2)? d (x—5)2
e (3+y)? f (3—y)? g (2z+1)2 h (22 —1)?
i (1+4a)? i (1—4a)? k (a+b)? I (a—0b)?
m (3z+2)2 n (4z — 3)? o (9z—5)2 p (Tz+2)?
3 Expand and simplify using the rule (a + b)(c + d) = ac + ad + bc + bd:
a (z+2)(xz—2) b (y—5)(y+5) ¢ (a+7)(a—T7)
d b—4)(b+4) e B+z)(3—x) f (6—y)(6+y)
g (14+a)(1l—a) h 8-b)(8+0) i 2z+1)(2z—-1)
i (3a—2)(3a+2) k(34 5b)(3 - 5b) I (5 — 4y)(5 + 4y)

4 Write down your observations from question 3.

PERFECT SQUARES

Perfect squares have form (a+b)2, and because we see them often in algebraic expressions
we use a rule for writing down their expansions:

a b
(a + b)? = a? + 2ab + b?
2
This rule is easily established by repeated use of the “ “ =
distributive law. a+b
(a+b)? = a®+2ab+b? can be demonstrated using
areas. b ab b’
e a+bh——>

The following is a useful way of remembering the perfect square rules:

(a + b)? = a? + 2ab + b2
P T T T
square of twice product square of

Ist t 2 t
st term nd term first term of 2 terms 2nd term
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Example 16 ) Self Tutor
Expand and simplify: a (z+6)2 b (2z+5)2
a (z+6)?2 b (2z + 5)?
=22 4+ 2xzx6 + 62 =(2r)? + 2x2rx5 + 52
=22 +12x + 36 = 422 4 20z + 25
|_Example 17 | ) Self Tutor
Expand and simplify: ~ a (5 — )32 b (3z-7)2
a (5 — )2 b (3z — 7)?
= (5+ —x)? = 3z +-7)
=52 + 2x5x (—z) + (—z)? = (3z)2 + 2 x 3z x (=7) + (=7)2
= 25 — 10z + =2 =92 — 42z + 49

EXERCISE 4C.2

1 Expand and simplify using the rule

(a+b)? = a? + 2ab + b*:

a (c+d)? b (r+s)? ¢ (m+n)? d (a+3)?
(z +5)2 f(z+11)2 g (2z+1)2 h (3z+2)?
(4x + 3)? i (5+3z)2 k (7z+1)? I (22 +y)?
m (6+ )2 n (3+5z)2 o (z2+1)? p (22 +12)?
2 Expand and simplify using the rule (a + b)? = a® + 2ab + b*:
a (z—y)? b (r—s)? ¢ (d—c)? (d — 3)?
e (4—a)? f (7—2)2 g (3z—-1)2 h (5—d)?
i (2z-5)2 i (3—4a)? k (3a—2b)? I (22 -2)?
m (6 —x)? n (3—5x)2 o (22 —x)? p (z—22?%)2

DIFFERENCE OF TWO SQUARES

An expression of the form (a + b)(a — b) is called a difference of two squares.

(a+b)(a—0b) =a*+a(—b) +ba —b*

—a?—ab+ab—b?
2—b2

Expanding this expression using the FOIL rule,
=a

Thus (a + b)(a — b) = a® — b2
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Example 18

Expand and simplify using the rule
a (z+3)(z-3)

(a+b)(a—b) =a®—b%
b (2z—5)(2z +5)

a (x4 3)(x — 3)
(z)? - (3)?

=z2-9

b (2z-5)(22+5)
= (20)2 - (5)°

=4x% — 25

EXERCISE 4C.3

1 Expand and simplify using the rule (a + b)(a — b) = a? — b*:

a (y+4)(y—4) b (b+1)(b—-1) ¢ (x—9)(x+9)
d (a—8)(a+38) e (5-0b)(5+Db) f (2—2)2+2)

g (10+a)(10—a) h (T+y)(7—y) i 3z—2)(3z+2)
i (4o +3)(4x — 3) k (1-2y)(1+2y) I (5—3a)(5+ 3a)

MISCELLANEOUS EXPANSION
Expand and simplify using expansion rules:
a (2z—3)(z+5) b (z+9)? ¢ Bz—7)3x+7)
a (2z—-3)(z+5) b (z+9)?

= 22?4+ 10z — 3z — 15 {FOIL}

=22 +2x 2 x9+9> {perfect square}

=227 + Tz — 15 =z’ + 18z + 81
< Bz —T)(3x+7)
= (3z)% — (7)? {difference of two squares}
= 92° — 49
EXERCISE 4C.4
1 Expand and simplify using expansion rules:
a (z+4)(z—-2) b (z—-3)(z+2) ¢ (z+3)?
d 1—-2z)(2—-2) e (4—2z)(z—2) f (z—7)2
9 (z+6)(x—6) h (z+10)? i 224+7)(22-7)
j (x—5)(2z+3) k (2z+11)2 I (z+a)(z—a)
m (3z+2)(z—5) n (2z—9)? o (3z+5)(3xz —5)
P Bz+4)(2—-2) q (5-1x)2 r (34 2zx)(bx—1)
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2 a Showthat (n+31)2=n’?+n+1 using the perfect square expansion rule.
b Hence, find the value of (21)2 Hint: Let n =2.
¢ Find: i (33)% i (103)% i (203)?

EXTENSION

Great care must be taken to avoid errors in more complicated algebraic simplification. It is
often wise to put in all steps of the simplification so that not too much is performed mentally.

Example 20 o) Self Tutor We use square brackets

: . to ensure that each term
Simplify: —2(z + 2)(z — 5) will eventually be
multiplied by —2.

—2(z+2)(x —5)
= —2[z% — 5z + 2z — 10]

= —2[z? — 3z — 10]
= 222 4+ 62 4 20
EXERCISE 4C.5
1 Expand and simplify:
a 2(z+1)(z+4) b 3(z+4)(z+5) ¢ 4(x—1)(x—5)
d 22—2z)3—x) e —5(x+2)(z+7) f —3(x+2)(x—-3)
g —42—-2)(1—-2x) h —-(3—-2z)(z+2) I —(5—2)2+2)
i —7(z—3)(z+3) k —2(5+z)(5—1) I —3(z —4)?

|_Example 21 <) Self Tutor

Expand and simplify: a 4(x—5)2 b 5—2(z+3)?

a 4z —5)>
= 4[(z)? + 2 x z x (=5) + (=5)?] {expand the perfect square}
= 4(z% — 10z + 25) {simplify}
= 422 — 40z + 100 {multiply through by 4}

b  5-—2(z+3)?
=5—2[(x)2+2 x 2 x 3+ (3)] {expand the perfect square}
=5—2(z> + 62 +9) {simplify}
=5—2¢2 - 122 — 18 {multiply through by — 2}
= 222 12z — 13 {collect like terms}
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2 Expand and simplify:

a 2(z+3)? b 3(2-2) ¢ 5(a+b)”
d —d(a+1)? e —(z+2) f 2 +1)7
g 4+2(x—2) h 1-3(z+2) i 8-2(4-2)"
The use of
Expand and simplify: (2z — 1)(z +2) — (z — 2)? brackes 1>

essential.

2z —1)(z+2) — (z —2)2
=202 + 42 —x — 2] — [2?

= [22% + 3z — 2] — [2® — 4z + 4]
=222 4 32— 222 +4x—4
=2®+72 -6

+ 2xzx(=2) + (-2)3

3 Expand and simplify:
(z+2)2+3(x+1)
(x—1)2+2(x+1)2
(z+2)(z—2) = (z - 1)?
3(z+1)? +2(z — 2)?
2(z +3)(z+5) = 3(x —1)?
2(x —4)? — 5(1 + 2x)?

°l e

(o)

(z+3)* —8(2—x)
4+3x+1)(z+4)
(z+1)2+3(x—1)?
3(2—2)2 — 5(z + 1)
2(x — 1)+ 3(4 — )
3(x+1)? —2(x —2)?

-

NSION OF RADICAL
EXPRESSIONS

We have seen previously that a radical is a number expressed using the radical sign . /—.

In particular, the square root of a number a is th

e number which, when multiplied by itself,

givesa.  So, ax.a=a.
OPERATIONS WITH RADICALS
|_Example 23
Simplify: ~ a VIIxV1I b (V13)?
a V11 x V11 b (V13)?
=11 =V13 x V13
=13
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" Example 24 | ) Self Tutor

Simplify: a 4v3x /3 b (2v5)2

a  4/3xV3 b (2v5)?
=4xvV3xV3 =2V5 x 25
=4x3 =2x2xvV5xV5
= 12 =4x5

=20

Radicals in simplest form can be ‘collected’ in the same way as ‘like’ algebraic terms.
For example, since 2z + 3z = bz,

2V2 + 3v2 = 5V2.
=) Self Tutor

Simplify: a 4v3+2v3 b 3+v2+4-5/2

Compare a with
4a + 2a = 6a.

a  4v/3+2v3 b 3+v2+4-5V2
=63 =742
EXERCISE 4D
1 Simplify:
a V7TxV7 b v5x+5 ¢ V21 x 121 d V19 x /19
e V8x+8 f (V17) 3 (V35)?° h (v24)?
2 Simplify:
a 3v5 x5 b 27 x V7 ¢ V2x4v2 d V3x7/3
e (3v2)? f (4/5)2 g (2v3)? h (5v2)
i 2v3 x5V3 i 3vVEx2V5 k 3v2x 42 1 (vV2)4
3 Simplify:
a 5v/2+42 b 7V3-5V3 ¢ 6VT+TVT
d 3v3-3 e 4/2+2 f V2+v3+12
3 V3-2V3 h 3v2+2v2-12 i V2+2v3+2v2-3
i 3V3+4v3-8vV3  k VT4+5VT-2V7 I 4v5 —2v5+3V5
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Example 26 m

Expand and simplify:

4 Expand and simplify:

The number outside the
@ VEVEEY > 306629
K the brackets.
a  V2(v2+3) b 3V3(6—2V3)
=vV2xvV2+v2x3 =3v3 X 6+ 3V3 x (—2/3)
=2+3v2 =18V3 -6 x 3
=18V/3 — 18

a V2(33-+2) b V3(V3+1) ¢ V3(1-3)
d V7(7-V7) e V5(2-+/5) f V11(2V11 —1)
g v6(1—26) h 2v2(24v2) i 3v2(v2-1)
i 2v2(3 —2) k 2v5(3—/5) I 3V3(V3+5)
|_Example 27 |
Expand and simplify: Be careful
4 _\/5(\/5 v 3) S _\/5(4 B \/g) negziit\ftat;egns!
s —VAWE+3) b —VA—3) N
=—V2xvV2+-/2x3 =— 3><4+—\/§><(—\/§)
=232 = —4v3+3
5 Expand and simplify:
a —V2(3-?2) b —V2(4 -2 ¢ —V3(1+3)
d —V3(v/3+2) e —/5(2+5) f —(V2+3)
g —V5(V5—4) h —(3-V7) i —V11(2 - V11)
i —2v2(1 -2) k —3v3(5—+/3) I —7v2(v/2+3)

Expand and simplify: (3 — v/2)(2 + 3v/2)

(3—v2)(2+3V?2)
=3x2 4+ 3%x3V2 — V2x2 — V2x3V2
=6+9vV2-2V2-6
=7V2
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6 Expand and simplify:

a (1+v2)(2+v?2) b (2+V3)(3+V3) ¢ (V3+2)(V3-1)
d (4-v2)(3+V?2) e (1+v3)(1-V3) f G+V7)2-VT)
g (V5+2)(v5-3) h (6—+/3)(2+3) i (4-v2)(3-V2)
i (4-3V3)(2—V3) k (-14+2v2)2-v2) | (2v2+3)(2v2+5)
Expand and simplify the following perfect squares:
a (V3+2)? b (V5 —3)?
a (V3+2)7? b (vV5-3)2
=32 4+2xv3x2+ 22 = (V5)2 +2x V5 x (=3) + (—3)?
=3+4V3+4 =5-6v5+9
=7+4V3 =14 -6V5
7 Expand and simplify the following perfect squares:
a (14++2)? b (2-+/3)2 ¢ (V3+2)? d (1++5)?
e (5-2)? f (4—6)? g (5v/2—1)2 h (3-2v2)?
i (1+3v2)? i (4/3+5)2 k (3—+/7)2 I (2V11+3)2

8 Use the difference of two squares expansion rule

and simplify:
a (44++3)(4—3)
d 3-VN(3+VT)
s (3VZ-1)(3V2+1)

b (5—v2)(5+V2)
e (1-v3)(1++3)
h (4v/3+5)(4v/3 —5)

(a+b)(a—

b) = a®> —b*> to expand

¢ (6—+5)(6+5)
f 2+v5(2-V5)
i (2v5-5)(2V5+5)

REVIEW SET 4A

1 Expand the following expressions:

a 2(z+11)

2 Expand and simplify:

a 2(1-3z)+52x—1)
3 Expand and simplify:

a (z2+3)(z+8)
Expand and simplify:

a —xz(z?+2x-3)
Expand and simplify:

a 3v2-5V2

b 2u(7—2z) ¢ —4(3—2x)

b 3z(z+1)— 222 —7)

b (z—4)> ¢ (7—2z)

b (z+2)(z2 -3z +1)

b 2v/3(V3+3V2) ¢ —V5(3v5-2)
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6 Expand and simplify:
a (2—3)? b 2v2+3)vV2-1) ¢ (3—v2)(3+v?2)
7 Expand and simplify: (3z + 1)(z —2) — (z +2)2

REVIEW SET 4B

1 Expand and simplify:
a 3(z—38) b —2(6—3z2) ¢ 2x2(x2 —z+1)
2 Expand and simplify:
a 3z(1—z)+z(2zx+1)

(-3

2(2z — 3) — 5(z + 2)
3 Expand and simplify:
a (z+6)32 b (2z —5)? ¢ Bx+T7)(Bz—7)
4 Expand and simplify:
a —3z(1 — 5z — 22?) b 2z -3)(2®>—z+4)
5 Expand and simplify:

a 3v/3+4/3 b 4/5(1 —+/5) ¢ V1(7T-V7)
6 Expand and simplify:
a (3++3)? b 3v2+1)(2—-+2)

¢ BVI+VIGEVI- VD)
7 Expand and simplify: (2z —1)? — (z + 2)?
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"N|| INTERPRETING GRAPHS AND CHARTS

Newspapers and magazines contain graphs, charts and tables which display information. It is
important to interpret the information correctly. We often use percentages in our analysis.

10
o' a5
\g O ol
PP o)

NEW MOTO

Our state
Moving Annual Total Car Sales.

=) Self Tutor

The bar graph shows the number of different items sold in an electrical goods store in
a given month.

a How many DVD players were  air conditioners |
sold for the month?

television sets
b How many more computers [ [ 1

were sold than television sets? computers
¢ What percentage of the items DVD players
sold were cooling fans?

cooling fans |

0 20 40 60 80
number sold

a 70 DVD players were sold.
60 computers were sold. 40 television sets were sold.
20 more computers than television sets were sold.
¢ 34 air conditioners, 40 television sets, 60 computers, 70 DVD players and 73
cooling fans were sold.
So, the total is 34 + 40 + 60 + 70 + 73 = 277

. . 73
cooling fans as a percentage of total items sold = g X 100% ~ 26.4%
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EXERCISE 5A

1 The graph shows attendances at various
Friday night events at an Arts festival.

a
b

Which event was most popular?

How many more people attended the
Drama than attended Modern Dance?

¢ What percentage of people attended

the Jazz?
2 Daily News
NET SALES
590,000
581,384 582,375
579,578
580,000
570,475
SO 566,925
560,000
555,553
550,000
540,000
538,737
530,000
Sep Mar Sep Mar Sep Mar Sep
04 05 05 06 06 07 07
3 a Estimate the median house price in
2008 in:
i London ii Liverpool
b How much higher is the median house
price in Edinburgh than in Glasgow?
¢ What percentage is the median
Birmingham price of the median
Liverpool price, in the year 2008?
A

Ll

 MERCHANDISE EXPORTS

4500 € million

4000 H

3500
3000
2500
2000
1500
1000
500
0

rural exports
manuf. exports
total exports

2001/02 2002/03 2003/04 2004/05 2005/06 2006/07

Friday night at the Festival
attendance

8000 |
7000
6000
5000
4000
3000
2000
1000

Modern Concert
Dance

Drama Jazz

What information is contained in the
graph alongside?
How many Daily News papers were sold
in:

i March 2006 March 2007?

During which 6 month period did net
sales increase the most?

What was the increase in sales from:
i September 2004 to September 2005
ii  September 2005 to September 20067

Find the September 2005 sales as a
percentage of the September 2007 sales.

Median house prices in 2008

| Liverpool |

| Birmingham |

[ London

Cozmn
| Edinburgh |
0 100

200 300 400

price £000

According to the graph:

a i What was the total value of exports
in 2006/07?
What percentage of the total exports

in 2006/07 were rural exports?
b In which years was the value of

manufacturing exports more than triple
the value of rural exports?

In which year was the value of rural
exports at its lowest? Can you suggest a
possible reason for this?
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) Self Tutor

Use the pie chart alongside to answer the THE HEALTH BUDGET
following questions regarding the health budget. [7,, get a piece of the $1307.1 millon budget?
a How much money was allocated to the ommunty  Oerpograns g
health care budget? Aged and kL "
isability
b What percentage of Australian budget was SIS
spent on mental health services? Mental health
¢ Which service received the most money? o
d How much money was spent on: R
i hospital support services e Metro
ii other programs? S i
prog : 14.9% 77%
a $1307.1 million was allocated to the health care budget.
b 6.7% of the budget was allocated to mental health services.
¢ Teaching hospitals received the most money, with 42.1% of the budget.
d i 7.1% of $1307.1 million il 3.7% of $1307.1 million
= Tt x $1307.1 million = 3T % $1307.1 million
~ $92.80 million ~ $48.36 million

5 Use the pie chart below to answer the following questions on Australia’s immigrants.

b

Which region supplied most of
the immigrants?
What percentage of Australian
immigrants arrived from:

i New Zealand

ii  South Africa?

If the total number of immigrants
was 31 600:
i how many arrived from the
Philippines
ii how many arrived from
Europe?

Source: Bureau of Immigration Research

AUSTRALIA'S IMMIGRANTS 2007

China 9.0%

Europe 17.3%
. South Africa 6.2%

— India 5%
\ Philippines 3.5%
Vietnam 1.6%
i 9%

Malaysia 1.9%

Other 31.8%

6 Use this pie chart to answer the following questions on the 2007 road toll.

( ™
Passenger 26.0%

Motor Cyclist 14.3%

Pedestrian 11.7%

Cyclist 1.9%

Driver 46.1%

FATALITIES
BY ROAD USER

a What road user type accounted for
the most fatalities in 2007?

b The road toll for 2007 was 154.
Of those killed on the road, how
many were:

i passengers
il motor cyclists
ili pedestrians?
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7 The graph alongside displays the results of a national phone-in of children aged six to
sixteen as to what they do at home between 3 pm and 6 pm.

a Use the graph to determine the percentage

i watch TV, videos, play with 10% 20% 30% 40%
m T T h n m 1 Schoolwork
) co putf.:so .ste .to us.c. ‘ ‘o
il spend time with friends, siblings or ] e g”:’;‘f{s
pets. ] : 1V, video,
compulter,
: . music
b If 240 children were surveyed: Erpn
. yg outdoor activities
i how many do schoolwork j o
il how many more spend time on the
phone rather than do chores? UL

| Example 3 | =) Self Tutor
The column graph shows the /——@-—A

number of women diagnosed

with breast cancer from 1999 BREAST CANCER DIAGNOSIS
to 2007. Use the graph to 13500

determine:
the number of women | 8 °°%°
diagnosed in 2007 12500
how many more women
were diagnosed in 2004 12000
then in 2002
. 11500

the percentage increase
in cases diagnosed from 11000
2001 to 2006.

10500

10000

b

of children who: .
What home-alone children do between 3 pm and 6 pm

Source: Kids Help Line

number diagnosed

1999 2000 2001 2002 2003 2004 2005 2006 2007

The number of women diagnosed in 2007 was 13 200.

Percentage change =
change

The number diagnosed in 2004 was 12 300. —
The number diagnosed in 2002 was 11 750. original
12300 — 11 750 = 550 more cases were diagnosed

in 2004.
The number of cases in 2001 was 11 300.
The number of cases in 2006 was 12 900.
the increase = 12900 — 11 300 = 1600
percentage increase 11163%)0 x 100% ~ 14.2%
Note: The concept of a multiplier could also be used in ¢.

x 100%
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8 The graph alongside indicates the
number of speeding offences over
a 10 year period. Determine:

b

the decrease in the number of
offences from 2003 to 2007
the percentage decrease in
offences from 2003 to 2007
which year showed the greatest
increase in offences from the
previous year

the percentage decrease in
offences from 2002 to 2007.

\

10 The table alongside compares the
consumption of a range of foods in
India for 1988 and 2007.

For which foods has the
consumption increased from
1988 to 20077

From the table, what is the change
in the consumption of wheat over
this time period?

Calculate the percentage decrease
over this time period in the
consumption of:

i rice ii pulses.
Calculate the percentage increase

CAI\IDID CAMERAS

speeding offences ('000)

200

il

1998 1999 2000 2001 2002 2003 2004 2005 2006 2007
year

This line graph shows the variation in

33 $Us the value a gram of gold over a number

30
27
24
21
18
15
12

of years. Determine:

a the year during which the greatest
increase in value occurred
b the value in July
i 2004
ii 2006
¢ the percentage increase from the
start of 2004 to the end of 2005

d the percentage decrease from April
2006 to October 2006.

Food items ‘ 1988 | 2007 |%Change

Consumption/Capita (kg/30 days)

Rice 5.65 4.85 —14.2
Wheat 4.57 4.03 —11.7
Cereals 11.05 | 9.44 —14.5
Pulses 1.06 0.86 —18.8
Dairy 4.52 5.25 16.2

Edible Oils 0.56 0.69 23.6
Meat/Fish/Eggs | 2.01 2.49 23.8

Veg/Fruit 11.46 | 13.44 17.3
Sugar/Spices | 1.63 1.46 —10.4

in the consumption of edible oils over this time period.

Do your calculations in ¢ and d agree with the % change given in the table?
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11 Sally is going to New Zealand for a holiday. She has a road map which shows this chart.
Sally notices that the chart is made up of two triangles.

= | . |8 5 The top right triangle
The bottom left triangle . £z é? g g | £ shows the times taken
shows the distances “2 T [d2/ 2|2 | = to drive safely between
between towns. For Auckland ",\ 2:20 | 9:20 | 4:10 | 4:40 | 11:30+ towns. For examp]e,
example, the distance |, won | 131 700 | 1501 220 | 910 \it takes 11  hours
between Auckland and — h 30 minutes to drive
Wellington is 666 km. North | 453 | 4121 | B05) 440 ) 2:35 between Auckland and

s 239 | 108 | 341| | 125 | &15|  Wellington.

Taupo 280 | 149 | 263 | 78 | "~ | 6:50

X

Wellington | 666 | 535 | 145 | 464 | 386 “\

a i How far is it between Auckland and Hamilton?

o;\\slands
il How long would it take to drive this distance? *

%0
b i How long would it take to drive WHANGAREI
between Hamilton and Rotorua?

ii How far apart are these two towns?
¢ 1 What is the shortest distance between
towns given on the chart?
ii  What are the names of the towns?
d i Name the two towns with the same

travelling times from Taupo and give
their distances from Taupo.

ii Name the two towns with the same travelling times
from Hamilton and give their distances from Hamilton.

iii Discuss why you do not always take the same time
to travel the same distance on different roads.

[HEE TRAVEL GRAPHS

Suppose car A travels 120 kilometres in 1.5 hours.

J 4 distance (km)
istance 140
Car A has average speed = ————
Verage sp time D] I B. ....... A
= 120 — 80 km per hour. 100
80
Now suppose car B travels 120 km in 1 hour. 60
distance
Car B has average speed = ~ime 40
1me 20 i
= 120 — 120 km per hour. 0 5 time (h)

L1 13 2

Car B is travelling much faster than Car A. We can observe this fact is noticable on the
graph alongside. The line for Car B is much steeper than that for car A.
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) Self Tutor

Consider the illustrated distance (km)
distance-time  graph. 150 A
Use it to describe a

possible journey from 100

home undertaken by B

a sales representative 30 C

travelling in the country. 0 | time
9 am 11 am 1 pm 3 pm 5 pm (h)

The sales representative leaves home at 7 am and travels 150 km to town A in 3 hours,
where he spends an hour with customers.

He then travels 50 km back towards home to town B, where he arrives at 12 noon.
He spends an hour with customers and then has an hour for lunch.

At 2 pm he travels another 50 km back towards home and arrives at town C at 3 pm.
He spends an hour there with customers.

At 4 pm he travels 50 km back to his home, arriving there at 5 pm.

EXERCISE 5B

1 Thomas drives for 15 minutes to the supermarket, which is 15 km away.
He shops for 30 minutes and then drives home, taking 15 minutes.
Draw a distance-time graph of his journey.

2 The distance-time graph shown 4

describes the journey of a family 500 distance from Bangalore (km) !
travelling from their home in G
Bangalore to Goa for a holiday. 400 H
The distance is 560 km. 300 E F
a Describe their trip. 200
b Explain where the following C
comments are made in the 100 D
journey. You may need to 0 B time
organise them in the correct A @ & s é‘ & & & Q&
order first. 9% N e
i “We will have lunch now.” il “This is the fastest section.”
ili “At last we have arrived.” iv “We are only stopping for petrol.”
v “This is the slowest section.” vi “This is the longest section.”

3 The annual Hare versus Tortoise 1 km race took place at the end of spring (so the
tortoise was fully awake after his winter hibernation). The tortoise plodded on at a
steady 50 metres per minute while the hare raced at an amazing 400 metres per minute.
Unfortunately the hare could only do this for 30 seconds at a time, then required a rest
for 5 minutes before his next run.

a Who won this year?
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<
d

Construct graphs of the distances travelled by both the hare and the tortoise with
time on the horizontal axis and distance travelled on the vertical axis. Hence justify
your answer to a above.

Last year the hare only had to rest for 3 minutes after each run. Who won last year?
Construct a distance-time graph to justify your answer to c.

L There are three routes from Summerville to Ingleside. Match the route descriptions to
the appropriate distance-time graphs:
Route A: A two-lane highway direct with speed limit of 110 km per hour.

A thirty minute wait at bridge-works.

Route B: A winding mountain road with steep gradients and curves requiring travel at

a constant slower speed.

Route C: A two-lane highway with speed limit of 110 km per hour and then a winding

detour to avoid bridge-works.

. b . < .
distance distance distance

O time O time O time

|_Example 5

The graph alongside indicates the distance a homing pigeon travelled from its point of
release until it reached its home.

Use the graph to determine:

A

the total length of the flight | distance (km)

b the time taken for the pigeon to reach jﬁg
home 320
¢ the time taken to fly the first 200 km 240
d the time taken to fly from the 240 km 160
mark to the 400 km mark 80 time (hours)
e the average speed for the first 4 hours 0 3 6 0
f the average speed for the whole flight.
a Length of flight is 480 km. b Time to reach home is 10 hours.
Time for first 200 km is 2% hours.
d Tt takes 3 hours to fly 240 km. It takes 6% hours to fly 400 km.
it takes 3% hours to fly from 240 km to 400 km.
e In the first 4 hours it flies 320 km
average speed = % = 80 km per hour.
f It travels a distance of 480 km in 10 hours

480 _ 48 km per hour.

average speed = 5 =
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5 4 distance (km) The graph alongside indicates the
12 distance a cyclist must travel to
10 work. Use the graph to determine:
a the distance to work
8 b the time taken to get to work
¢ the distance travelled after
6 . .
i 10 minutes
4 ii 17 minutes
d the time taken to travel
2 i 6 km
time (minutes) il 10 km
0 4 8§ 12 16 20 24 e the average speed for the whole
distance.
6 Two .rally cars were involv'ed in a b distance (km) <l |y
handicap time trial. The distance-
time graph indicates how far each 360
has travelled.
Use the graph to determine: 300
a the handicap advantage given ~ '
tocar Y 240
b the distance travelled by each R
car 180
¢ how far both cars had travelled ]
when car X caught car Y 120
d how long it took each car to
travel 300 km 60
e how much faster X completed
the time trial than Y fime (Hours)
f the average speed of each car. 0 1 2 3 4 5 ”

Distance from home

D

N

w

distance from home (km)

20 time (min)

10 15

/| INFORMATION FROM LINE GRAPHS

The graph shows Max’s distance from his home
when he drove to the hardware store to buy
some paint.

A
B

shows that he started out slowly.

shows where he had to stop at traffic lights.
His distance remains the same.

shows that he continued towards the store
faster than he was travelling earlier.



INTERPRETING AND DRAWING GRAPHS (Chapter 5) 127

D shows the time when he was stopped at the store while he collected the paint. His distance
remains the same.

E shows that he returned home at quite a fast speed.

When the graph is steeper, Max is travelling more distance in a particular time. He is thus
travelling faster.

EXERCISE 5C
1 Match the graph to the story.

a o4 b vy c o/
g g g
) S 1)
= = =
g g g
<) S )
= B= =
(] Q (]
Q Q Q
=1 ] =)
< < <
5 time B time 5 time

A 1 am walking steadily to school. After a while I meet a friend and we walk together.
We walk slower than when I was by myself.

B I am part-way to school when I remember that I have left my homework at home.
I run back home to get it then run to school.

C T start to walk to school then I accept a ride with a friend.

2 Match the graph to the story.

a 3 © c 3
> > >
2 < L
= = —
& 8 B4
< < <
z z z
time time time

A 1 fill a bucket with water. After a few minutes my dog drinks some of the water.
I decide to leave the water in the bucket in case he wants a drink later.

B T quickly fill a bucket with water but the bucket is split and the water runs out.

€ I start with a full bucket of water and pour the water slowly over my seedlings until
the bucket is empty.

" »)| |USING TECHNOLOGY TO GRAPH DATA

Many special computer programs are used to help us organise and graph data.

Click on the icon to run the statistical graphing software. STATISTICS
Change the data in the table and see the effect on the graph. PACKAGE
-« >
e Notice that the graph’s heading and the labels on the 1')

axes can be changed.

e The type of graph can be changed by clicking on the icon to give the type that you want.

Experiment with the package and use it whenever possible.
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I]: SPREADSHEETS FOR GRAPHING DATA
<,
# The colours of cars in a supermarket carpark are recorded below. Suppose
i—?},“ you want to draw a frequency column graph of this data.
2N

Colour | white | red | blue | green | other
Frequency| 38 | 27| 19 | 18 11

The following steps using a computer spreadsheet enable you to do this quickly and easily.

Step 1: Start a new spreadsheet, type in A E SPREADSHEET
the table, and then highlight the 1 | Colour Frequency - % =
area as shown. 2 white 38
1 3 red r
Step 2:  Click on from the menu bar. 4 blue 19
L ] green 18
Chart Wizard B sl 1
Step 3: Choose | standard Tvpes | Custom Types
gl_::_r 2 ThlS iS probably already
E B highlighted. Click [~

You should get:

Freguency

40
30

) . e
This demonstration takes DEMO 10
a

you through all the steps. (ﬁ) o @ B o O

Now suppose the colours of cars in the Colour | white | red | blue | green | other

neighbouring car park were also Frequency 1| 38 |27 19 | 18 11
recorded. The results are summarised in Frequency 2| 15 [ 18] 21 9 3

the table alongside.

Step 4: Into the C column type A ] B [ C D |
the Frequency 2 data and % c&:ﬁ:’ qu“;;"cﬂ F"’"‘fﬁ""yz
highlight the three columns |5 4 27 18
as shown. 4] bl 19 21

| 5 | green 18 9
6 other 11 3
| 7 |

Step 5: Click on, f! ﬂ then Standard Types | Custom Types

— Chart type:

X 40
Chart ‘Wizard Yol A 35 W
Bar go Frequency 2

Chart sub-type: R 20

Step 6:  Choose m then [ ”'

Step 7: Experiment with other types of graphs and data.

white red blue green other
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What to do:

1 Gather statistics of your own or use data from questions in the previous exercise.
Use the spreadsheet to draw an appropriate statistical graph of the data.

2 Find out how to adjust labels, scales, legends, and other features of the graph.

EXERCISE 5D

1 The given data is to be displayed on a pie chart. Favourite colour | Frequency
a Find the sector angles to the nearest degree for Green 38
each category. Blue 34
b Use technology to draw the pie chart for this data. Red 29
Purple 21
Other 34

2 In a pie chart on /leisure activities the sector angle for roller-blading is 34° and this
represents 136 students.

a The sector angle for cycling is 47°. How many students cycle for leisure?
b If 38 students collect stamps or coins, what sector angle would represent them?
¢ How many students were used in the sample?

3 After leaving school, four graduates After 5 years | After 10 years
compare their weekly incomes at 5 year [ Kaylene 635 2408
intervals. Their incomes are shown in the Harry 798 1345
table alongside. Wei 820 29235

a Draw side-by-side column graphs to | Matthew 1056 1582

represent the data.
b Draw back-to-back bar graphs to represent the data.
¢ Find the percentage increase for each person for the data given.
d Two of the four gained university qualifications. Which ones are they likely to be?

REVIEW SET 5A

1 The pie chart alongside illustrates the

ercentage of capital works expenditure spent
pereentag p penditure sp CAPITAL WORKS DOLLAR
in different areas. The total expenditure was
111 Other Education
$240 million. Water 92 S o
resources 1 Development

a Determine the amount of money spent on: 8.6% 3.9%

i education ii law and order. TEEEET A

.\ Energy

b How much more was spent on LE.2%

education than law and order? 10.7% |\t
. . Health
¢ If the total expenditure was increased to Natural 6.9%
11 resources
$300 million, calculate: 0% ecrention &
= . - awsség/)rder sport
7% H i 4.2%
i the percentage Increase n g %
expenditure

ii the increase in expenditure for health.
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2l WHO’S ON COUNCIL

204

200 O MALES

175| ] FEMALES
150

125
100
75)
50
25|

0
AGE| 18-24 25-34 35-44 45-54 55-64 65+

Source: State Electoral Office

3 This graph shows what the
average Australian owns in
assets. It includes the value
of houses, cars, superannuation,
investments and savings.

a Estimate the assets of the
average Australian in:

i March 1990
ii March 2006

b Calculate the percentage

The graph alongside shows the representatives of a
local council according to gender and age.

a
b

Determine the total number of representatives.

Determine the percentage of representatives
who are female.

Determine the percentage of representatives
who are 45 years of age or older.

Which age group shows the greatest difference
between numbers of males and numbers of
females?

What percentage of representatives in the 65+
age group are female?

WHAT ARE THEY WORTH?

$220,000 |

/2
$200,000 Per capita|private wealth at market prices v/4
$160.000 ; / s ~j
$160,000
7
_$60,000 m
Mar 1990 Mar 1994 Mar 1998  Mar 2002 Mar 2006

increase in wealth between March 1990 and March 2006.
¢ Which 4-year period shows the greatest increase in wealth? Explain your answer.

Briefly describe the
presented in the graph.

b At what time was the UV radiation

index extreme?

information

Effective Ultraviolet Radiation
16 UvB

14 1 L

12

10 4 EXTREME
0 =
6 VERY HIGH

¢ What was the UV index at 3 pm? ) st
d Between what times was the UV T
i i high TIME
er)l((tl::me§OHSIdered Very lg or UV-Index 1 00 Recorded at 1 200
5 Two aircraft were flying the air route from A to B 4 jistance (000 km)

but in opposite directions. Their distances from A
are shown on the graph alongside. Use the graph

to determine:
a the distance from A to B

b in which direction the flight was completed
more rapidly, and by how much

¢ how long into the flight the planes were when

they crossed

d the average speed of the flight in each direction.

6
time (hours)
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REVIEW SET 5B

1 A small business classified its expenditure
into five areas. The pie chart shows the
percentage of expenditure in each area.

@ Which area accounted for the largest

proportion of expenditure?

(-2

If the total expenditure was €2.5
million, determine:
i
il

the cost of administration

by how much the expenditure
on production exceeded that on
selling.

"

The company decided to reduce
expenditure from €2.5 million to
€2 million. Calculate the percentage
decrease in spending.

selling administration
25% 20%
distribution
15%
production
30% ;
financial
10%

2 SPEEDING FINES a What information is shown in the table?
v b Which year showed the greatest number
ear Total Total .
detections revenue of detections?
2004 268,964 £33,881,402 ¢ What was the highest total revenue?
2005 293,351 £35,163,339 d Comment on the data for the year 2007.
2006 272,907 £34,630,818
2007 168,556 £23,676,638
3 a What. iqformatign is CD costs breakdown
contained in the pie chart
shown? Esrrflings e Retail margin
b What factor accounts for e
most of the cost of a & fax
compact disc?
Distribution
¢ What factor accounts for 2.1% Manufacture
the least? Administration & origination
d What percentage of the Selling fuiy
. 4.7% ) composer/
cost of a CD goes to artist, Marketing publisher
q copyright royalties
composer, publisher, and
copyright royalties?
e If you pay $29.95 for a CD in a music shop, how much goes towards:
i marketing ii manufacture and origination iii tax?
f Add up all the percentages given in the pie chart. Explain your answer.
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THE HOUSING MARKET

800
700

T

600

N\ N\

o

500

[ new home sales

400

300

ﬂ

o NOUSE bUIldiNG approvals

=l T m =

0
Jun-04  Jul-04 Aug-04 Sep-04 Oct-04 Nov-04 Dec-04 Jan-05 Feb-05 Mar-05 Apr-05 May-05 Jun-05

0 an O o

Which month recorded the greatest number of new home sales?

Find the difference between new home sales in June 04 and January ’05.
What was the number of house building approvals in October ’04?

Find the greatest difference between the number of house building approvals

and the number of new home sales in the period June 04 to February ’05.

e Comment on the sales figures in the two periods June 04 to December 04, and

January ’05 to June ’05.

5 The graph alongside describes
the journeys of families between
Naples and Turin.

Use the graph to determine:

a the distance from Naples to
Turin

b how much quicker the Gallelli
family completed the trip than
the Ortuso family

¢ the average speed for each
family over the first three
hours

d the average speed for each
family over the whole trip.

800
700
600
500
400
300
200
100

A

Gallelli ¢’

2
g

4
./ Ortuso

distance (km)

o time (hours)

10 12
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Many mathematical situations can be described using an equation. This is a formal statement
that one expression is equal to another. The expressions are connected by the equals sign =.

An algebraic equation is an equation which involves at least one variable.

For example, 3z 45 =8 is an algebraic equation.
We read the symbol = as ‘equals’ or ‘is equal to’.

By following a formal procedure, we can solve the equation to find the value of the variable
which makes it true. In this case we see that  must be 1, since 3+ 5 =28.

LINEAR EQUATIONS

A linear equation contains at least a variable which can only be raised to the power 1.

1 . .
For example, 3r+5=38, %x —3=2 and % =z are linear equations

1 . .
whereas 22 -3x4+2=0, —=+/z, and z3 =8 are not linear equations.
T

SIDES OF AN EQUATION

The left hand side (LHS) of an equation is on the left of the = sign.
The right hand side (RHS) of an equation is on the right of the = sign.

For example, 3z+5= 8

—_—

——
LHS RHS

OPENING PROBLEM

If possible, solve the following equations:

‘J g a 2r—3=5 b 22—2z=0 Cc z—1==z

Do equations always have a solution?

If there is a solution, is there always only one possible solution?

"\|  THE SOLUTION OF AN EQUATION

The solution of a linear equation is the value of the variable which makes the equation true.
In other words, it makes the left hand side (LHS) equal to the right hand side (RHS).

In the example 3x + 5 = 8 above, the only value of the variable  which makes the
equation true is «x = 1.
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When z=1, LHS=3z+5
=3x1+5
=345
=8
= RHS .. LHS =RHS

Simple linear equations involving one unknown may often be solved either by inspection or
by trial and error.

m o) Self Tutor

The solution of the equation 3z — 7 = —4 is one of the following
integers {—1, 1, 3}. Find the solution by trial and error.

We substitute each possible solution into the LHS until it equals —4.

When x= -1, when z =1, when x =3,
3x—17 3x — 7 3x— 17
=3x(-1)-7 =3x1-7 =3x3-7
=-3-7 =3-7 =9-7

=-10 =—4 =72

the solutionis = = 1.

EXERCISE 6A

1 The solution of each of the following equations is one of the given possibilities. Find
the solution by trial and error.
a 2r—9=5 {3,5, 7} b 3—a=-1 {2, 4, 6}
r+6 6

1 -4, -2,0 d —=3 1,2,3
2 {’ ’} 1+y {”}

2 Which of the following equations are:

A true for exactly one value of z B true for two values of z
C true for all values of x D never true
E true for all values of x except 0?
1
a z+3=5 b 22=0 < 5:0
d 2z=11 e z2=9 fz—2=0
g r—1==z h 2+5x=12 i z—22=0
1 1
i 3z x 2z = 622 k —xz=1 Il 2—-=3
T T
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511 MAINTAINING BALANCE

For any equation the LHS must always equal the RHS. We can therefore think of an equation
as a set of scales that must always be in balance.

The balance of an equation is maintained provided we perform the same operation on both

sides of the equals sign.

T T

—A

add 3
—_—

B | &

—A

Any mathematical operation we perform on one side of an equation we must also perform

on the other side.

Example 2

What equation results when:

a adding 5 to both sides of 2z —5=7
b subtracting 3 from both sides of 5z 4 3 = 18?

a 20 —5=17 b b5x 4+ 3 =18
20 —5+5=7+5 52+3—-3=18-3
2ap = 12 bx =15
| Example 3 | =) Self Tutor
What equation results when:
-2
a both sides of &rT = —1 are multiplied by 4

b both sides of 5z = —15 are divided by 5?

3x—2
= —1
. 4
3r — 2
4 =4 x -1
X 1 X
3r—2=—-4

b 5z =—15
5z —15

5 5

B = =3

EXERCISE 6B
1 What equation results from adding :
a 6 to both sidesof = —6=14
¢ 11 to both sides of 2x —11 =3

b 7tobothsidesof z—7=06
d 13 to both sides of 3z — 13 = —



SOLVING EQUATIONS (Chapter 6) 137

2 What equation results from subtracting :

a 2 from both sidesof =z +2=23 b 4 from both sides of x+4 = -2
¢ 5 from both sides of 2x+5=0 d 9 from both sides of 3z +9 = —1?
3  What equation results from multiplying both sides of:
a z=-3 by3 b 3x=1 by5 c %:4 by 2
x x x
d —=-1 4 — =-2 — f —=14 —10?
1 by e —3 by —3 =T by —10
4 What equation results from dividing both sides of:
a 3r=12 by3 b —5x=30 by -5
¢ 2xr+8=0 by2 d 3r—9=24 by3
e 4(x+2)=-12 byd4 f —6(x—1)=-24 by —6?

"ol ISOLATING THE UNKNOWN

In order to solve an equation, we need to isolate the variable or unknown on one side of

the equation. Before we can do this, however, we need to understand how the expression
containing the unknown is built up.

For example, consider the expression 3z + 5. It can be built up as follows.
Start with , multiply by 3 to give 3x, then add 5 to give 3x + 5.

Remember that the rule of BEDMAS must be applied. We need to build up an expression in
brackets first. A fraction bar acts like a bracket and implies division.

| Example 4 | =) Self Tutor

2
Show how to ‘build up’ the expression rre 1.

We start with x. @
We then add 2. T+ 2
2
We divide the result by 3. z ;L
2
We then subtract 1. z ;— -1

We isolate the unknown on one side of the equation by reversing the building up process.
To do this we use inverse operations. Addition and subtraction are inverse operations; so

are multiplication and division.

. . 2 .
So, consider the expression % —1 in Example 4.

To ‘build up’ the expression we performed the operations: +2, =3, —1.
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So, to isolate x in rt2
operations in the reverse order, i.e., —+1, X3,
- + 2\ P = 3\ P 1\
" S T+ 2 r+2 1
g \><3/3 \+1/3
This means that xT—}—Q —1 becomes xTH
then = 2 becomes x + 2
then x+2 becomes =z

EXERCISE 6C

1 Show how to ‘build up’ the expression:

a bx+2 b —x+7

d 8(z—3) x;’—2

g $+2 h %-4
3:(:2—4 k m—§6+5

2 Explain how to isolate z in the following:

a xr+5 b -7
z
e 3 f -
v 4
i 2z+1 j 3z—2
m 2—4x n 17— 3z
3z —1 ; 2x +5
9 3
u 2z+1 v 63z

and = are inverse
operations.

) =3
= - 1 we perform the inverses of these
i.e. —2. s
A
+ and — are inverse a»
operations, and X

{adding 1}
DEMO

{X by 3} (ﬁ)
{taking 2}.
5(x +6)
r—4

5
—2rx+1

3
2¢ — 1

|

T

2 d -

* 5
r—6 h —xz+11
S5x+ 7 I 1-2z
T T
—+2 - -2
37" P 7
z+1 z+3

—2 t

3 5 +5

1(6z — 5) X i(4z+1)

MAL SOLUTION OF
INEAR EQUATIONS

When we use the = sign between two algebraic expressions we have an equation which is in
balance. Whatever we do to one side of the equation, we must do the same to the other side

to maintain the balance.
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Compare the balance of weights:

remove 5
from both sides

g ..... (TY 1 . g ' TY 1
—A A
3x+5=8 S 3x=3

As we perform the inverse operations necessary to isolate the unknown, we must perform
the same operations on the other side to maintain the balance.

Consider how the expression has been built up and then isolate the unknown by using inverse
operations in reverse order.

|_Example 5 ) Self Tutor

The inverse

Solve for x: 3x + 7 =22 operation for
+7 is —7.
3z 7 =22
Jx+7-7=22-7 {subtract 7 from both sides}
3z =15 {simplify}
3z 15 .. .
3 =3 {divide both sides by 3}
S.ox=5 {simplify}
Check: LHS=3x5+4+7=22 . LHS=RHS

) Self Tutor

Solve for x: 11 — 5z = 26
11 — 5z = 26
11-5z—11=26—11 {subtract 11 from both sides}
-5z =15 {simplify}
—5x 15 .. .
= {divide both sides by — 5}
r=-—3 {simplify}
Check: LHS=11-5x(-3)=114+15=26 .. LHS=RHS V
EXERCISE 6D
1 Solve for a:
ar+3=0 b 3z=-9 ¢ 3x+6=0
d 3xr—4=-6 e 5x+8=18 f d2-9=1
g 8xr—7=9 h 3z+6=-7 i 64+72x=-1
] 9=3z2+7 k 6x—7=-1 I -1=2z+6
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2 Solve for z:

a 6—x=-5 b —4zx=15 ¢ 3—-2x="7
d 5—4x=-7 e 3—Te=-2 f 17—2z=-1
g 11=3-2z h 15—-2z=-1 i 8=3—-2x
j 6=—1—-Tx lk —15=3—6x I 11=—-4-3zx
m =) Self Tutor Remember that z is
3
Solve for - <4 192=-9 really x + 3 and the
3 inverse operation of
+3 is Xx3.
5
= 4+2=-2
3 +
g FE=20==2=2 {subtract 2 from both sides}
% — 4 {simplify}
g Xx3=—-4x3 {multiply both sides by 3}
ox=-12 {simplify}
Check: LHS = -2 4+2=-442=-2=RHS. V
3 Solve for z:
x 2z T
- = b —=-4 —+1=-
a 5 ) 3 C 1 + 3
T z—1 z+5
d Z-2=1 =1 f =1
3 2 3
Example 8 ) Self Tutor
4
Solve for z: :c;— 5 — —2
4z + 3
— 3
5
4z + 3 . .
5 X % =-2x5 {multiply both sides by 5}
4r +3 =-10 {simplify}
4r+3-3=-10—3 {subtract 3 from both sides}
4r = —13 {simplify}
4 13
I‘” == {divide both sides by 4}
r=-3% {simplify}
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L Solve for z:

2247 _ b 11-32)=-1 ¢ LA g
5 7
d 3302_1:4 e +(4—3z)=-1 f l1+22)=-2
INVESTIGATION 1 SOLVING EQUATIONS BY SPREADSHEET
“ % Consider the equation 5z + 2 = 2z + 14.
SPREADSHEET

>

D
&

To solve the equation, we need to find the value of x - .
that makes the LHS equal to the RHS. 1 ';
This can be done by trial and error using a spreadsheet.

What to do:

1 Open a new spreadsheet and enter the A | B | ¢ |
following: 1 X S5x+2 2x+14
' . 2 -3 =A2*5+2 =A2*2+14
2 Fill the formulae in A3, B2 and C2 down 3 | =A2+1
to Row 10. 4 l l
5 |
6 fill down
3 Your spreadsheet should look like this: A B | C |
If we examine Row 3, we find that when 1 X 5x+2 2x+14
r = —2, 5x+2 = —8 but 2z+14 = 10. 2 -3 -13 8
So, & = —2 is not a solution, since the 3 -2 -8 10
LHS # RHS. 4 -1 -3 12
Use your spreadsheet to find the solution g (1) g 13

to bx + 2 =2z + 14.

L4 Change your spreadsheet to find the solution to the equation 7x — 1 = 3x — 5.

Change your spreadsheet to try to solve the equation 4z + 3 = x — 2.

6 Why

does the spreadsheet method fail to provide the solution of the equation in

5?7 Can you adjust the spreadsheet so it will provide the solution? Do you think a
spreadsheet will be a practical method of solution for more complicated equations?

EQUATIONS WITH A
REPEATED UNKNOWN

Equations in which the unknown appears more than once need to be solved systematically.

We use the following procedure:

Step 1:
Step 2:

Step 3:
Step 4:

If necessary expand any brackets and collect like terms.

If necessary, remove the unknown from one side. Aim to be left with a positive
unknown on one side.

Use inverse operations to isolate the unknown and maintain balance.
Check that your solution satisfies the equation, i.e., LHS = RHS.
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Example 9

Solve for z: 5(x+1) — 2z = —7

) Self Tutor

5(x+1)—2x=-T7

52+5—2x=-7 {expand brackets}
3z +5=-T {collect like terms}
3z+5—-5=-7-5 {subtract 5 from both sides}
3z =—-12 {simplify}
—12
3% = {divide both sides by 3}
r=—4 {simplify}
EXERCISE 6E
1 Solve for z:
a 4x—1)—2z=2 b 2(zx—-3)+3x=9
¢ 5(zx+2)—2x=4 d 3(2z+3)—4x=-3
e 6(3z+2)— bz =—1 f —4(2z—1)+ 5z = —12
2 Solve for z:
a 3z+1)+4(x+2)=-3 b 5(x+3)—2z—-1)=2
¢ 4(z—-2)—(x+1)=6 d 53+2z)+2(x+1)=-7
e 32z+1)—4(x+2) =9 f 3(5z—2) —2(3z —4) =2
Example 10 ») Self Tutor
Solve for x: 5 +2 =3z —5
Sr+2=3x -5
52+2—-3x=3x—5—3x {subtract 3z from both sides}
20 +2=-5 {simplify}
el ===k =1 {subtract 2 from both sides}
2 = -7 {simplify}
2 _
= 77 {divide both sides by 2}
T =-33 {simplify}

3 Solve for x:
a 3xr+2=x+10
d 3x—1=6x—4

b Tx+2=42x-8
e dr—2=8x+10

¢ 8z+3=4z+4
f 54+2x=18+4x
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" Example 11 | ) Self Tutor

Solve for z: 15-2z=11+x
15—-2z=11+x
15—2x+2z=11+z+ 22 {add 2z to both sides}
15=11+43z {simplify}
15—-11=11+43z— 11 {subtract 11 from both sides}
4=3z {simplify}
4
== 3?1: {divide both sides by 3}
r=13 {simplify}

L Solve for x:
a 3z+5=1—-=x b 64+2z=15—2x ¢c 6+2x=13 -2z
d 9—-2x=12—-Tx e 4—-3xr=8—=z f 9-3z=x+2

5 Solve for z:
a 3z+1)—x=15
¢ 6(1-2z2)=—-4—-"Tx
e 4B3z+1)+18==x
g ldz—52x+5)="7
20 —4(4—3x) =2+ 10
k 2(x—6)+7r =33z —4)

5(z+2) — 2z =11

2z +4) + 8(x — 2) = 12
Tr—2(x+1)=13

19— (3—2)=5x
2x4+4)=7—3+=x)
52z —4) =4z — 2(1 — 3x)

More complicated fractional equations
can be solved by:

e writing all fractions with the same
lowest common denominator (LCD), ) ) ;
involving fractions, we

and then make the denominators

e equating numerators. the same so that we can
equate the numerators.

To solve equations

Solve for x:

|
Il
SIS
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2
S=: has LCD of 15
5 2x3 . .
; F= & i 3 {to achieve a common denominator}
S5z =6 {equating numerators}
T=1% {divide both sides by 5}
_Example 13 | ) Self Tutor
20 +3 z—2
Solve for z: =
olve for x 7 3
s _ w2 has LCD of 12
4 3
3x(2243) 4x(x—2) . .
34— 4x3 {to achieve a common denominator}
3(2c+3) =4(x—2) {equating numerators}
6x +9 =4z —8 {expanding brackets}
6x+9—4r =4r — 8 — 4z {subtracting 4z from both sides}
20 +9 = -8 {simplifying}
M ap® — U= =01 {subtracting 9 from both sides}
20 = —17 {simplifying}
2 =1
7:” - 77 {dividing both sides by 2}
1
EXERCISE 6F
1 Solve for z:
r_5 b 2_2% ¢ fz_3 g l_¢%
4 2 3 5 4 2 4 3
3z 3 1 b5z 3 =z 4 1
4 2 b) 3 5 2 b) 2
2 Solve for z:
3x+1 5 b r+4 . 2v+3 2
4 2 2 5 3
d z+1 2x+5 . 4—z z+1 f Sr+2 2x-—1
3 4 3 4 3
3 -2z r+2 bH—-=x 3z + 8
= 4 h S —
5 T+ 1 i 3 z—95



2z +1)+3(2x + 3) =24
20 +2+6x+9=24

{equating numerators}

{expanding brackets}
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Example 14 o) Self Tutor
T 2z
Solve for x: —+—=-4
olve for x 5 + 3
z 2z —4
-+ —=— has LCD of
5 4 3 T as LCD of 6
rx3  2wx2 —4x6 {to achieve a common denominator}
2x3  3x2 1x6
3z +4zx =-24 {equating numerators}
Tx=-24 {simplifying LHS}
r=-2 {dividing by 7}
_ _=23
T = —37
3 Solve for x:
a LT _, b L_2_05 I
2 5 2 3 6 2 8
3z 2z 1 Sr  x 3 r 3z
13T © 27673 T2
Example 15 ) Self Tutor
1 2
Solve for x: rt 4F m—|—3:4
3 2
z+1 2x+3 4
= - has LCD of
3 5 1 as LCD of 6
2x(x+1) 3x(2x+3) 6x4 : .
5 = 5 {to achieve a common denominator}

8z +11 =24 {collecting like terms}
8z =13 {subtracting 11 from both sides}
z=1 {dividing both sides by 8}
_ 15
4 Solve for z:
§+2x—|—1_0 b 2x—|—3+x—1_§
3 6 5 2 4
2v -3 z+4 r—2 2z+41
et = -2 d st~ = 2
e -3 x+2 1 x—4 2x—-3 5
+ =—= f + = -
5 3 4 3 8 6
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Example 16

22¢4+1)—3(zx—2) =30

Solve for x: 2:1:+1_ac;2:5
2z+1) (z—-2) 5
_ = — has LCD of
= 5 T as LCD of 6
2x(2z4+1) 3x(x—-2) 6x5 : :
53 —— == {to achieve a common denominator}

{equating numerators}

dr+2 —3x+ 6 =30 {expanding brackets}
z+8 =30 {collecting like terms}
7B = 27 .
Notice the use of
brackets in the
5 Solve for z: Loriginal fractions.
x—|—1_2_x:4 b 3x—2_a:—1:1
2 5 3 2 2
dr = —2 20 —1 x+42 1
- _ — d _ - __
5 2 3 4 3
4x—l—1_2x—3:1 f x—5_3:+1:_2
2 6 6 4

THE DENOMINATOR

If the unknown appears as part of the denominator, we still solve by writing the equations
with the same lowest common denominator (LCD), and then equating numerators.

Example 17

3x+1

) Self Tutor

3z+1=-2(x-1)
c. 3x+1=-2x+2
3r+1+22=-2x+2+ 2x

Sr+1=2
br+1—-1=2-1
Sr=1

_1
T=%F

Solve for z: ==
=1
Sl =2
= has LCD of z — 1
=1 1
3xr+1 -2 —1 . .
T x (1) {to achieve a common denominator}
w=1 1x(x—1)

{equating numerators}
{expanding brackets}

{adding 2z to both sides}
{simplifying both sides}
{subtracting 1 from both sides}
{dividing both sides by 5}
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EXERCISE 6G

1 Solve for x:

e %:% f%:2 g %:—4 h —5:%
2 Solve for x:
2:04;1:_3 ° 3;j45:2 ¢ 6;—+31:2
23;_31:3 ¢ 3;;41:3 ' 4;:-r51:_3

RECURRING DECIMALS

Consider the recurring decimal 0.555...... which we can also write as 0.5.
N What fraction gives this decimal?

.

%)

@
@

We can use an equation to find a fraction equal to 0.555 ......

What to do:

1 Let x=0.555..... and call this equation (1).
2 Multiply both sides of (1) by 10. Call the result equation (2).
3 Subtract (1) from (2).
& Solve the resulting equation. What fraction is equal to 0.555...7
You should have written down the following solution:
Let a = 0.555...... (1)
10 x z =10 x 0.555......
10z = 5.555...... (2)
—x = 0.555......
9z = {2 -}
z=3
So, 0.555.....=¢

5 Follow similar steps to convert the following recurring decimals to fractions:
a 0.777.... b 0.888.... ¢ 0.333.... d 0.444....

6 Convert the following recurring decimals to fractions:
a 1.262626.... b 1.0202.... ¢ 1.09009.... d 2.0909....
Hint: Multiply both sides of equation (1) by 100.

7 Convert the following recurring decimals to fractions:
a 0.5333.... b 1.7333.... c 0.9444.... d 2.0555....
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REVIEW SET 6A

1 The solution of the equation 3z + 8 =29 is one of the integers {—7, 9, 7}.
Find the solution.

2 Is the equation 5 — 2z =7 true for:
A all values of x B exactly one value of z?

4+ 1

3 Explain how the expression is ‘built up’ from x.

4 Explain how to isolate  in bz — 7.
5 Explain how to isolate z in 2(z — 3).

6 Solve for z:
3 — 2z

a 5+2z=-11 b - =—6 ¢ 3—2x=3x+8
7 Solve for x:
E_ﬁ b 2.’L‘+1_£
5 4 3 2
8 Solve for z:
1 x+1 r—1 2—=z
a %_5 b 1_2:6_—1 c 5~ 3 =38

REVIEW SET 6B

1 The solution of the equation 2z —5 = —11 is one of the integers {3, —3, 8}.
Find the solution.

2 Is the equation 2z + 3z = 6z — x:
A true for all values of = B never true?

3 Show how the expression 4(z —3) is ‘built up’ from z.

& Show how the expression g + 3 is ‘built up’ from .

2
5 Explain how to isolate = in :c:— 3.
6 Solve for z:
2
a 12z+4=28 b-§+1=—2 ¢ 32x—1)+5=2(+7)
7 Solve for z:
z § b 1-3z x-2
2 4 6 3
8 Solve for z:
7 3 3—2x 2c+1 1—=x
3z 2 rx+4 6 3 6
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THEOREMS

Discoveries in geometry may be made by drawing accurate figures and then making precise
measurements of sizes of angles and lengths of sides.

For example, if we draw a series of triangles of various sizes and shapes and on each occasion
measure the interior angles we may discover an important fact about all triangles.

Consider these: g20 20
53° 609
85° 125°

4 1 o 540 670 290 260

16°

From an investigation like this, we may propose that:
“The sum of the interior angles of any triangle is 180°.”
However, this geometrical proposition requires logical proof before it can be accepted as true.

P > Q One such proof uses the diagram shown.
o \¢ [PQ] is drawn parallel to [BC].

p+c+q=180  {angles on a line}
But p=a and ¢=0
2o b0 a+c+b=180 {alternate angles}
B > C

So, the angles of a triangle add to 180°.

“The sum of the interior angles of any triangle is 180°” is a very useful result and is called
a theorem.

A theorem is an important result which can be called upon when solving other problems or
proving other theorems.

OPENING PROBLEM

Luciano makes aluminium window frames to be placed in new houses.
They are supposed to be rectangular, but because aluminium is very light
and flexible, they are sometimes pushed out of shape in transport.

Things to think about:

e If a rectangular frame is ‘out of
square’, what is its shape?

e Explain how a measuring tape can
be used to check that all corners
are right angles.

e How could Luciano help keep the
rectangular frames in shape
during transport?

e The frames often show identical shapes such as triangles. What special name is used
to indicate identical shapes?
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" REVIEW OF GEOMETRICAL FACTS

DEFINING ANGLES
Revolution Straight Angle Right Angle
One complete turn. % turn. % turn.
One revolution = 360°. 1 straight angle = 180°. 1 right angle = 90°.
Acute Angle Obtuse Angle Reflex Angle
Less than a % turn. Between % turn and % turn. | Between % turn and 1 turn.
An acute angle has size An obtuse angle has size A reflex angle has size
between 0° and 90°. between 90° and 180°. between 180° and 360°.

ANGLE PAIRS

e Two angles which have sizes which add to 90° are called complementary angles.
e Two angles which have sizes which add to 180 are called supplementary angles.
e Two angles which have the same vertex p

and share a common arm are called ;

adjacent angles. Q

PAQ and QAR are adjacent angles. A R

e For intersecting lines, angles which are
directly opposite each other are called
vertically opposite angles.

TRIANGLE CLASSIFICATION

By sides:

Scalene triangle Isosceles triangle Equilateral triangle
no equal sides two equal sides three equal sides
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By angles:

/

Acute angled triangle Obtuse angled triangle Right angled triangle
all acute angles one obtuse angle one right angle
LINE TERMINOLOGY

Line (AB) is the endless straight line passing through the
points A and B.

/
A
B
Line segment [AB] is the part of the straight line
connecting A to B.
A

Concurrent lines are three or more lines all passing through
a common point.

Collinear points are points which lie in a straight line. el

Perpendicular lines intersect at right angles. 4’:‘;
- .
- .

Parallel lines are lines which never intersect. Arrow heads
indicate parallelism.

transversal

A transversal is a line which crosses over two other lines. \/

GEOMETRIC THEOREMS
Title Theorem
Angles at a point The sum of the sizes of the

angles at a point is 360°.

a+b+c=360
Adjacent angles on a The sum of the sizes of the
straight line. angles on a line is 180°. The
angles are supplementary. a°/b°

a+b=180
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Title Theorem Figure
Adjacent angles in a The sum of the sizes of the
right angle angles in a right angle is 90°.
The angles are complementary. bzo
a+b=90
Vertically opposite Vertically opposite angles are .
angles equal in size. Z“
a="b
Corresponding angles | When two parallel lines are cut
by a third line, then angles 7S
in corresponding positions are
equal in size. b°
a =

Alternate angles

When two parallel lines are cut
by a third line, then angles in
alternate positions are equal in
size.

a=1b
Co-interior angles When two parallel lines are cut - /
(also called allied by a third line, co-interior angles a®
angles) are supplementary. bo
7
a+b=180
Angles of a triangle The sum of the interior angles
of a triangle is 180°. c°
GEOMETRY PACKAGE
(ﬁ) a° b°
a+b+c=180
Exterior angle of a The size of the exterior angle of
triangle a triangle is equal to the sum of
the interior opposite angles. b°
GEOMETRY PACKAGE . i
a C

=

Angles of a
quadrilateral

The sum of the interior angles
of a quadrilateral is 360°.

GEOMETRY PACKAGE

e

a+b+c+d=360
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EXERCISE 7A

1 State whether the following are true (T) or false (F):
a An angle measuring 89° is an acute angle.
An angle measuring 91° is an obtuse angle.
The size of an angle depends on the lengths of its arms.

When a vertical line crosses a horizontal line the angle formed is a straight angle.

% of a straight angle is an acute angle.

A right angle is neither an acute angle nor an obtuse angle.

2 [XY] is a fixed line segment and [OP] can rotate about O

P
between [OX] and [OY].
a If a=135, findb. b If b=67 finda. 2/ b°
¢ Whatisaifbis27?  d Ifais0, whatis b? o Y
e If a=289, findb.
f If a=05b, whatis the value of each?
3 Find the complement of:
a 36° b T71° c a° d (90 —z)°
4 Find the supplement of:
a 79° b 113° c n° d (180—m)° e (90+a)°

5 Find the values of the variables, giving brief reasons:

a b C
311°
< @ 37° b°
108°
d e o f
X
29° o
o 5° 127
61°
h N /[ i
Z o
C
1032
o /700
2390 /




Find, giving brief reasons, the value of the unknown in:
a b
) = (2x — 100)°
a
40°
a 90 + a + 40 = 180 {angles on a line}
a+ 130 =180
a = 50
b 2z — 100 =z {equal corresponding angles}
2c —100—z =z — 2 {subtracting = from both sides}
x—100=0 {simplifying}
z = 100
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l m° k 570 I
92° & a>115°
gO
m n o
1300 /b°
bO
a
120°
P . q r
x° 72°
160°
60—
n
R a®l a
y
s t u
146°
o > XO
b° a®\125° Y \ \
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6 Find, giving brief reasons, the value of the unknown in:
a b <

140° 2g
de 3g

h\ 2h° / /

(x+30)0° (2x + 15)°

15x°
(2x+5)°

7 State whether [KL] is parallel to [MN], giving a brief reason for your answer. These
diagrams are sketches only and have not been drawn to scale.

C

a b
L N L N
95° K . L 95° 95°
950 95
M 95° N
K M K M

Bl TRIANGLES

A triangle is a polygon which has three sides.
All triangles have the following properties:

e The sum of the interior angles of a triangle is 180°.

e Any exterior angle is equal to the sum of the interior opposite angles.
e The longest side is opposite the largest angle.

e The triangle is the only rigid polygon.
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Research the use of triangles in the construction of
bridges. Explain what is meant by the statement “the
triangle is the only rigid polygon” and how this helps
the bridge structure.

m ) Self Tutor

Find the unknown in the following, giving brief reasons:
a b
® ye 39°
38° 19°
a x+384+19=180 {angle sum of a triangle}
x =180 — 57
=123
b y =39+ 90 {exterior angle of a triangle}
y =129

EXERCISE 7B

1 Find the unknown in the following, giving brief reasons:
a \ b c
“ 180 102°

32¢

68° 60° 17°

25 64°

79°
x° 30°
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2 The following triangles are not drawn to scale. State the longest side of each triangle.
a B b B

102° 80°
28°
58° ¢ A 10° 90°
A
B e
21°
C o
A<100 g1
A B C
g C h A B i
82°
A B
129
C

3 State whether the following statements are true or false:
a The sum of the angles of a triangle is equal to two right angles.
b A right angled triangle can contain an obtuse angle.

¢ The sum of two angles of a triangle is always greater than the third angle.

d The two smaller angles of a right angled triangle are supplementary.

=) Self Tutor

Find the values of the variables, giving brief reasons:
a b

2x°

The longest side is
opposite the
largest angle.

(x +20)° x°

a 2z+z+ (z+20) =180 {angles of a triangle}

4z +20 = 180

4z = 160
z =40

b a=180—-140=40  {angles on a line}
Likewise b= 180 — 120 = 60
But a+0b+c=180 {angles of a triangle}

40 + 60 +c =180
100 4 ¢ = 180

c =80
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& Find the values of the variables, giving brief reasons:

a b c
bO
(m—10)° (m+10)°
mo
2b° 2b°
d e f .
50° - a® 60
70°
» bO
809
b o R 5 a® c°
b a®\ 130 30° 7

5 The three angles of a scalene triangle are z°, (z + 6)° and (22 — 10)°. What are the
sizes of these angles?

"o/ ISOSCELES TRIANGLES

An isosceles triangle is a triangle in which two sides are equal in length.

The angles opposite the two equal sides apex
are called the base angles.

GEOMETRY
The vertex where the two equal sides PACKAGE

meet is called the apex. - ﬁ)

base angles
THE ISOSCELES TRIANGLE THEOREM
In any isosceles triangle:

o the base angles are equal

e the line joining the apex to the midpoint of the base bisects
the vertical angle and meets the base at right angles.

CONVERSES

With many theorems there are converses which we can use in problem solving.

Converse 1: If a triangle has two equal angles then it is isosceles.

Converse 2: The angle bisector of the apex of an isosceles triangle bisects the base at
right angles.

Converse 3: The perpendicular bisector of the base of an isosceles triangle passes
through its apex.
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What does the word converse mean?

Can you find any other converses to the isosceles triangle theorem?

) Self Tutor

Find «, giving brief reasons:

a
B
xO
©
. B
xO
©
P
b 50 As PR = QR, the triangle is isosceles
x . QPR =152° {isosceles A theorem}
520 xO ’
Q R

EXERCISE 7C

52 5

=

As AB = AC, the triangle is isosceles
ABC = z° also.
Now x+x+38=180 {anglesofa A}
2x =180 — 38
20 = 142
z="71

=

x =52+ 52 {exterior angle theorem}
x =104

1 Find «, giving reasons:

A
C

a p b C p
80 B
A, QA
X
Q R R
d e f
C
B x B
< h
A
. AL10 : c

B D
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2 Find z, giving brief reasons:

a < X
BV70e 70/€
R
X cm 12 cm
Z Y
A M
3 The following triangles are not drawn to scale. Classify them as equilateral, isosceles or
scalene. The information marked on them is correct.
a b <
A ‘F ‘
B A C D [ E H 1
d e P f
J w z
70° WY
L 40N ) )
X

(classify APQS) (classify AWXY)

& The figure alongside has not been drawn to scale:

; A
a Flnd xZ. (X + 12)0
b What can be deduced about the triangle?
x° 56°
B C

5 Because of its symmetry, a regular pentagon can be
made up of five isosceles triangles.

B a Find the size of z, the angle at the centre of the
pentagon.

b Hence, find y.
¢ Hence, find the measure of one interior angle such
as ABC.

P
vaY,

C

6 Repeat question 5 but use an octagon.
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QUADRILATERALS
D OTHER POLYGONS

A quadrilateral is a four-sided polygon.
The sum of the interior angles of a quadrilateral is 360°.

Suppose a quadrilateral is drawn on a
piece of paper.

If the four angles are torn off and
reassembled at a point, we notice that
the angle sum must be 360°.

DEMO

A polygon is a closed plane figure which has straight lines for sides.
The sum of the interior angles of an n-sided polygon is s = (n — 2) x 180°

For example, if n =6 we split the hexagon into
6 —2 =4 triangles, each having
an angle sum of 180°.

DEMO

A regular polygon has all sides equal in length and all angles equal in size.

=) Self Tutor

119°

Find the value of z:

89°

x+ 89490+ 119 = 360 {angles of a quadrilateral}
z =360 —89 —90 — 119
z =62

EXERCISE 7D.1
1 Copy and complete:

a A quadrilateral can be split into .... triangles and so the sum of its interior angles is

L% 180° = ... ‘.
b A pentagon can be split into .... triangles and so the sum of its interior angles is
. x 180° = ... ‘.

¢ A 9-gon can be split into .... triangles and so the sum of its interior angles is
.x 180° = .....0
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2 Find the value of x:

131° 118°

119°

The sum of the angles of a polygon is 1980°. How many angles has the polygon?

Juan claims to have found a polygon which has angles with a sum of 2500°. Comment
on Juan’s finding.

Copy and complete the following table for regular polygons:

Regular polygon | Number of sides
equilateral triangle
square
pentagon
hexagon
octagon

decagon

Number of angles | Size of each angle

6 Copy and complete:

e the sum of the angles of an n-sided polygon is

e the size of each angle of a regular n-sided polygon is

7 Find the number of sides of a regular polygon which has angles of 150°.
8 Is there a regular polygon which has angles of 15877

55 | AIRCRAFT NAVIGATION

LINKS Areas of interaction:

click here

Human ingenuity, Approaches to learning
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I EXTERIOR ANGLES OF POLYGONS

L
4

What to do:
Dn
‘\i\‘%‘ Step 1: Draw any triangle and measure
one exterior angle from each
vertex. These are a, b and ¢ in the
figure alongside. Find the sum of
these angles.

/3

Repeat this procedure with two
other triangles of your choice.
What conclusion can you make?

Step 2: Draw any quadrilateral and measure one
exterior angle from each vertex. Find the
sum of the exterior angles. What conclusion
can you make?

Step 3:  From your results for triangles and quadrilaterals, suggest a value for the sum
of the exterior angles of any polygon. Check your value by drawing any
pentagon and hexagon, measuring each of the exterior angles, and calculating
their sum.

In the previous investigation you should have discovered that: GEOMETRY

PACKAGE
“the sum of the exterior angles of any polygon is 360°”. (ﬁ)

FLEA PROOF

Fred flea stood at A, facing towards his girlfriend X
Freda at X. He decided to march around the triangle A

ABC. He turned through X;‘;B, marched along [AB],

turned through Y]§C, marched along [BC], turned

through ZCA and marched along [CA]. 7z

On reaching A he saw Freda for the second time and C

proclaimed: “I have turned through one complete B

turn, so the sum of the exterior angles of a triangle
must be 360°.”

EXERCISE 7D.2

1 Find z in:
a o b C

87°

118° 100° 71°
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2 Copy and complete:

oo | 0T | ey |ty o
equilateral triangle 360° 360° — 3 =120° | 180° — 120° = 60°
square
pentagon
hexagon
octagon

Check that your answers agree with the angle size found in question 5 of Exercise 7D.1.

13 DEDUCTIVE GEOMETRY

Fatima found many diagrams like these on Abdul’s desk:

When Fatima asked Abdul what he was doing, he said that he suspected that no matter where
[OC] was drawn from line segment [AB], the angle bisectors [OX] and [OY] were at right
angles. Fatima wrote down the following argument to prove Abdul’s discovery was true.

Let [OX] divide AOC into two equal angles of z°, and

B ~
A [OY] divide BOC into two equal angles of y°.
. Now 2z + 2y = 180 {angles on a line}
X z+y =90 {dividing each term by 2}
Y

XOY = 90°

Fatima’s proof'is an example of deductive geometry. She has used some theorems or special
results of geometry to prove Abdul’s suspicion true.

EXERCISE 7E

1 ABC is an isosceles triangle in which AB = AC. b
[BA] is extended to D and [AE] is drawn parallel A E
to [BC].

It is suspected that [AE] bisects CAD. If we let
ABC = 2°, find in terms of x:

a ACB b CAE ¢ DAE

State your conclusion. B C
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2 a Draw three large diagrams of a semi-circle with centre O and diameter [AB], but
with P on the semi-circle in different positions.

b Measure APB with a protractor in each case.

¢ What do you suspect about APB? 7
d Use the geometry package to take a closer
look at the problem.
e Copy and complete the following argument:
A 0

We first join [OP]. We have created two B
............... triangles as AO = ... and
OB = ...
If OAP = z° and OBP = y° then
OPA = ........ and OPB = ...
{isosceles triangle theorem}
So, in triangle APB, APB = ........
But =+ (coeeee. ) +y =180 B
{angles of a A}
S 2xA+ ... =180 andso z+....=90 GPE&A,A&E:Y
So, APB is always a ................. (ﬁ)
3 a Draw three large diagrams like the one given C
but vary the size of AOB.
b In each case measure the sizes of AOB and
ACB.
¢ What connection do you suspect between the
sizes of these angles?
d Use the geometry package to take a closer B
look at this problem. A
e Copy and complete the following argument:
We first join [CO] and extend it to X. We
have created two ............... triangles as
OA = ... = ...
If we let. OAC = a® and OBC = b° then
OCA = ... and OCB = .........
{isosceles triangle theorem}
ACB = ........
Now AOX = .........
{exterior angle of a A}
Likewise BOX = .........
AOB — GEOMETRY

B= ... DACKAGE
So, AOB is always twice ......... (ﬁ)
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A a Draw three diagrams like the one given but
B at least twice the size.
b Measure the size of each angle of the
quadrilateral with a protractor.

D ¢ We know that the four angles add up to
360°.  What do you suspect about the
opposite angles?

d Use the geometry package to take a closer

C look at the situation.

e Copy and complete the following argument:
We locate the circle’s centre and call it O.
We join [OA], [OB], [OC] and [OD].

We have created four .............. triangles as
OA = ... = =

If OAD = ¢°, OBA = 0°,

OCB = c® and ODC = d° then

{isosceles triangle theorem}

Now DAB + DCB = ..........
But the sum of the four original angles is
(@+b)+ (... )+ (v )+ (e ) =20+ e

20+ oo = 360
QA e =180
So opposite angles of the quadrilateral add to ......... ©
5 ABC is an isosceles triangle with AB = AC. D
It seems that every time I draw a perpendicular A
from some point E on [BC] to meet the extension
of [CA] at D, the triangle DAX seems to be X
isosceles.

Can you help me prove my suspicion?

GEOMETRY
PACKAGE

-

UZ/[ SPECIAL QUADRILATERALS

There are six special quadrilaterals. They are:

1 A parallelogram is a quadrilateral which has opposites sides parallel.
Properties:

e opposite sides are equal in length
e opposite angles are equal in size
e e diagonals bisect each other.

GEOMETRY
PACKAGE

=
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2 A rectangle is a parallelogram with four equal angles of 90°. GEOMETRY
PACKAGE

o — Properties:

-« >
e opposite sides are parallel and equal 1' l
e diagonals bisect each other

0 [ e diagonals are equal in length.
3 A rhombus is a quadrilateral in which all sides are equal in length. GEOMETRY
PACKAGE
Properties: < >
e opposite sides are parallel D }

opposite angles are equal in size

diagonals bisect each other at right angles

diagonals bisect the angles at each vertex.

4 A square is a thombus with four equal angles of 90°.

GEOMETRY
Properties: PACKAGE
+ . . - > g
- H e opposite sides are parallel 1?

e all sides are equal in length
e diagonals bisect each other at right angles
e diagonals bisect the angles at each vertex

e diagonals are equal in length.

5 A trapezium is a quadrilateral which
has a pair of parallel opposite sides.

6 A Kkite is a quadrilateral which has two pairs of adjacent sides equal in length.
Properties:

e one diagonal is an axis of symmetry

e one pair of opposite angles are equal

e diagonals cut each other at right angles

e one diagonal bisects one pair of angles at
the vertices.

Which of the following are true? Give reasons for your answers.

A rectangle is a quadrilateral. A quadrilateral is a rectangle.

A rectangle is a square. A square is a rectangle.

A square is a thombus. A rhombus is a square.

A rhombus is a parallelogram. A parallelogram is a thombus.

If you are unsure, look at the basic definition of each shape.
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THE PROPERTIES OF A RHOMBUS
What to do:

4

X

~N

1 Copy the figure alongside.
AADC is isosceles. Mark its base angles as a°.
ADCB is isosceles. Mark its base angles as b°.
ACBA is isosceles. Mark its base angles as c°.
ABAD is isosceles. Mark its base angles as d°.

0§
/J/

»

Find the sizes of the angles of the rhombus at A, B, C and

D. What property of a rhombus have you just established? D

(™)

Add all the angles of the rhombus and equate to 360°.
Now simplify your equation.

Add the angles: A+ D andthen A + B.

What property of the rhombus has just been proven?

A
Following on from 3, explain why we can now say that a = ¢ and b =d.

What property of a rhombus has now been proven?

Prove that “the diagonals of a rhombus are at right angles” using the simplified
equation from 3 and the result of 4.

The properties of other special quadrilaterals can be established using deductive geometry.

Example 6

Draw three diagrams to show all the properties of a parallelogram.

o) Self Tutor

opposite sides are equal

opposite angles are equal diagonals bisect each other

Find z, giving a

The figure is a parallelogram.

brief reason for
your answer:

(3x)°

(x+100)°

3z = x + 100 {opposite angles of
22z = 100
z =50

a parallelogram}

EXERCISE 7F

1 Draw four diagrams which show the four properties of:

a a rhombus

b a kite.



170  THE GEOMETRY OF POLYGONS (Chapter 7)

2 Find the values of the variables in:

@ +80)° ® ¢

d
S h , i 4 cm
%06}
3
< 10 cm o
xXcm
\(
3 The figure alongside is not drawn to scale, but A B
the information it contains is accurate. What
can be deduced about ABCD?
(180—x)°
D C

This figure is badly drawn, but the infor-
mation on it is correct. What is the special
name for this quadrilateral?

5 Answer the questions in the Opening Problem on page 150.

INVESTIGATION 3 E MIDPOINTS ON A QUADRILATERAL

INVESTIGATION

&

iy Click on the icon to obtain a printable investigation. < >
2D R
S
REVIEW SET 7A
1 Find the values of the variables, giving brief reasons for your answers:
a b c

130°

o

70°\ a° b°| b° ¢
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e h f
a
A70°

2 Find the value of the variable in each figure, giving a brief reason for your answer:

a b <
p° 48°
65° 140° n°
d e f
(140 — x)°
A (x+20)° (x+10)°  (

3 State whether the following are true or false:

a The sum of the lengths of two sides of a triangle is always greater than the
length of the third side.

b A square is a parallelogram.
¢ The sum of the interior angles of an n-sided polygon is n x 180°.
d A rhombus is a regular polygon.
& Classify each triangle, in as much detail as possible:
a b <

2x°
40° 50°

70° 120° x° x°

5 Classify each quadrilateral given below. The diagrams are not drawn to scale but the
information on them is correct.

A o c :
|

6 Show that in parallelogram ABCD alongside,
x and y are supplementary, i.e., x -+ y = 180.

REVIEW SET 7B

1 Find the values of the a b
variables, giving brief bo
reasons for your answers: 50°7 700 240
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| ' |

X
2 Find the values of the variables, giving brief reasons for your answers:
a b

xO
64° 89°

d " e X cm

63 10 cm
o 300
X 1002 u

= 12 cm

<
[}
(98]
<
y °
N
Ho
>‘<o

S

o

3 Classify each triangle, in as much detail as possible:

100>
36° 54°

& Find the value of the variable in each figure, giving brief reasons for your answers:

a b <
f
29°
8 cm

xO
29°
X cm
50°
50°
5 Classify each figure, giving brief reasons for your answers:
B
4 \
X

[]
=

o

[\
)
o
N
=
o
=

a 116° 94°

0

O O L

40°
C

70° 70°
6 ABCD is a trapezium in which [AB]

A
is parallel to [DC] and AD = BC. It
seems that every time I draw such a
figure, ADC = BCD.
aO

Use the diagram alongside to prove
my suspicion is always true. D
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OPENING PROBLEM

Hilbert wanted to find the number of atoms in

i | ' one kilogram of pure gold. He was surprised

to find that some scientists actually define

what a kilogram means in terms of gold.

They do this because gold is a perfectly stable element.

Hilbert found that under such a definition, a kilogram equals
3057443616 231 138 188 734 962 atoms of gold.

Things to think about:

e How can we best approximate this number?
e How can we write this number to make it easier to use?
e Can such a form be used to write very small numbers?

Some other large numbers include:
e The number of grains of sand in a large beach is about 100 000 000 000 000.

o The weight of sea water throughout the world is about 150 000 000 000 000 000 000 kg.
e Each drop of water contains about 2 000 000 000 000 000 000 000 molecules.

BRAIC PRODUCTS AND
TS IN INDEX NOTATION

A

We have seen that:

If n is a positive integer, then a™ is the product of n factors of a.

a"=aXaxXxaXaXaXaX ... X a

n factors

Simplify: a m3xm? b pPxp
p® is the product
of five ps.
a m3 x m?2 b p° X p L
=(mxmxm) x (mxm) =(PXPXPXPXDP) Xp
=m5 :p6
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EXERCISE 8A
1 Simplify:
a axa b v xb ¢ cxc? d n? xn?
e mxm? fosxst g e3xel h k3 x k2
i p?xp? i pPxp k kS x k3 I m3xm
m k6 xk n nxntxn o etxedxe P nxnxn?
| Example 2| ) Self Tutor
Simplify:  a (22)? b (56)2
a (z2)? b (56°)*
=122 x 22 = 5b% x 5b°
= 45 3 48 3K 1 X =5Xbxbxbxbxbxbxb
=z* = 250°
2 Simplify:
a (a?)? b (s°)? < (¢%)? d (ac)®
e (m*)? f (3ab)? g (2a%)? h (5b%)2
i (3ab?)? i (Tm2n)? k (8a%c)? I (32%y)?
m (—a)? n (—2a)? o (—3b)? P —2a x (—5a)?
| Example 3| «) Self Tutor
z® a
Simplify these quotients: a — b —
7 a
x° ab
il b al
. a @
_mxxxxxxxz’l _axaxaX-exexa
- 1 N VR
3 Simplify:
2 3 2 4
a a_ b m_ c t_ d y_
a m 2 Yy
K5 p° 2n6 61°
r § £ il h
¢ k2 p3 s n2 3rd
, 1247 8d® 10€” , 5hY
341 TYE 22 1511
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IE]_ INDEX LAWS

INVESTIGA DISCOVERING INDEX LAWS
J‘g Look for any patterns as you complete the following: WORKSHEET

J—Q 1 Copy and complete: (ﬁ)
‘3‘\\‘@4

a 22x22= (2x2)x(2x2x2) =2°
b x| -]

3

caxa4:| ‘:‘ ‘

From the above examples, a™ X a™ = I:I .
2 Copy and complete:

a 2_5:2><2><2><2><2:22 b 3_4: _
23 2x2x%x2 31
5 7

¢ L = — d L — _
a? 4

a
From the above examples, — = I:I .
a

3 Copy and complete:
a (23)2=28x23 = (2x2x2)x(2x2x2) :|:|
s - -]

From the above examples, (a™)" = I:l .

From Investigation 1 you should have found these index laws for positive indices:

If m and n are positive integers, then:

e a™ X a" =amt" To multiply numbers with the same base, keep
am the base and add the indices.

e — =am™ ", a#0 To divide numbers with the same base, keep
Ch the base and subtract the indices.

e (a™)" =am*" When raising a power to a power, keep the

base and multiply the indices.

=) Self Tutor

When multiplying,

. . . S keep the base and
Simplify using the laws of indices: add the indices.
a 23 x22 b 2% x 2
a 23 x 22 b zt x z°
— 93+2 4T3
=32
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EXERCISE 8B

1 Simplify using the index laws:

a 22x24 b 32x32 c 5% x5t d 72x73

2 3 4

e a®xa f n*xn g z°xab h v®xbd

m ) Self Tutor When dividing, keep

. . . . the base and subtract
Simplify using the index laws: o fifees

35 7
a — b 2 N
33 p3
"

a — b ?
i
4

— 32
=9

Ll W
w| ot

|
SNESCR S
Wl

2 Simplify using the index laws:

25 34 56 107

a 52 b 23 cC — d —
2 54 104
7 8

e I—2 f y_2 g a%+a® h b =p?
T Yy

For a power to a Example 6 ) Self Tutor

power, keep the
base and multiply Simplify using the index laws:
the indices. a (23)2 b (1;4)5
a (23)2 b ( .”L‘4)5
— 93x2 — g4x5
—_ 96 — ;20
= 64
3 Simplify using the index laws:
a (22)3 b (10%)2 c (33)4 d (23)°
e (%) t (%) g (a®)? h (0°)
& Simplify using the index laws:
a a®xa® b b b2 ¢ ctxc? d d*xd
e (a*)? food0® g (b?)° h a3 xa®

(A i m*xm?xm?® k (a®)3xa I (9°)° x ¢°
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" Example 7 | ) Self Tutor

Simplify using the index laws:
6x4y3
20% x 3a2b3
a % 3a 32y
4,3
a  26° x 3% b 63‘"” L
a5
=2x3xa®xb?xb? Y
6 o A2 31
=6 x a® x b*T3 3 y
= 6ab° = 207y’
5 Simplify using the index laws:
3 14 7
a b 4b% x 263 ¢ 10hK® x 4h*  d —
a 2a
124253 f mbnt m2l P2 x p7
3ab m2ns 8 (m2)8 (p®)?
INVESTIGATION 2 DISCOVERING EXPANSION LAWS
J’g Look for any patterns as you complete the following: WORKSHEET
- > 4
b 1 Copy and complete the following: 1 )
‘3\%
= a (ab)* =ab x ab x ab x ab :axaxaxaxbxbxbxbzl:l
o (@ | | -]
¢ (20)° =| =] =L_|

In general, (ab)™ = I:l .
2 Copy and complete:

a <g>3:gxgxg _axaxa _
b b b b bxbxb

o (- J-C1-

In general, (%)n = for b#0.

From Investigation 2 you should have found these expansion laws for positive indices:
If n is a positive integer, then: e (ab)”™ = a™b"
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=) Self Tutor

Remove the brackets and simplify:
a (ab)® b (2zy)3
a (ab)® b (2zy)?
:G,565 :23X$3Xy3
_ 8$3y3

EXERCISE 8C

1 Remove the brackets of the following and simplify:
a (ab)? b (zy)3 ¢ (ac)?
e (2z)° f (3a)? g (2m)3

Example 9 ) Self Tutor

Remove the brackets and simplify:

. (2)' o (2)

Raise each
factor to the
given power.

Raise both the
numerator and the
denominator to the
given power.

Example 10

o) Self Tutor

Express the following in simplest form, without brackets:
a (3a?)? b (4a%b)3
a (3a%)? b (4a%b)3
=32 x (a?)? =43 x (a?)® x b?
= 9a* = 64a°b®
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3 Express the following in simplest form, without brackets:

a (2a%)?
e (zy%)?
i (3ab?)3

b (5n?)?
f(a?y)®
i (7Ta®c)?

¢ (32%)? d (3a3)?
g (2a)? x 3a h (3a%b)?
k (2a%b)* I (3ab®)3

Example 11

(F)

Express the following in simplest form, without brackets:

) Self Tutor

EAY
3a3

4
. (B
3a3

T Xy 24pt
> " S
_E% 16b*
9 = 8la®

4 Express the following in simplest form, without brackets:
G N € I N )
2 be n 4
2a2\? 2\*° 4a2\? 2a \*
« (%) ‘(@) () (%)
"] ZERO AND NEGATIVE INDICES

From our original definition a" =a X a X a X ..... x a, a® has no meaning.

n times

Each time the power

However, consider the pattern:
of 2 decreases by 1,

23 =8 the result is halved.
22 =4
2l =2
If we continue the pattern, we get: 20 =1
-1 _1_ —
22
_ 1 .
272=1=2 k )

22 >

In other bases such as 3 or 5, the same pattern will occur. We therefore define the following
laws for zero and negative indices:
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ZERO INDEX LAW

a® =1 forall

a # 0.

NEGATIVE INDEX LAW

If a is any non-zero number and n is an integer, then a~ " =

an

This means that a” and =" are reciprocals of one another.

In particular notice that a1 = —.

a
| Example 12 | %) Self Tutor
Y
Simplify: a7 b 2 < " d 2+5°
Y
a 1 b « = d 245
= yo —3
=Y
=1
m *))) Self Tutor The negative
. . index indicates
Simplify: the reciprocal.
a 37! b 52 ¢ 107*
a 3! b 572 ¢ 107
_ L _ L _ L
-3t 2 10
_1 _ 1 =1
=3 — 25 — 10000
EXERCISE 8D
1 Simplify:
a 30 b 6° ¢ 10° d g§°
e y° f a° g 22° h (2z)°
. $3 . b5 0 0
i s i 5 lk 3+2 I 5-7
2 Simplify, giving answers in simplest rational form:
a 47! b 2! ¢ 671 d 8§71 e 272
f 372 g 772 h 972 i 373 j 1075
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Example 14 o) Self Tutor

Simplify, giving answers in simplest rational form:
o\ —1 3\ —2 _
a (3) b () ¢ 80-87"
2\—1 3\ 2 0 =il
a  (3) b (3) c 8 -8
_ (3\! _ (5)2 = -
=(3) =(3) .8
3 =3
= 5 - 52 8
32
— 25
~ 9
3 Simplify, giving answers in simplest rational form:
a (37! b (p! < (57 d (3)7! e (3"
f 204271 g (3)2 h (13)72 i (373 i 3%+3 371

|_Example 15

Write the following without brackets or negative indices:
a 8ab~! b 8(ab)~?
a 8ab~! b 8(ab) !
_&z 1 _gx
170 T ab
8a _ é
e ab

4 Write the following without brackets or negative indices:

a 2a7! b (2a)7! ¢ 4p71t d (4b)71!
e 3p2 f (3b)~2 g (5¢)72 h 5c72
iay! i (zy)! ko ay™? I (zy)~?
m 2ab~! n (2ab)~1 o 2(ab)~! p (3n= %)t
5 Write as powers of 10:
a 1000 b 1000000 ¢ 0.001 d 0.00000001
6 Write as powers of 2, 3 or 5:
a8 b 1 <9 d
e 125 f 3= g 32 >
i 81 i = 7% 1
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Observe the pattern:

CIENTIFIC NOTATION
(STANDARD FORM)

10000 = 1()‘*)_1

/1000 = 103>_1
— 102 As we divide by 10,

—10< 100=10 -1 the exponent or power

10 = 10! of 10 decreases by one.
10 _

1=10°

+1o< )1

L =10"

10
—10< -1

1 10—2

-1

We can use this pattern to simplify the writing of very large and very small numbers.

For example,
=3 x 100000
=3x10°

SCIENTIFIC NOTATION

300000 and

0.0002
2

~ 10000
9 1

= — X —
1 10000

=2x107*

Scientific notation or standard form involves writing any given number as
a number between 1 inclusive and 10, multiplied by a power of 10,

ie., ax10F

where 1< a <10 and k is an integer.

Example 16

Write in scientific notation:

) Self Tutor

a 37600 b 0.000 86

(WV\
=3.76 x 10*
b 0.00086 = 8.6 = 10
=86x 10"

a 37600 =3.76 x 10000 {shift decimal point 4 places to the

left and x 10000}

{shift decimal point 4 places to the
right and <+ 10000}

Notice that: °

If the original number is > 10, the power of 10 is positive ().

e If the original number is < 1, the power of 10 is negative (—).
o If the original number is between 1 and 10, we write the number as
it is and multiply it by 10°, which is really just 1.
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EXERCISE 8E.1
1 Write the following as powers of 10:

a
e

a
e
i

100 b 1000 ¢ 10 d 100000

0.1 f 0.01 g 0.0001 h 100000000
2 Express the following in scientific notation:

259 b 259000 ¢ 2.59 d 0.259

0.000 259 f 40.7 g 4070 h 0.0407

407000 j 407000000 lc 0.0000407

3 Express the following in scientific notation:

b
<
d

0

The distance from the earth to the sun is 149 500 000 000 m.
Bacteria are single cell organisms, some of which have a diameter of 0.0003 mm.
A speck of dust is smaller than 0.001 mm.

The probability that your six numbers will be selected for Lotto on Monday night
is 0.000000 141 62.

The central temperature of the sun is 15 million degrees Celsius.

A single red blood cell lives for about four months and during this
time it will circulate around the body 300 000 times.

m ) Self Tutor

Write as an ordinary number:
a 3.2 x 102 b 5.76 x 10~°
a 3.2 x 102 b 5.76 x 107°
— 390'x 100 — 000005.76 = 10°
=320 = 0.0000576

4  Write as an ordinary decimal number:

a
e

a
e

4 % 103 b 5x 102 ¢ 2.1x103 d 7.8 x10*
3.8 x 10° f 8.6 x 10! g 4.33 x 107 h 6x107

5 Write as an ordinary decimal number:
4 %1073 b 5x1072 ¢ 21x1073 d 7.8x107*
3.8 x107° f 8.6x107" g 4.33x1077 h 6x1077

6 Express the following quantities as ordinary decimal numbers:

® & aAn O

The wavelength of light is 9 x 107 m.
The estimated world population for the year 2000 was 6.130 x 10°.
The diameter of our galaxy, the Milky Way, is 1 x 10° light years.

The smallest viruses are 1 x 10~° mm in size.

The mass of a bee’s wing is 10~7 kg.
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=) Self Tutor

Simplify the following, giving your answer in scientific notation:
a (5x10% x (4 x 10%) b (8 x10%) + (2 x 10%)
a  (5x10% x (4% 10°) b (8x10°%) + (2 x10%)
=5 x4 x 10* x 10° ~ 8x10°
=20 x 10**° - 2x 103
_ 1 9
=2 X 1010X 10 RS 105_3
=2x10 2
=4 % 10?

7 Simplify the following, giving your answer in scientific notation:

a (3x10%) x (2x10%) b (5 x10%) x (7 x 10°)
¢ (5x10% x (6 x 10%) d (3x10%)?2

e (5x10%)? f (8x1072)?

g (8x10%) = (4 x 10?) h (8 x10%) = (2 x 10%)

SCIENTIFIC NOTATION ON A CALCULATOR

Scientific calculators can display very large and very small numbers using scientific notation.

If you perform the operation 2300000 x 400000 on your calculator, it will display

or |92E71| or something similar. This actually represents 9.2 x 1011,

Likewise, if you perform 0.0024 =~ 10000000 your calculator will display

or |2YE-I0| or something similar. This actually represents 2.4 x 10719,

2.4

g.2"

Numbers which are already represented in scientific notation can be entered into the calculator

using the or key.

For example, 4.022 x 10* can be entered as: 4.022 4 or 4.022 4

and will appear as | 4.022%| or |4.022E4 | on the display.
Likewise, 5.446 x 10~ '! can be entered as 5.446 11

or 5.446 11 and will appear as | 5.446"| or | 5.446E-11|.

) Self Tutor

Use your calculator to find:

a (1.42 x 10%) x (2.56 x 10®) b (4.75 x 107%) = (2.5 x 107)

a 142 4[x] 2.56 8 [=] Answer:  3.6352 x 1012
b 475 [ExP] 4[] [] 25[EXP] 7T[E]  Answer: 1.9x 10711
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EXERCISE 8E.2

1 Write each of the following as it would appear on the display of a calculator in scientific

notation:
a 1220000 b 0.0000464 c 1.26 x 1074
d 2.464 x 1010 e 21400000 f 0.000007 31

2 Calculate each of the following, giving your answer in scientific notation. The decimal
part should be written correct to 2 decimal places.

a 0.06 x 0.002 + 4000 b 426 x 760 x 42000 ¢ 627000 x 74000
d 320 x 600 x 51400 e 0.00428 + 120000 f 0.026 x 0.0042 x 0.08

3 Find, in scientific notation with decimal part correct to 2 places:

3.16 x 10710

5 4 —2)2

a (3.42 x 10°) x (4.8 x 10%) b (6.42 x 1077) 5 < 107
1

—4y . -6 3)3

d (9.8x107%) +(7.2x107°) e 8% 10° f (1.2 x107%)
4 If a missile travels at 5400 km per hour, how far will it travel in:

a 1day b 1 week ¢ 2 years?

Give your answers in scientific notation with decimal part correct to 2 places. Assume
that 1 year ~ 365.25 days.

5 Light travels at a speed of 3 x 10® metres per second. How far will light travel in:
a 1 minute b 1 day ¢ 1 year?

Give your answers in scientific notation with decimal part correct to 2 places.
Assume that 1 year ~ 365.25 days.

U7l SIGNIFICANT FIGURES

There are many occasions when it is sensible to give an approximate answer to an arithmetic
calculation.

For example, if we want to know how many people attended a football match, a figure of
32000 would be acceptable even though the exact number was 31 964.

Likewise, if a traffic survey showed that 1852 cars carried 4376 people, it would not be
sensible to give the average number of passengers per car as 2.362850972. An approximate
answer of 2.4 is more appropriate.

There is clearly a need to shorten or round off some numbers which have more figures in
them than are required.

We round off to a certain number of decimal places, or else to a certain number of significant
figures.
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THE PROCEDURE FOR ROUNDING OFF TO SIGNIFICANT FIGURES

To round off to n significant figures, look at the (n + 1)th digit from the left:

e ifitis 0, 1, 2, 3 or 4, do not change the nth figure,
e ifitis 5, 6,7, 8 or 9, increase the nth figure by 1.

Delete all figures after the nth figure, replacing by 0’s if necessary.

Converting to scientific notation provides us with a safe method of rounding off.

) Self Tutor

Write a 278463 correct to 3 significant figures
b 0.0076584 correct to 3 significant figures.

a 278463 = 2.78463 x 10°
~ 2.78 x 10° {4th figure is 4, so 3rd stays as an 8}
~ 278 000

b 0.0076584 = 7.6584 x 1073
A~ 7.66 x 1073 {4th figure is 8 and so 3rd goes up by 1}
~ 0.007 66

EXERCISE 8F

1 Write correct to 2 significant figures:

a 567 b 16342 ¢ 70.7 d 3.001 e 0.716

f 496 g 3.046 h 1760 i 0.0409 j 45600
2 Write correct to 3 significant figures:

a 43620 b 10076 ¢ 0.6

d 0.036821 e 0.3186 f 0.7196 [ A bar over a digit indicates

g 0.63 h 0.06371 i 18.997 airecumningideoimal

. 0.6 = 0.666 666 ....

] 256800 0.63 = 0.636 363 ......
3 Write correct to 4 significant figures:

a 28.0392 b 0.005362 ¢ 23683.9 d 42366709

e 0.038792 f 0.0063779 g 0.00089995 h 43.076 321

4 Consider the Opening Problem on page 174. Write the number of atoms in a kilogram
of gold in standard form with decimal part correct to 3 significant figures.

RUSSIAN PEASANT MULTIPLICATION

LINKS Areas of interaction:
click here Human ingenuity, Approaches to learning
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REVIEW SET 8A

1
2
3
4
5

Simplify using index laws: a 28 x 2® b (a*)? < Z—j
Express as powers of 3: a 32x33x3 b 337

Write in scientific notation: a 3762 b 0.0001043 ¢ 8.62
Simplify: a 6°4 6! 462 b 271+ (1)t ¢ (3

Simplify, giving your answer in scientific notation:
8.4 x 10*

4\3 —4 7
a (4x10% b 13 % 10=3 ¢ (2x107%) x (8 x10)
242\ °
Simplify: a 2u3 x 4z10 b <7£;>
Round these correct to 3 significant figures:
a 2.65831 b 0.000620435 € 227

a Write 34.7 x 107 in scientific notation.

b A planet travels 5.782 x 10® km in its orbit each day. How far will it travel in
800 years? Use 1 year ~ 365.25 days.

¢ A space craft travels 3.45 x 108 km in 5 x 103 hours. Find its speed.

REVIEW SET 8B

2
3
4
5

Simplify the following: a a'? + a3 b (223)° ¢ 6c3 x 7c¢°
Write as powers of 7: a1 b 7?x7
Write in scientific notation: a 0.00315 b 413200 ¢ 0.8904
Simplify: a (3)2 b 30371 ¢ —(—1)0
Simplify, giving your answers in scientific notation:

4.5 x 10*

—3\2 -3 7
a(8><10 ) bm C(4X10 )X(QX].O)
Simplify:

13 18 4o\ ?
a 4d™ x 5d b —3
Yy
Round these correct to 3 significant figures:
a 58.049991 b 0.008255 ¢ 3111

a Write 32 x 10~7 in scientific notation.
b On average a bank receives €4.578 x 107 per week. How much will it receive
in 20 years? Use 1 year ~ 365.25 days.

¢ A sub-atomic particle travels a distance of 5 x 10° cm in 8 x 1076 sec.
Find its speed.
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HISTORICAL NOTE

For many centuries people have used

right angled corners to construct buildings '
and to divide land into rectangular fields.

They have done this quite accurately by \

relatively simple means.

N

Over 3000 years ago the Egyptians knew that a triangle take hold of knofs at arrows

with sides in the ratio 3 : 4 : 5 was a right angled
triangle. They used a loop of rope with 12 knots T
equally spaced along it to make corners in their building

construction.
make rope taut

Around 500 BC, the Greek mathematician Pythagoras corner
found a rule which connects the lengths of the sides

of any right angled triangle. It is thought that he -— v

discovered the rule while studying tessellations of e @if @Te §Hd9 G i
tiles on bathroom floors. Such patterns, like the one
illustrated, were common on the walls and floors of
bathrooms in ancient Greece.

The discovery of Pythagoras’ Theorem led to the
discovery of a different type of number which does
not have a terminating or recurring decimal value, but which does have a distinct place
on the number line. These numbers are called surds and are irrational numbers.

OPENING PROBLEM

A building is on fire and the fire department are called. They need to
j E l evacuate people from the third floor and second floor windows with the
extension ladder attached to the back of the truck. The base of the ladder

is 2 m above the ground. The fully extended ladder is 25 m in length.

Consider the following questions:

a If the fire truck parks so the base of the
ladder is 7 m from the building, will it reach
the third floor window which is 26 m above
the ground?

b The second floor window is 22 m above the
ground. By how much should the ladder be
retracted so that it will just reach the second
floor window?

¢ If the ladder gets stuck in the fully extended position, how much further
should the fire truck move away from the building to just reach the second
floor window?
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I SQUARE ROOTS

We have seen previously that 5 x 5 can be written as 52, which we read as “five
squared”. We know that 52 = 25.

We say the square root of 25 is 5 and write /25 = 5.
Y is called the radical or square root sign. It reads “the square root of”.

Finding the square root of a number is the opposite of squaring a number.

To find the square root of 9, we need to find a positive number which when multiplied by
itself equals 9.

As 3x3=09, thenumberis3. So, +9=3.

e /a has meaning for a > 0, and is meaningless if a < 0.

e ./a is always either positive or zero, so /a > 0.

" Example 1 | ) Self Tutor

Evaluate, giving a reason: ~ a /49 b |, /llb,
a As 7x7=49, b As ixi=41,
0T /L =1
6~ 1

IRRATIONAL NUMBERS

Finding the square roots of square numbers such as 1, 4, 9, 25, 36, and 49 is relatively
easy. Other square roots such as /6 are more difficult to find.

What number multiplied by itself gives 62 We can use a calculator to find /6 by pressing
@ 6 E . We get the answer 2.449489 743, which is an approximation to the actual

value of v/6.

V/6 is an example of an irrational number, as it cannot be written as a fiaction of any two
integers.

Any number written with the radical sign ,/— is called a radical.
An irrational radical is called a surd.
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m ) Self Tutor V1T lies

) o ) between /9
Between which two consecutive integers does v/11 lie? and /16.

V9=3 and V16=4 and 9<11<16

V9 < V11 < /16
3<V1l<4

v/11 lies between 3 and 4.

m ) Self Tutor

Use your calculator to find /19 correct to 2 decimal places.

Caleulator: [y7] 19 [=] Display: |4.358898544
V19 ~ 4.36

EXERCISE 9A

1 Evaluate, giving a reason:

a V16 b /36 ¢ 64 d 144

e 81 f V121 g V4 h V1

R e K /3 e
2 Between which two consecutive integers do the following square roots lie?

a V3 b 6 ¢ V15 d V29

e 69 f 105 g VA4l h 57
3 Use your calculator to find, correct to 2 decimal places:

a V8 b V15 ¢ V24 d 67

e /83 f V111 g /140 h 200

i V314 i V004 ko3 | V729

510 RULES FOR SQUARE ROOTS

/2 has the property that (1/2)? = v/2v/2 = 2.
In fact, (v/a)? = /a/a = a for all positive numbers a.

In the following investigation we discover other properties of square roots or radicals.
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I PROPERTIES OF RADICALS
Jé’ Notice that (v/2v/3)? = v2v/3 x /23
- =2x3
=6

= (v6)® andso v2v3 =6
What to do:

1 Use the technique above to show that:

a V2y7=14 b V3/6=1V15 ¢ V3/7T=+21
i = \/6— @— results from 1 to find:
2 Since v2v3 = /6, E_ﬁ and \/g—\/ﬁ Use the Its fi 1 to find:
VA VA VB VE VI VA
V2 VT V3 V15 V3 VT

Give reasons for your answers.

3 What do you suggest that /av/b and % simplify to?

From the investigation above you should have discovered that:

for positive numbers a and b, vab = v/avb and \/§ = \/_E .
b Vb
Example 4 ) Self Tutor
Simplify: a +/3v5 b T ¢ (2v3)?
V3
1
NN b % ¢ (V32
=v3x5 =2v3x2V3
_ V15 8 —4x3
. = 12
— V6

RADICALS IN SIMPLEST FORM

Some radicals can be rewritten in a form so the number under the square root sign is smaller

than the original.
For example, +12=+/4 x3= V43 = 24/3.

If a radical is written so the number under the square root sign is as small
as possible, we say it is in simplest radical form.
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To write a radical in simplest form, look for the highest perfect square factor under the radical
sign.

|_Example 5

Write in simplest form: a /20 b 98
a V20 b V98
=4 x5 =49 x 2
= V45 = V492
=2V5 =7V2
EXERCISE 9B
1 Simplify:
a (v3)? b (VT7)? ¢ (V13)? d (v24)?
Vi | VI VI , VB
V7 V6 G Vi3
i (2v2)? i (3v5)? k (7v2)? I (2V7)?

2 o :
Write in simplest form Look for the highest

a V8 b V24 c /28 d /52 perfect square factor
. \/ﬁ p \/3_2 g \/2_7 h \/4_8 under the radical sign.
i VT2 i V50 k V125 I V63
m /80 n /200 o 75 p V112

OLVING EQUATIONS
OF THE FORM % =k

In the previous section we dealt with surds like /7.
Notice that /7T x+v7=7 and —VTx—-V7T=T {as negative x negative = positive}.

So, if we were asked to solve the equation x? = 7, it is clear that = could equal V7 or
—\/7. The squares of both of these numbers are 7.

We write the solutions as « = ++/7. This reads “plus or minus the square root of 7.
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If z2=4k where k>0, then z=+Vk.

VEk exists only when k£ > 0. If k£ < 0 then there are no solutions to the equation
2
¢ = k.

Example 6 =) Self Tutor If 22 = k where

k is greater than
. 2 _ 2 _ 2 _
Solve for x: a z°=4 b z<=11 € z°=-5 ero then there
are two solutions.
a z?2 =4
r=+V4
7 = 29 {r=2 or z=-2}
b =11
r==+V11 {r=+V11 or z=—V11}
¢ z2=-5
22 cannot be negative, so no solutions exist.

) Self Tutor

Solve for z: a z24+4=9 b 10+ z% =26
a z2+4=9 b 10+22=26
. z?2=5 sz =16
:c::I:\/E_) xzi\/ﬁ
. ap = agdl
EXERCISE 9C
1 Solve for z:
a 22=9 b 22=236 c 22=0 d z2 =100
e 22=13 f 22=29 g z2=32 h z2=49
i z2=—-4 j 22=-3 k z2=18 I 22=-26
2 Solve for x:
a 24+7=11 b z24+9=25 c z2+3=39
d 54+22=230 e 1+22=5 f 44+ 2%2=12

g 22+16=34 h 224+17=29 i 10+ 22 =50
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) Self Tutor

Solve forz: a 2x2=24 b 22+ (27)2=20
a 222=2 b 2°+(22) =20
2 =12 s x4+ 422 =20
z=+V12 o 5z? =20
T=+v4x3 ooozi=4
z =423 sz =1V4
" @ = 2eX
3 Solve for z:
a 3z?=27 b 222 =32 ¢ 4z% =100
d 22 +22=48 e z?2+22%2 =150 f 2%+ (22)% = 160

[[21 [ THE THEOREM OF PYTHAGORAS
A right angled triangle is a triangle which has a ©
right angle as one of its angles. Qo\é&
The side opposite the right angle is called the ) T
[]

hypotenuse and is the longest side of the triangle. \ other sides

Right angled triangles are frequently observed in real world situations. For example:

A A AN

ladder leaning support wires for in trusses for timbered
against a wall a mast or antenna roof structures

.. = = DISCOVERING THE THEOREM OF PYTHAGORAS

‘% What to do: '
\ri?/N 1 Draw a horizontal line of length 4 cm. ¢ Cm? 3cm
TR At right angles, draw a vertical line of ;

length 3 cm as shown: T 4om

2 Complete a right angled triangle by drawing in the hypotenuse. If the shorter sides
have lengths @ cm and b cm, then a = 3 and b = 4. Let the hypotenuse have
length ¢ cm. Measure the hypotenuse and find c.
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3 Copy and complete the table: a b c | a® | b | & |a®+b°
3 4 9
L Repeat the procedure ab9ve for a b B a2 b2 2 |a2+p2
three more right angled triangles. 5
The sides of length a and b are
specified in the table alongside: 5 12
4 7
5 Complete the table in 4. State any conclusions you draw from information in this

table.

6 Construct two more right angled triangles with lengths a and b of your choosing.
Does your conclusion hold for these triangles?

7 Click on the icon and further explore the lengths of sides of right angled PYTHAGORAS
triangles of any shape. SIMULATION

-« >
8 Discuss how a builder could use this discovery to measure right angles E )
in a building.

THE THEOREM OF PYTHAGORAS

In a right angled triangle with hypotenuse of

¢ a length ¢ and other sides of length a and b,

c2 = a? + b2

In geometric form, Pythagoras’ Theorem states:

In any right angled triangle, the area of the
square on the hypotenuse is equal to the sum

of the areas of the squares on the other two c ¢
sides. ¢
.
WORKSHEET Look back at the tile pattern b
(ﬁ’ on page 190. Can you see this b
figure in the pattern?

PRESIDENT GARFIELD’S DIAGRAM

Presidents of the United States are

&

D remembered for many different things. ¢
\3\&;N Prior to being President, James Garfield A
= used the diagram alongside to prove b
Pythagoras’ Theorem. When he stumbled on this proof “@1 x Y
he was so pleased he gave cigars out to his many
P b B a Q

friends.
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What to do:

1 Two identical right angled triangles, ABP and CQB, are placed on line (PBQ). What
can you deduce about ABC? Give all reasons.

2 Find the area of each triangle X, Y and Z.
Hence, express area X + area Y + area Z in simplest form.

3 The combined regions X, Y and Z form a trapezium. Find:

a
b
<

the average of the parallel sides
the distance between the parallel sides

the area of the trapezium in terms of a and b using the area of a trapezium
formula.

& Use the results of 2 and 3¢ to find a relationship between a, b and c.

PYTHAGORAS’' THEOREM
How did Pythagoras prove the theorem he discovered? PYTHAGORAS'
Algebra was probably not used as there is no evidence PROOF
it was invented until well after his lifetime. - ﬁ)

Try the CD link for a possible answer.

FINDING SIDES OF TRIANGLES USING PYTHAGORAS' THEOREM

Example 9 m
Find the length of the hypotenuse in the

given right angled triangle: J We reject the negative
Scm

answer as the length of
a side must be a
positive number!

12 cm

X cm ’_I s 22=144+25
5 cm

Let the hypotenuse have length = cm.
z? =122 4 52 {Pythagoras}

22 =169

12 cm . o =+v169

r =13 {as = >0}
The hypotenuse has length 13 cm.
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EXERCISE 9D

1 Find the length of the hypotenuse in each of the following right angled triangles. Leave
your answers in simplest radical form.

a 3 cm b

4 cm 4m’J

C
3cm’J
d e f
6 cm 3cm 2m
5cm

8 cm

7m 10 cm

Example 10 ) Self Tutor

A right angled triangle has hypotenuse of length 6 cm and one other side of length
3 cm. Determine the length of the third side to the nearest millimetre.

Let the third side have length x cm.

X cm
z? + 3% = 6° {Pythagoras}
3em s ¥ +9=236
6 em .oa? =21

z=+v27 (or +3V3)
r=+v27 {as x>0}

Thus the third side has length ~ 5.2 cm.

2 Find the lengths of the unknown sides of the following right angled triangles. Leave
your answers in simplest radical form.

a 8m b <
O
8 km
1 cm 5cm
10 m
L[
5cm

5 km
4 km
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|_Example 11

Find the value of y in the following triangles:
Make sure you
a b identify the
hypotenuse.
y
V3 { ;
V13
3

a y? =324+ (v/5)> {Pythagoras} b y? + 22 = (V13)2

v =9+5 S yP+4=13

y? = 14 oyt =

y =414 oy =+V9
y=+14 {asy is positive} . y=3 {asy is positive}
3 Find the value of y in the following triangles:
a 5 b e c
V2 L VIT J7
y
Vs v
L O
y
d e y f
—
y
\/z L
4
4 V17 B V2

|_Example 12 ) Self Tutor

Find the unknown lengths:

2

r? =32 + 22 {Pythagoras}

3\ ?=9+4
2 _
z° =13
x =13 {as z is positive}
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’ y? + (\/ 3)% = {Pythagoras}
y* + 13 = 25
5 y =12
J3 oo y=vV12 {as y is positive}
y=2v3
4  Find the unknown lengths:
a 1 b <
5
[T : y
2| \' Y v ’ x
1 1 )

1 e 8 — %] 6

d e f

9 z
L]
7 y
i
e 15— :
S h 4 i
2

W
W

LOCATING RADICALS ON A NUMBER LINE

z
z

What to do:
/N 1 On a number line mark the position 3.

)

4

[/

R

2 At 3 construct a right angle and draw
a side of length 2 units.

3 Complete the triangle. By Pythagoras’ :
Theorem, the length of the hypotenuse
13 units. L — Ly
0 1 2 3
V13~ 3.6

=

With compass point at O, and radius equal to the
length of the hypotenuse, draw an arc to cut the number line at +/13.
Estimate the value of v/13 as accurately as you can.

5 Repeat the above procedure for: a V5 b 17 c V29 d V45
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THE CONVERSE OF
HAGORAS' THEOREM

If we are given the lengths of three sides of a triangle, the converse of Pythagoras’ Theorem

gives us a simple test to determine whether the triangle is right angled.

THE CONVERSE THEOREM

If a triangle has sides of length a, b and c units where a? + b = 2,

then the triangle is right angled.

Example 13

Is the triangle with sides 8 cm, 9 cm and 12 cm right angled?

PYTHAGORAS
SIMULATION

=

The hypotenuse
would be the

8 cm 9 9
Now &8“+9° =64+ 81 = 145
12 whereas 122 = 144
cm
9cm - 82492 £122

the triangle is not right angled.

The two shorter sides have lengths 8 cm and 9 cm.

longest side!

EXERCISE 9E

1 The following figures are not drawn to scale. Which of the triangles
are right angled?

1

a b C
4 13
3
2 2
3
5
d 12 € f 17
3
7 Y 8 15
14 :

The right angle
must be opposite

the hypotenuse or
longest side.

2 The following figures are not drawn to scale. Which of the triangles are right angled?

If it exists, indicate which angle is the right angle.

a B b c
2
V3 1 /A V3
M
A 7 C . V2 Q

S

V8
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d
A 2\/5 cm

e p f 7
C
3 cm ﬁcm Q
X Y
2/3m R 5/3m
B

07| PYTHAGOREAN TRIPLES

The simplest right angled triangle with sides of integer
length is the 3-4-5 triangle. The numbers 3, 4 and 5 5 ;
satisfy the rule 3% 4 42 = 52,

4

The set of numbers {3, 4, 5} is called a Pythagorean triple since it obeys the rule
a®? 4+ b% =c? where a, b and c are integers.

Some other examples are: {5, 12, 13}, {7, 24, 25}, {8, 15, 17}.

We have seen that the ancient Egyptians used the 3-4-5 triangle when building. However,
long before this, the Babylonians discovered a way of finding Pythagorean triples. A long
list of them is given on the Plimpton 322, a clay tablet dating from almost 2000 years BC.

=) Self Tutor

Which of the following sets of numbers form Pythagorean triples?
a {3,7,9} b {14, 48, 50} c¢ {75, 10, 12.5}

Let ‘c’ be
the largest
number!

a 32+7=9+49=58 and 9> =381
{3, 7,9} is not a Pythagorean triple.

b 142 4482 =196 + 2304 = 2500 and 502 = 2500
142 + 48% = 50?
{14, 48, 50} is a Pythagorean triple.

c¢ {7.5, 10, 12.5} is not a Pythagorean triple as these numbers are not all integers.

You will see in the following exercise how Pythagorean triples can be generated using
multiples.

EXERCISE 9F
1 Determine, giving reasons, which of the following are Pythagorean triples:
a {10, 24, 26} b {4.5,6, 7.5} c {17, 19, 25}
d {12, 16, 20} e {11, 60, 61} f {23, 36, 45}
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Show that {3, 4, 5} is a Pythagorean triple.
Is {6, 8,10} a Pythagorean triple?

Write 6:8:10 as aratio in simplest form.

Is {9, 12, 15} a Pythagorean triple?

Write 9:12:15 as a ratio in simplest form.

- 0 O an O o

Using your observations above, find x if {18, 24, x} is a Pythagorean triple.

3 If k>0 and a, b and c are the sides of a right
angled triangle as shown, show that any triangle with ¢ b
sides ka, kb and kc must also be right angled.

a

m ) Self Tutor

Use multiples and the right angled triangle 13
opposite to find the values of the unknowns .
in the following triangles: B
a b 120
26
10
v 50
X
X2 x10
— —
a 5:12:13=10:2:26 b 5:12:13=50:120:y
= B
X2 x10
r=12x 2 oo y=13x10
=24 o y=130

4 Use multiples and the right angled triangle
opposite to find the values of the unknowns 3
in the following triangles:

4
a b X < d 5
X 30
6
25 X
8 X
5 Use multiples and the right angled triangle

opposite to find the values of the unknowns 1 V2
in the following triangles:

a b < d
/\ w3 10& V2 .
X
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) Self Tutor

Find k if {10, k, 26} is a Pythagorean triple.

Now, 102+ k% = 262
k? =262 — 102 = 576
k= +/576 = +24
But £ >0, so k= 24.

6 Find k given that the following are Pythagorean triples:
a {9, k, 15} b {8, 15, k} c {k, 24, 26} d {11, k, 61}

PROBLEM SOLVING
USING PYTHAGORAS

Right angled triangles occur in many practical problems. In these situations we can apply
Pythagoras’ Theorem to help find unknown side lengths.

The problem solving approach involves the following steps:

Step 1: Draw a neat, clear diagram of the situation.

Step 2:  Mark known lengths and right angles on the diagram.

Step 3:  Use a symbol such as x to represent the unknown length.
Step 4:  Write down Pythagoras’ Theorem for the given information.
Step 5:  Solve the equation.

Step 6:  Where necessary, write your answer in sentence form.

The following special geometrical figures contain right angled triangles:

In a rectangle, right angles exist between

0@\ adjacent sides.
S Construct a diagonal to form a right angled
rectangle = triangle.
In a square and a rhombus, the diagonals
bisect each other at right angles.
square rhombus

In an isosceles triangle and an equilateral
triangle, the altitude bisects the base at
right angles.

isosceles triangle equilateral triangle
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|_Example 17 ) Self Tutor

Determine, to the nearest centimetre, the length of the diagonal support of a rectangular
gate 3 m by 5 m.

Let the diagonal support have length x m.

S5m
i Now =2 =3%+5% {Pythagoras}
> =9+25
xm e o2t =34
r =134 {as z is positive}

the support is v/34 ~ 5.83 m long.

EXERCISE 9G
1 Consider the diagonal of a 6 cm by 9 cm rectangle. Find the diagonal’s length:

a in radical form b to the nearest mm.

2 Find the length of the diagonal of a square with sides of length 4.2 cm. Give your answer
in radical form and also as a decimal to the nearest mm.

3 What is the longest length of iron rod which can be placed flat across the diagonal of
the 3 m by 2 m floor of a garden shed?

4 A rhombus has diagonals of length 4 cm and 6 cm. Find its perimeter. C

5 Three roads [AB], [BC] and [CA] form a right 7 km
angled triangle. AC is 7 km and BC is 4 km. Qi 4 km
rides his bicycle from A to B to C. What extra
distance does he travel compared with going
directly from A to C?

A B
1st base

6 A baseball ‘diamond’ is a square whose sides

) 1 2nd base Home
are 27 m long. Find, to the nearest 75 metre,

the distance from the home plate to second base.
3rd base

=) Self Tutor

An 8 m long ladder has its feet placed 3 m out from a vertical wall. How far up the
wall will the ladder reach (to the nearest cm)?

Let x m be the height up the wall.
z? +3% =8>  {Pythagoras}
2’ +9 =64
z® =55
x =+/55 {as z is positive}

i . the ladder reaches v/55 ~ 7.42 m up the wall.
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10

1

12

A 6 m ladder rests against a vertical wall at a point 4.9 m above the ground. Find the
distance of the feet of the ladder from the base of the wall (to the nearest cm).

Answer the questions posed in the Opening Problem on page 190.

A cyclist rides 8 km due west and then
10 km due north. How far is she from her
starting point?
A runner is 22 km east and 15 km south of
his starting point.

a How far is he in a direct line from his

starting point?
b How long would it take him to return

to his starting point in a direct line if
he can run at 10 km per hour?

Two ships B and C leave a port A at the same time. B travels due west at a constant
speed of 16 km per hour. C travels due south at a constant speed of 18 km per hour.

a How far have B and C each travelled after two hours?
b Find the distance between them after 2 hours.

A giant radio mast is held to the ground by 8

wires, 4 of which are illustrated. The other I
wires are fixed in the same positions on the 45m
other sides of the mast. If the wires have to be 4
replaced, what length of wire must be Q0m
purchased? =30 m—»le—30 m—»

An equilateral triangle has sides of length 8 cm. Find its height to the nearest mm.

We draw an h% + 42 =82 {Pythagoras}
altitude 8 cm . h®+16=64
which bisects - R2—48
the base. = ) o
4 cm o, h=+v48 {as h is positive}

*. the height of the triangle ~ 6.9 cm

13
14

15

Find the height of an equilateral triangle with sides of length 6 cm.

An isosceles triangle has equal sides measuring 5 cm and a base which is 6 cm long.
a Find the length of the altitude of the triangle from the apex to the base.
b Hence, find the area of the triangle.

A cone has slant height 17 cm and base radius 8 cm.
a Determine the height of the cone. 17cm

Lar2h. O

b Find the volume of the cone using the formula V e = 3
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) Self Tutor

A square has diagonals of length 10 cm. Find the length of a side to the nearest mm.
Let the sides have length x cm. o z2? 4 2? =102 {Pythagoras}
' 22% =100
z? =50
+ xcm . _ . ..
loem |7 . x=+50 {as z is positive}
I .. the lengths are /50 ~ 7.1 cm.

16 A square has diagonals of length 12 cm. Find its perimeter.

17 A log is 40 cm in diameter. Find the dimensions of
end the largest square section beam which can be cut from

the log.

18 The longer side of a rectangle is four times the length of the shorter side. If the diagonal
is 17 cm long, find the dimensions of the rectangle.

19 An equilateral triangle has an altitude of length 10 cm. Find the length of a side.

20 An equilateral triangle has sides of length 10 cm. Find its area.

21 A B ABCD is a rectangular garden plot.
7m 5m P is a garden water tap.
Find the distance from the tap to
P corner C.
8m
D C

ENSIONAL PROBLEMS
(EXTENSION)

Pythagoras’ Theorem is often used twice to solve problems involving three dimensions.
We look for right angled triangles for which two sides have known length.

A room has floor dimensions 5 m by 4 m. The height of the room is 3 m. Find the
distance from a corner point on the floor to the opposite corner point on the ceiling.
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A The required distance is AD. We join [BD].
5 In ABCD, z? =42 + 52 {Pythagoras}

- - In AABD, 32 = 2?4 3°

Bh < y? 2 2
4m. " = (42+5%)+3
rmo 2 =16+25+9

y =50 {as y is positive}
the required distance is v/50 ~ 7.07 m

EXERCISE 9H

1 A cube has sides of length 1 cm. A
Find the length of a diagonal of the cube.

diagonal

2 A room is 4 m by 3 m and has a height of 3 m. Find the distance from a corner point
on the floor to the opposite corner of the ceiling.

3 A rectangular box has internal dimensions 5 cm by 3 cm by 1 cm.
Find the length of the longest matchstick that can be placed within
the box.

4 ABCDE is a square-based pyramid. The apex of the
pyramid E is directly above M, the point of intersection
of [AC] and [BD]. If all edges of the pyramid have the
same length of 10 cm, find the height of the pyramid to /
the nearest mm. AL

N CUBE ROOTS

We have seen previously that 2 x 2 X 2 can be written as 23, which we read as ‘2 cubed’.
We know that 23 = 8.

We say that the cube root of 8 is 2, and write /8 = 2.

v is called the cube root sign. It reads “the cube root of”.
Finding the cube root of a number is the opposite of cubing the number or writing the number
to the power 3.

To find the cube root of 27, we need to find the number which when multiplied by itself three
times, gives 27.

As 3 x 3 x 3 =27, the number is 3. So v27=3

We can also find the cube root of a negative number.

As —3x —3x —3=-27, /=27 = 3.
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Finding the cube roots of cubes such as 1, 8, 27, 64, and 125 is easy, but other cube roots
such as /20 are more difficult to find and we use a calculator.

|_Example 22

Evaluate, giving a reason: a /216 b -64

a As 6 x6x6=216, b As —4x —4x —4=—-64,
/216 = 6. V/—64 = —4.

|_Example 23 ) Self Tutor

Use a calculator to evaluate the following, correct to 3 decimal places:

a 21 b /-85
a Press 21E Answer: 2.759

b Press -] 85 D] [=] Answer:  —4.397

We can use cube roots to solve equations of the form z3 = k.

If 23=k, then z= Vk.

) Self Tutor

Solve for x: a z3=512 b z24+1=0 ¢ z3=145

a z3 =512 b 23+1=0
z = v/512 st =-1
r=8 {as 8 =512} ox=+v/-1

z=—1 {as (—1)3 =-1}

c 2% =45
x = V45
z = 3.56 {using a calculator}

EXERCISE 91
1 Evaluate:
a 1 b /-1 ¢ /-8 d /64 e /216
f J125 g J-125 h /1000 i /—1000 j /343

2 Use your calculator to find, correct to 2 decimal places:

a 4 b V20 ¢ /=100 d /250 e /=2000
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3 Solve for z:
a 3=38 b 234+125=0 c 25—-64=0 d 285=0
e z3=-27 f 234+1=0 g z3=1000000 h 2% =-729

L Use a calculator to solve for x:
a z2="70 b 23 =256 ¢ z34+49=0 d z2-900=0

5 A cube has volume 300 cm?®. What is the length of one edge?

CREATE YOUR OWN PYRAMIDS

LS Areas of interaction:

click here Human ingenuity, Approaches to learning

REVIEW SET 9A

1 Solve for z: a 22=-14 b 22=23 ¢ 3+22=11

V50
V2

3 Write in simplest radical form: a 18 b 288

2 Simplify: a (V11)2 b (2v3)2 ¢ d 27

4 Find the perimeter of a rectangle which has an 8 cm diagonal and one side of length
5 cm.

5 An isosceles triangle has height 12 cm and equal sides of length 13 cm. Find the
length of the base.

6 Find the exact value of « in the following:

a b c
3x cm
X cm 8 cm
7 cm 4 cm
X cm
10 cm
11 cm X cm
7 The following triangles a b

are not drawn to scale. 5 om 12x cm
Explain, with reasons, 6 cm
whether either triangle is Sy om 1% @i

7 cm

right angled.
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A ladder of length 6 m leans against a vertical wall. If the top of the ladder reaches
5 m up the wall, find the distance of the feet of the ladder from the wall. Give your
answer to the nearest centimetre.

A rhombus has sides of length 10 cm. One of its diagonals is twice as long as the
other. Find the length of the shorter diagonal to the nearest mm.

REVIEW SET 9B

1 Solveforz: a 22=49 b 222=26 ¢ 22+5=17
2 2 V48
iy 1 1
3 Write /50 in simplest form.
& Solve for x: 3+ 125 =0
5 Find the exact value of z in the following:
a b ;
X cm 4x cm
X cm
4 cm
10 cm |J L L‘ 3x cm
13 cm Sx cm
7 cm
6 The following triangles a 30 cm b 13 em
are not drawn to scale.
Explain, with reasons, 24 cm Lt e
whether either triangle is 18 cm 17cm
right angled.
7 A cone has slant height 8 cm and base diameter 6 cm. Find the height of the cone.
8 Jason travels from A for 5 km due north and then 7 km due west to B. He then
travels back directly from B to A. Find the total length of Jason’s journey.
9 Find the length of the longest steel rod which could fit into a cardboard carton of
dimensions 1.2 m by 0.8 m by 0.6 m.
10 A 4.5 m long pipe rests against a 2 m high

tank. One end of the pipe is on the ground
3 m from the base of the tank. How much
of the pipe overhangs the tank?
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Many people such as builders, engineers, architects, landscapers and surveyors rely on accurate
measurement of lengths and areas to carry out their jobs.

OPENING PROBLEM

Sandy agrees to build a children’s sandpit for the local kindergarten. Its
i | ' sides and base will be made of wood, and it will be 5 m long, 3 m wide
and 30 cm high.

Consider the following questions:

1 What length of 30 cm wide board is Q
needed to make the border or perimeter = —e N
of the sandpit? &z, m

Sm

L),

2 What area of wood is needed to make the
base of the sandpit?

3 What is the total surface area of wood needed to build the sandpit?

" LENGTHS AND PERIMETERS

A length is a measure of the distance between two points.

The metre (m) is the base unit for length in the
metric system.

When the metric system was being developed
in 18th century France, the metre was defined
as one ten-millionth of the distance from the
North Pole to the equator through Paris.

Since 1983, the metre has been defined as the
distance light travels in a vacuum in

1
299792 458
of a second.

From the metre, other units of length have been devised to handle smaller or larger distances.
Millimetres (mm), centimetres (cm) and kilometres (km) are commonly used.

1 kilometre (km) = 1000 metres (m) is 2% times around an athletics track.
1 metre (m) = 100 cm (cm) is about an adult’s stride length.
1 centimetre (cm) = 10 millimetres (mm) is about the width of a fingernail.

The ability to estimate lengths and use appropriate
units to describe them are important skills.
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CONVERTING UNITS

To convert units of length, a conversion diagram can be used.

/xIOOO\/XIOO\/ \

\ /\+100/\+10/

+1000

X10

When converting from larger units to smaller units, we multiply by the conversion factor.

When converting from smaller units to larger units, we divide by the conversion factor.

_Example 1|

Convert:
a 200 cm to m b 25 km to m
a 200 cm b 25 km
=200 = 100 m = 25 x 1000 m
=2m = 25000 m

EXERCISE 10A.1

1 What unit would you use to measure:

a the distance between two towns b the length of a basketball court
¢ the length of a plane d the diameter of a drink can
e the length of a tooth pick f the width of a coin?

2 Choose the correct answer.
a The width of a road would be:

A 5cm B 5m € 50m D 500 mm
b The length of a bee would be:

A 14 km B 140 cm C 14 mm D 1400 m
¢ The distance from New York to Seattle would be:

A 39000 m B 390 cm C 39 mm D 3900 km

3 Estimate the following lengths, in the units given, then check your estimates by

measuring:
a the length of your pen (mm) b the width of your exercise book (mm)
¢ the height of your desk (cm) d the length of the whiteboard (cm)
e the height of your teacher (m) f the length of a soccer oval (m).
4 Convert:
a 15 kmtom b 240 mm to cm ¢ 32mtocm

d 4.5 mto mm e 4320 m to km f 384 cm to km
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5 A giant squid was caught and stretched from tentacle to tentacle. It measured 9625 mm.
Find its length in:

a centimetres b metres.

6 A submarine dived to a depth of 635600 cm.
What is this depth in:

a metres b kilometres?

PERIMETER

The perimeter of a closed figure is the total length around its boundary.

The following perimeter formulae are for commonly occurring shapes:

PERIMETER FORMULAE
s square rectangle w a b
triangle
/ c
P = 4s P =2(l4 w) P=a+b+c
Example 2 o) Self Tutor
Find the perimeter of:
a 20 m =
3m
10 m 6 cm
13 m
3m
6m 8 cm

a Perimeter

=10+20+3+13+3+6m

=55 m
b z? =62 4 82 {Pythagoras}

z? = 36 + 64
6 cm X cm IQ =100
. x=+v/100=10 {asz >0}
perimeter = 6 + 8 + 10 cm
8 cm
=24 cm
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EXERCISE 10A.2

1 Find the perimeter of the following:

b

7 cm

12 cm

10 cm

2 A farmer decides to fence a 400 m by 350 m field with a 4-strand wire fence. Find:

a the perimeter of the field
b the total length of wire required

¢ the total cost of wire required if a single
strand of wire costs 12.4 cents per metre.

N [—_—

7

e 3 -

Boxes containing computers are fastened with

e
three pieces of tape, as shown.
Each piece of tape is overlapped 5 cm at the join.
20em | e 40cm  Calculate the total length of tape required for 20
45 om boxes.
Kim decides to get fit by running laps of a nearby m
shopping complex. Its dimensions are shown in 400 m
the diagram alongside.
How many laps does he have to run if he wants
to run 13 km in total? = . 300 m
70b m
| Example 3 | =) Self Tutor
Find the perimeter P of:
a b
(x+3) cm F(x+1)cm
(x—1)cm (2x:3) cm
a P = two lots of (z + 3) + one lot of (z — 1)
P=2(z+3)+(z—-1)
P=2x+6+x—1
P=3z+5cm
b P = two lots of (x + 1) + two lots of (22 — 3)
P=2(z+1)+ 22z —3)
P=2z+2+4z—6
P =6x—4cm
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5 Find the perimeter P of the following given all sides are measured in cm:

a b C
x+2
2x—1 square | x+4
X
2x+1

d e f x+3

x+2 t
rectangle 2x X | . |
2x—1 T T+l
x+3 #
g h i

a a+2

y (a+2)
a
C b a
3a

1| CIRCUMFERENCE OF A CIRCLE

The diameter of a circle is the distance across the circle measured through its centre.

The circumference of a circle is the perimeter or length around its boundary.

The following investigation should enable you to find the relationship between the
circumference and diameter of any circle.

INVESTIGATION CIRCUMFERENCE

A~
* You will need:
>

4
'%@ some cylinders such as soft drink cans, a toilet roll, and
a piece of pipe, two set squares, a ruler and a pencil.

What to do: }
diameter
Step 1: Measure the diameter d of one object
using the two set squares as shown.
The distance between the two marks A & B
is the diameter of your object.

mgrk 1 mg.rk 2

Step 2:  Mark a point on the circumference of your object and then roll it along a flat
surface for one complete revolution as shown. The distance between the two
marks is the circumference or distance around the perimeter of your object.
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{ ) direction
mark on circle ——— ¥ C } ~— mark on circle
mark 1 on floor mark 2 on floor

Step 3:  Copy the table below and fill it in with measurements from your objects.

Circumference
Circular object | Circumference | Diameter | ——————
Diameter

Step 4:  Compare your results with those of other students. What do you notice?

It has been known for thousands of years that whenever the circumference of a circle is
divided by its diameter the answer is always the same. You should have found this in the
investigation above, allowing for slight inaccuracies in measurements.

i f
The actual value for m for any circle lies between 3.14 and 3.15.
diameter

The exact value is symbolised by the Greek letter 7 known as “pi’.

) circumference
For any circle, ———— =«
diameter
and so circumference = 7 x diameter or C =7 X d.
Since the diameter of the circle is twice the length of its radius, we can also write

circumference =7 x 2 xradius or C=2Xm Xr.

C = wd  where d is the diameter of the circle and C' is its circumference.

C = 27r where r is the radius of the circle.

The exact value for 7 cannot be written down because it is a decimal number which neither
terminates (stops) nor recurs. It cannot even be expressed as a fraction. The value of =
correct to 36 decimal places is

T~ 3.141 592 653 589 793 238 462 643 383 279 502 884 .

In practice we use 7 = 3.14 which is correct to 3 significant figures, or else use the

key on our calculator.
When using a calculator, we round off the final answer only.

) Self Tutor

Use m = 3.14 to find the circumference of a circle with:

a diameter 20 cm b radius 3.6 cm

a C=xd b C=2nr
~ 3.14 x 20 cm ~2x3.14 x 3.6 cm
~ 62.8 cm ~ 22.6 cm

The circumference is 62.8 cm. The circumference is 22.6 cm.
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|_Example 5

Using your calculator, find the circumference of a circle of radius 2.5 m.
Give your answer correct to 2 decimal places.

C'=27r
=2XmTX25m

~ 15.71 m Calculator: 2 2.5E

So, the circumference is 15.71 m (approx).

EXERCISE 10B

1 Use m~3.14 to find the circumference of:
a l b I < I
2 Using your calculator, find correct to 2 decimal places the circumference of a circle with:

a radius 4 cm b diameter 18 m ¢ radius 7.2 km.

3 A cylindrical water tower has a base diameter of 7 m. Find the circumference of the
base.

4 A circular flower bed has a radius of 2.5 m. Find the perimeter of the flower bed.
5 A bicycle wheel has radius 40 cm.
a Find the circumference of the wheel.

b How many kilometres would be travelled if the wheel rotates 10 000 times?
¢ How many times does the wheel rotate if the bicycle is ridden 10 km?

=) Self Tutor
O

Find the perimeter of the door, giving your
answer correct to 1 decimal place.

150 cm

80 cm

Perimeter = 150 + 150 + 80 + the semi-circle
P =380+ 3(27r) {half the circumference of the circle}
P=380+m x40 cm  {as the diameter is 80 cm}
P =~ 505.7 cm
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6 Find the perimeter, correct to 2 decimal places, of:

| N
8 cm 4 cm
10 cm
6 cm
d e f
60 m
fe«— 80 m —*
10 cm
g h i

# D

/__

L6 cm /

T I4 cm L J
18 cm

7 The minute hand of a clock is 8 cm long. How far does the tip travel between 2.00 pm

and 2.45 pm?

8 Which is the shorter path from A to
B: around the 2 smaller semi-circles
or around the large semi-circle?

N

g

of 30.5 m.

Find, correct to 2 decimal places, the radius of a circular pond which has a circumference

o) Self Tutor

Using C = 2xar

30.5 = 27r
30.5 ,
om

So, the radius is about 4.85 m.

r~4.85 {Calculator: 30.5 =] 2 =]}




222  LENGTH AND AREA (Chapter 10)

9 A machine makes circular paper plates which
have circumference 50 cm. Find the diameter
of a plate correct to the nearest mm.

10 A bicycle wheel has diameter 0.6 m.
a Find the circumference of the wheel to the nearest mm.
b Through how many revolutions must the wheel turn during a 100 km trip?

11 A satellite has a circular orbit 800 km above the earth’s equator. The radius of the earth
is 6400 km and the satellite must complete exactly 14 orbits in one day.

a Find the circumference of the satellite’s orbit to the nearest km.
b At what speed is the satellite moving?

) Self Tutor

Find a formula for the /_\
perimeter P of:

-]

]

A B

Now P = AB + 2(BC) + semi-circle length
. P =2r+ 2z + $(full circumference)
P =2r + 2z + (2nr)
P =2r+2z+nr

12 Find a formula for the perimeter P of:
a b C
‘ xXm r
d e /_\ f

X

HISTORICAL NOTE THE HISTORY OF PI

2000 BC Babylonians used 7 ~ 3%.
m 1000 BC Use of m ~ 3 in the Bible (1 Kings 7:23).

250 BC Archimedes found 7 to lie between 31¢ and 31.
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1579 Viete calculated 7 to 9 decimal places.

1665 Sir Isaac Newton calculated 7 to 16 decimal places.

1706 The Greek letter 7w or ‘pi” was first used.

1949 The ENIAC computer took 70 hours to calculate 7 to over 2000 decimal places.

1984 A computer in Japan was used to calculate 7 to 16 million decimal places!

ACTIVITY 1

A trundle wheel is an instrument

used for measuring distances.

It consists of a wheel on a handle
2 and a device which counts the

number of revolutions of the wheel.

What to do:

1 Obtain a trundle wheel of circumference 1 metre. Find the radius of the wheel using
the formula C = 27r.

2 Use your trundle wheel to make measurements around your school, such as the
distance around the oval, the length of a school building, the length of a tennis court,
the perimeter of a tennis court, or the length of the fence around the school.

3 Find the error in your measurement of a kilometre if your trundle wheel has a radius
which is too small by: a lcm b 1 mm.

Cl AREA

Around your school, you can see many surfaces such as walls, ceilings, paths and ovals. All
of these surfaces are enclosed within boundaries that help to define the surface.

Area is the amount of surface inside a two-dimensional shape.

We use areas in many aspects of life. For example, when buying land or a house we describe
its size by its area.

Descriptions on cans of paint and bottles of weed killer refer to the area they can cover.

The area of the surface of a closed figure is measured in terms of
the number of square units it encloses.

The units of measurement of area are:

e square millimetres (mm?)
. 2 «— 1 mm?
e square centimetres (cm*)
e square metres (m?)
hect h
e hectares '( a) | om?
e square kilometres (km?).
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CONVERTING AREA UNITS

The square alongside has an area of 1 cm?.

1 cm

However, we could also give the lengths on the square in mm.

It is easier to

Thus, the area is also 10 mm x 10 mm = 100 mm? 10 mm
convert the

units of length
before the
area is calculated!

2

So, to convert cm? into mm?, we need to multiply by 102 = 100.

The relationships between the units of area are shown below:

1 cm? = 10 mm x 10 mm = 100 mm?
1m2 =100 cm x 100 cm = 10000 ¢cm?
1 ha =100 m x 100 m = 10000 m?

1 km? = 1000 m x 1000 m = 1000000 m?

To convert units of length, we can use a conversion diagram:

/ X100 \ /><10000 \ /xIOOOO \ / X100 \
km? cm? mm?
\+100 / \+10000/ \+10000/ \+100 /

When converting from larger units to smaller units, we multiply by the conversion factor.

When converting from smaller units to larger units, we divide by the conversion factor.

) Self Tutor

Convert:
a 250 mm? to cm? b 8 m? to cm? ¢ 3.5 ha to m2
a 250 mm? b 8 m? < 3.5 ha to m?
= (250 = 10?) cm? = (8 x 100%) cm? = (3.5 x 10000) m?
= 250 =+ 100 cm? =8 x 10000 cm? = 35000 m?
=25 cm? = 80000 cm?
10000 m? in

1 hectare!
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EXERCISE 10C.1

1 What units of area would be most suitable to measure the following areas:

a the floor space in a classroom b a horse’s hoof

¢ a fingernail d barley grown on a farm

e a soccer pitch f Liechtenstein?

2 Convert:
a 235 m?2 to cm? b 36.5 ha to m2 ¢ 3280 mm? to cm?
d 3654200 cm? to m? e 782000 m? to ha f 8.8 cm? to mm?

g 5km? to ha h 3000 ha to km? i 50 km? to m?

AREA FORMULAE

The following area formulae have been used previously:

RECTANGLES
width
length Area = length X width
TRIANGLES
height
base base base
COMPUTER

Area = % (base X height) ({%)

PARALLELOGRAMS

height COMPUTER
o l Area = base X height DEMO

-« >
base 1 ;
TRAPEZIA a

- S~ —

b
The average of the lengths the distance between COMPUTER
Area = . . DEMO
of the two parallel sides the parallel sides

-« >
b I?
or Area:(%)xh
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) Self Tutor

Find the area of:
a b C
T 11 m
: S5m 5cm / g 4‘m
: . ' X f
12 m 10 cm 16 m
a Area b Area C Area
= 1base x height = base x height B (a + b) o
_1 =10x5 S\ 2
=5x12x5 0o
— 30 m2 = :(11+16)X4
= 54 m>

EXERCISE 10C.2

1 Find the area of the shaded region:

a b
T32m + + 6cm
ml ml ;
9 cm
d e
4 cm 5cm
g h i
T 11.2 cm
/ l
10m 8 em 6 cm 6.cm
. n_,
12m ‘ 5cm 12.8 cm

A farmer wishes to seed and fertilise a 1200 m by 750 m
paddock. If it costs $35.80 per hectare to perform this task,
how much will it cost in total?
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Area of paddock = length x width
= 1200 x 750 m?
_ 1200 x 750 ha

10000

=90 ha

total cost = 90 x $35.80
= $3222.00

2 A school yard has dimensions 320 metres by 156 metres. It is completely surrounded
by a wall that is 1.6 metres high. Both sides of the wall and the gates are to be painted.
Find the total area to be painted.

3 Anya’s farm measures 800 metres by 1.2 km. If 36 hectares are sown with wheat, find
the percentage of her farm that is sown with wheat.

4 A square paving brick has an area of 225 cm?. If each brick fits tightly in place, how
many bricks are needed to pave a path 1.2 m by 12 m?

5 Find the area A of the following shaded regions if all measurements are in cm:

a b <
6x 2a
x + 10 4a‘
INVESTIGATI( THE SHADEHOUSE

Jy You wish to build a shadehouse against
QN an existing brick wall. The structure is to
be made from square section metal and is
to be covered with dark green shadecloth.
The tubing costs $3.95 per metre and the shadecloth
comes in 3 m wide strips which cost $6.50 per metre.

What to do:

@ o |o ~ of |o @ o
1 Find the total length of tubing 1 1 o
-

required and hence its cost. “4way’

‘corner’

»

Find the length of cloth required and hence its cost.

Find the total cost of all joiners if corner joiners cost $5.00 each, T joiners cost $3.50
each, and 4-way joiners cost $6.50 each.

& The floor of the shadehouse is to be covered with clay-brick pavers which can be
purchased for $29.50 per square metre. Find the area of the floor and hence the total
cost of the pavers required.

5 Find the total cost of making the shadehouse.
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ACTIVITY 2

You will need:

A pair of scissors, a pencil,

& glue, and a highlighter.

What to do:

1 Click on the icon and print the
giant protractor. Measure its
radius.

2 Highlight the circumference of
the circular protractor.

3 Carefully cut out sectors of 10
then neatly paste the sectors side
by side on a horizontal line
drawn across the page as shown.

4 What familiar shape is similar to
the shape you have made with
the sectors?

5 What would happen to the shape
which you have created if each
sector had an angle of 1°?

6 Calculate the area of the shape
you have made. This is an
estimate of the area of the
protractor.

29
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7 Divide the area you have found by the square of the radius. What do you suspect?

[»]|" AREAS OF CIRCLES AND ELLIPSES

Consider cutting a circle of radius r into 16 equal sectors and arranging them as shown:

A
K

circumference is 2 X X r

>

VP, SO,

TXr 4"

(half the circumference)
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The figure obtained closely resembles a rectangle. The height of the rectangle DEMO

is the radius of the circle. (ﬁ)

The top “edge” is the sum of all the arc lengths of the green sectors. This is
half the circumference of the circle, which is

%x2><7r><r:7r><r.

The bottom “edge” is made up from the arcs of the yellow sectors in a similar way.

If the original circle is cut R
into 1000 equal sectors and

arranged in the same way

as before, the resulting —_—
figure is indistinguishable

from a rectangle.

2XTXr

TXr

So, the area of the circle A = length x width of the rectangle
A=mXxrxr
A = 7r?

The area of a circle of radius r is given by Area = 7r2.

m ) Self Tutor

Find the area of the circle, giving your answer
correct to 1 decimal place.

A =7r?
A=r1 x6° {the radius is 6 cm}
A~113.1 cm?

So, the area is approximately 113.1 cm?.

ELLIPSES

The area of an ellipse with semi-axes a and b
is given by

Area A = wab

Notice that when a = b the ellipse becomes

a circle with radius a, and its area is wa?.
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EXERCISE 10D

1 Find the area of the following ﬁgures correct to 2 decimal places:
: 4
11.3 cm

2 For a circle of diameter 2.6 ¢cm find, correct to 2 decimal places:

a its perimeter b its area.

3 A sprinkler sprays water in a circle with radius 3.4 m. Calculate the area of lawn it
waters.

4 A goat is tethered to a post by a 5.4 m long rope. What area can the goat graze?

5 Find the area of the following:

a b C
5cm

6.2m

L 10 cm ——> half ellipse quarter ellipse

Composite figures are figures made up from two or more basic shapes.

|_Example 13

Find the green shaded area:
a b

10 cm 12 m
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a We divide the figure into a rectangle and a

triangle as shown. S
Area = area of rectangle + area of triangle 4 cm e
—10x4 + 1 x6x5 4om ) B i
=Asr 125 10 cm
=55 cm
b Area = area large rectangle — area small rectangle
=12x6 — 4x2m?
= 64 m?
EXERCISE 10E
1 Find the area shaded:
a S5m b C
4 cm
8 cm
12m 4m 7m
6m
8m 10 m 7 cm
d e % om f
2
/r\Q,‘\ 9 cm o
><4—cm> 4 cm ‘ 12em

Example 14

Find, correct to 1 decimal place, the pink shaded area:

b
- > ‘
|<7 60 cm —>| 2 cm

o) Self Tutor

=40 x 60 + 1 x (7 x 20?)
~ 3028.3 cm?

=7 Xx7?—7 x5
~ 75.4 cm?

a Area = area of rectangle + area of semi-circle
{area of circle = 772}

b Area = area large circle — area small circle




232  LENGTH AND AREA (Chapter 10)

2 Find the areas of the shaded regions, giving your answers correct to 2 decimal places:
a , b C

le—100 m—» ‘ ‘
l—— 5cm —»
d e f
9.6 cm
# 8 cm F
3 A wall to be tiled has dimensions as illustrated. If
tiles 10 cm by 20 cm are used, how many tiles are
needed?
1.5m
2m
3m

4 A circular garden of radius 2.5 m is planted within a rectangular back yard measuring
12 m by 7 m. Draw a diagram of the yard and find the area of the back yard which is
not garden.

A gardener plans a lawn with three garden beds.
Two of the beds are quarter-circles in shape,

m while the third is a half circle. Use the diagram
to calculate the area of lawn.

Li16m4>

6 A 2 m wide path is placed around a circular pond
of diameter 4 m. Find the area of the path.

‘ —
[\

2m »

The illustration shows the dimensions of a stained glass window.
Find the area of the window.
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8 A rectangle is 12 cm by 8 cm. If the length of the rectangle is increased by 2 cm, by
how much must the width be changed so that the area remains the same?

9 Find the area A of the following shaded regions if all measurements are in cm:

3 x+5

13

b <

2x

4x | x+3

x + 20

Fl SURFACE AREA

SOLIDS WITH PLANE FACES

The surface area of a three-dimensional figure with plane faces is the sum of the areas of

the faces.

The surface area of a solid will equal the area of the net which forms it. It is thus often

helpful to draw the net first.

Software that demonstrates nets can be found at http://www.peda.com/poly/

rectangular box:

Find the total surface area of the

o) Self Tutor

2 cm

3cm

4 cm

4 cm
Ay 3 cm
4 cm
2 cm
2 cm A,

A; (3 cm

A} =4x3=12cm?® (bottom and top)
Ay =4x2=8cm? (frontand back)
A3 =2x3=06cm? (sides)

total surface area
=2XA1+2XxAy+2xX A3
=2X12+2x8+2x%6
=52 cm?

2

So, the total surface area of the box is 52 cm~.

EXERCISE 10F.1

1 Find the surface area of a cube with sides:

a 5 mm

b 4.2 cm ¢ 85 cm
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2 Find the surface area of the following rectangular prisms:

a b c
45 mm
10 cm | 1T2m
8 cm 60 mm 20m
12 cm 15 mm
Example 16 ) Self Tutor
What is the total surface area of ! Cn<
this wedge? 5cm :
12 cm
We draw a net of the solid: Scmt A, e ,
; cm
We next find h using Pythagoras:
7 A A A
h? =122 4 52 R !
h? =169 A
T 1
h=+v169 =13 {ash >0}

Now, A; = ibh Ay =T7x5 Az =12x7 Ay =13x7

:%x12><5 =35 cm? =84 cm? =91 cm?

= 30 cm?

total surface areca = 2 X A1 + Ay + Az + Ay

=2x30 + 35 + 84 + 91 Sometimes we need
= 270 cm? Pythagoras’ Theorem
to find a missing

k dimension.

3 Find the surface area of the following triangular prisms:
a b <

30 cm
5cm <12 cm — 12m
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4 Find the surface areas of the following prisms:

a b c 2m
5cm

16 cm

12 cm 12m 10 m
20 cm 8§ m 6m

) Self Tutor

Find the cost of erecting a 6 m by 4 m rectangular garden shed that is 2 m high if the
metal sheeting costs $15 per square metre.

The shed: Net: As b
2m 4m|Ay Ay 4m
6 m
4 m 6m
6 m
A1=6X4 A2:4X2 A3:6X2
=24 m? =8 m? =12 m?

total surface area = A; + 2 X Ay + 2 X Ag
=24 + 2x8 + 2x12
= 64 m?
cost = 64 x $15
= $960

5 A cellar has dimensions 4 m by 3 m by 2.4 m high. Find the cost of painting the inside
of the cellar (walls and ceiling) if 1 litre of paint costs €13.20 and each litre covers 5
square metres.

6 25m The walls and floor of the

10 m swimming pool shown are to be
tiled. Determine the total area of
tiles required.

1.8 m

0.5m 13m
7 A tent with the dimensions shown is made
from canvas. Find the total cost of the :
canvas if it costs £12.80 per square metre. n
Add 3% extra area to allow for seams. |
(The floor of the tent is also canvas.) 2m 7 T Am

24m
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SOLIDS WITH CURVED SURFACES

We will consider the outer surface area of two types of objects with curved surfaces. These
are cylinders and spheres.

CYLINDERS

Consider the cylinder shown alongside. If the J>
cylinder is cut, opened out and flattened onto a

plane, it takes the shape of a rectangle. I

You can verify this by peeling the label off a
cylindrical can.

hollow

2mr

cut here open out flattened surface area
The length of the rectangle is the same as the circumference of the cylinder.

So, for a hollow cylinder, the outer surface area A = area of rectangle
A = length x width

A=2mrxh
A =2mrh
Object Figure Outer surface area

hollow

Hollow cylinder A = 2nrh (no ends)

4
Hollow can - h A = 2nrh + 7r? (one end)

v

G solid
solid
4

Solid cylinder h A = 2mrh 4+ 27r?  (two ends)

v

-~
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Example 18

Find the surface area of the
solid cylinder:

Surface area
= 21r? 4 27rh

~ 792 cm?

=2x7Tx6% + 2x7Tx6x15

) Self Tutor

SPHERES

The surface area of a sphere is related to the square
of its radius. In particular we can use the formula:

Surface area of a sphere = 47r?

The mathematics required to prove this
beyond the scope of this course.

formula i1s

7

Example 19 ) Self Tutor
Calculate the surface Surface area
area of the sphere: — 4r?
=4 x 7 x 8 cm?
' ~ 804 cm?
EXERCISE 10F.2
1 Find the outer surface area of the following:
a solid b c
S solid hollow throughout
10 cm L
4.2 cm
°| |7cm
—>4 cm e o | l«— 1.7cm
k
d tank (no top) e can (no top)
o .
solid
- Tocm -f32rn
le—4.6 m—»] le——18 cm—»] le—11.3 m—»
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2 Find the surface area of the following'

£ ) @¢
By
9 cm
o N ‘
3 Find a formula for the surface area A, in terms of x, for the following solids:
a b <
o ; 5x 3 - X *
d e f
oD
£ ’
4x —f
3x 6x
: i
le—2 — 4x

"Il PROBLEM SOLVING

To solve the problems in this section you will need to select and apply the appropriate formulae
from any of the previous sections.

There are simple steps to follow when solving problems:

e Read the question carefully.

e Draw a diagram with the information clearly marked on it.

e Label the unknowns.

e Choose the correct formula or formulae.

e Work step by step through the problem, making sure the units are correct.
e Answer the original question in words.

EXERCISE 10G 40 cm

1 Ian needs to cut 12 circles of pastry from a 30 cm
by 40 cm sheet. What percentage of the pastry
remains?

130 cm
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2 Using the formula for the surface area of a sphere, find:
a the surface area of a soccer ball of diameter 20 cm

b the cost of painting the outer hemispherical dome of the new Opera House given
the diameter of the dome is 40 m and the painter’s quote is €3.45 per square metre.

3 A garden shed 6 m by 3 m is surrounded by a paved path which is 1.2 m wide. Find
the area of the path.

L An indoor bike track has

two ‘straights’ and two i

semi-circular ends as 30 m

shown alongside. Lines are i

to be marked on the track

to divide it into 4 lanes. - 120 m >

Each lane will have width
1 m. Find the total length
of lines to be marked.

5 An 8 cm by 10 cm rectangle has the same perimeter as an isosceles triangle with base
10 cm and equal sides 13 cm. Which figure has the greater area and by how much?

) Self Tutor

A circle has the same area as a square with sides 10 cm. Find its radius.

2

10 cm Area of circle = 7r
Area of square = 10 cm x 10 cm = 100 cm?
10em So, mr? =100
100 .
r? = — { + both sides by 7}
™

@ S P= @ ~ 5.642
T

So, the radius is about 5.64 cm

6 A circular arena has an area of 2000 m?. Find its radius.
7 A circle has the same area as a square with sides 20 cm. Find its radius.

8 A cylindrical can has base radius 8 cm and total surface area 1000 cm?. Find its height.

|_Example 21 ) Self Tutor

Jane is painting cylindrical tin cans of height 12 cm and diameter
8 cm. She paints the top, bottom and sides of each.

If she has enough paint to cover an area of 5 square metres, how
many cans is she able to paint?




240 LENGTH AND AREA (Chapter 10)

Surface area = 2712 + 27rh
=2x7mTx4® + 2x 7T x4x12

= 321 + 967 We need to convert
— 19287 m? to cm?2.
~402.12 cm?® (2 d.p.) \

the number of cans = 5 m? + 402.12 cm? —

= 50000 cm? = 402.12 cm?

=5
= (5 x 1002) em? = 402.12 cm? ?

24
—124.34 a
So, 124 cans could be painted.

9 Determine how much paint is required to paint the outside of a cylindrical tank 12 m
long with diameter 10 m if each litre of paint covers 15 square metres.

10 How many spherical balls of diameter 15 cm can be covered by 40 square metres of
material?

11 Which has the greater surface area: a solid cylinder of height 16 cm and radius 8 cm,
or a sphere of radius 10 cm?

12 We use a sphere to model earth, even though our planet is not a perfect sphere. Earth
has a radius of approximately 6400 km. Find the approximate surface area of earth.

2 | HOW MUCH OXYGEN IS PRODUCED?

LINKS Areas of interaction:
click here Environments, Health and social education

REVIEW SET 10A

1 Convert:
a 95 mm to cm b 4.8 kmtom ¢ 3.15 ha to m?
d 55000 cm? to m2 e 3.4 m? to cm? f 18500 m? to ha

2 Find the perimeter of:
a S ] b

3 cm | |

10 cm 6m

8 cm -7 m—>» ldOm
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3 Find the pink shaded area of:
a 8 cm
A12 cm

4 Find the surface area of:
a

5 cm 10 cm
l 4 m
12 cm

5 cm

b — c
Zem 15 cm
—»{ 8cm |«—

5 A netball court 12 m by 24 m is surrounded by a grassed area 4 m wide. Find:

a the area of grass

b the cost of laying the grass as “instant lawn™ at a cost of $6.40 per square metre.

Y
./

~

(2x+3) cm

The outer square in the shape alongside has an area
of 64 cm?. Find the area of the yellow shaded region.

Find the perimeter P and the area A, in terms of x:

b
(x+1)cm /—\

REVIEW SET 10B

1 Convert:
a 6890 m to km
d 7.6 hato m?

2 Find the perimeter of:
a

28 cm

<«—35cm—>

b 29.4 cm to mm ¢ 8800 m? to ha

2 2

e 85 cm? to mm f 340 mm? to cm

b 48m < N

+ +3.6m 4 cm

4 cm
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3 Find the yellow shaded area:
a b c

Y > CIm

52m ~—5.6m—> «—48m—»

4 Find the surface area of:
a b C

' 8 cm
12 cm

5 Find the perimeter P and the area A of:
4x m
3xm
6 xm a Find z if the area of the shape is 140 m?.
I b Hence, find the perimeter of the figure.

e [

20 m

e}

m

1.
7 The door illustrated is to have a metal strip
around its edge to help preserve the door
from the weather. Find the length of the strip. I 12m

8 If a sphere has a surface area of 1000 cm?, find its radius correct to the nearest
millimetre.
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OPENING PROBLEM

A water tank is 2.3 m high, and is filled with

] | I water to a height of 1.1 m. I

After some rain, the water level rises by x m.
23 m

Things to think about: l

1 Can you write an expression for the new height of the
water in terms of x?

2 Suppose the tank is now at full capacity. Can you write an equation involving z?

Suppose the tank is still not full. Can you write an inequation involving z?

Most real life problems do not start off written in mathematical language. We need to read
sentences of words and convert them into mathematical form. We use the language of algebra
to write expressions, equations or inequations that describe the problem.

" | CONVERTING INTO ALGEBRAIC FORM

|_Example 1

Convert into algebraic form:

a 18 more than a number b 7 less than a number

¢ double a number d double the sum of a number and 7

a 18 more than a number is the number plus 18 L@y, @oF 18

b 7 less than a number is the number minus 7 ie, x—17

¢ double a number is the number multiplied by 2 e, 2Xxx or 2z

d The sum of a number and 7 is = + 7, so double this

sumis 2 x (x+7) ie, 2(z+7)
Y
Note: Any letter, for example, y, could have double sum (T)f the
been used here. number and 7

EXERCISE 11A

1 Translate the following into algebraic expressions:

a « is increased by 5 b 7 more than z ¢ 9 less than a

d z is decreased by 2 e the sum of d and 8 f x is divided by 4

g the productof 2 and b  h double x and add 11 i 5 more than 3 times s
2 Translate the following into algebraic expressions:

a 3 less than a number b double a certain number

¢ 4 more than a certain number d one half of a number

e 10 minus a number f one third of a number

g 3 less than double a number h 7 more than treble a number
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3 Copy and complete:

W - 0 O A

Two numbers have sum 8. If one of them is z, then the other is ......

Two numbers are in the ratio 1 : 3. If the larger one is x then the smaller one is ......
Two numbers in the ratio 2 : 5 can be represented by 2z and ......

There are 30 members in a debating club. If x are boys then there are ...... girls.
If the smaller of two consecutive integers is x, then the larger is ......

Three consecutive integers in ascending order are «, ...... ,and ......

Two consecutive odd integers in ascending order are = and ......

Three consecutive integers in descending order are , ...... ,and ...

If the middle integer of three consecutive integers is x, then the other two are ......
and ......

Two numbers differ by 7. If the smaller one is = then the other is ......

4 Express each of the following quantities as an algebraic expression in terms of the given
variable:

- 0 & A O

The sum of two numbers is 7. One of the numbers is a. What is the other number?
The smaller of two consecutive integers is b. What is the larger integer?

c is the largest of three consecutive integers. What are the other two integers?

The smaller of two consecutive even integers is d. What is the larger one?

The middle of three consecutive odd integers is p. What are the other two integers?

There are n lollies in a jar. ¢ of them are lemon flavoured. How many are nof lemon
flavoured?

|_Example 2 <) Self Tutor

Translate into an algebraic expression:

a the sum of three consecutive odd numbers, where the smallest is n
b the total value of = 43 cent stamps and (7 — ) 75 cent stamps.

a If n is the smallest number then the others are n+2 and n+4
the sumis n+ (n+2)+ (n+4).
b The z stamps each costing 43 cents have total value 43z cents.
The (7 — x) stamps each costing 75 cents have total value 75(7 — z) cents.
the total value = 43z + 75(7 — x) cents.

5 Translate into an algebraic expression:

b
<
d

the sum of two consecutive whole numbers
the product of two consecutive even numbers
the total value of x 20 pence coins and (z — 2) 50 pence coins

the total power output of = 60 watt globes and (x + 5) 80 watt globes.
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FORMING EQUATIONS

Algebraic equations are mathematical sentences which indicate that two
expressions have the same value. They always contain the “=" sign.

The following steps help us to convert a worded problem into an algebraic equation.

Step 1:

Step 2:

Step 3:

Example 3

Tran

Decide what the unknown quantity is and choose a variable such as x to represent

it.

Look for the operation(s) involved in the

problem. For example,

Form the equation with an “="" sign.
These phrases all indicate equality:

“the answer is”, “will be”, “the result is”,
“is equal to”, or simply

ER]

Statement Translation
decreased by subtract
more than add
double multiply by 2
halve divide by 2

slate into an equation:

o) Self Tutor

a “When a number is added to 6 the result is 15.”
b “Twice a certain number is 7 more than the number.”
a In words Indicates
“a number” We let x be the number
“a number is added to 6” 6+ x
“the result is” 6+x=
So, 6+x=15
b In words Indicates

“a certain number”
“twice a certain number”
“7 more than the number”

[33 2]

1S

Let x be the number
2x

T+ 7

So, 20 =x+7

In the following
exercise, you do not
have to set out your

answers like those
given in the example.

With practice you will be able to combine the steps, but you should note:

e the mathematical sentence you form must be an accurate translation of the information

o for these types of problems, you must have only one variable in your equation.

EXERCISE 11B

1 Translate into linear equations but do not solve:

a
b
<

When a number is increased by 5, the answer is 7.

When a number is decreased by 3, the result is —1.

When a number is increased by 5 and the resulting number is doubled, the answer

is 33.
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d
e
f

Example 4

A number is doubled and 3 is added. The result is 7.
Twice a number is 5 less than the number.
Four times a number is equal to 35 minus the number.

o) Self Tutor

Translate into an equation: “The sum of 2 consecutive even integers is 34.”

Let the smaller even integer be x.

the next even integer is x + 2.

So, z+ (z+2)=234 Iis the equation.

2 Translate into equations, but do not solve:

b
<
d

Example 5

The sum of two consecutive integers is 21.

The sum of 3 consecutive integers is 162.

The sum of two consecutive even integers is 78.
The sum of 3 consecutive odd integers is 123.

o) Self Tutor

Apples cost 13 cents each and oranges cost 11 cents each.

If I buy 5 more apples than oranges and the total cost of the apples and
oranges is $2.33, write a linear equation involving the total cost.

From the table we know the total cost,

Dype of fruit pi]ZZ:;bg ﬁ?z it COS:;;;Z fece Total cost
oranges x 11 cents 11z cents

apples x+5 13 cents 13(z 4+ 5) cents
233 cents

and so 11z + 13(z + 5) = 233.

3 Form an equation for the following:

a Bananas cost 12 cents each and dragonfruit cost 23 cents each. If I buy 3 more
bananas than dragonfruit, the total cost will be $2.81.

Hint:

Let the variable n represent the number of dragonfruit.

Paul buys identical hammers for $8 each and identical mallets for $6 each. Alto-
gether 11 of these tools are purchased and their total cost is $80.

Hint:

Let the number of hammers be h.

Jessica has a collection of old 2-cent and 5-cent stamps with a total value of $1.23.
She has 2 more 2-cent stamps than 5-cent stamps.

Hint:

Let the variable f represent the number of 5-cent stamps.
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) Self Tutor

At present Ronaldo is three years younger than Paquita. In 5 years’ time Ronaldo’s age
will be four fifths of Paquita’s age. Write a linear equation to find Paquita’s age.

Let Paquita’s age be x years.

Age Now Age in 5 years’ time

Paquita T years (x 4 5) years

Ronaldo | (z — 3) years | (x —3 +5) = (z + 2) years

From the table and the written information we know r+2=3 of (z+5)

so, =+2=32(z+5).

4 Form an equation for the following:

a A man is 3 times as old as his son. In 11 years’ time he will be twice as old as his
son will be.
Hint: Let the variable s represent the son’s age in years now.

b At present a woman is twice as old as her daughter. Twenty one years ago she was
3 times older than her daughter.
Hint: Let the daughter’s current age be x years.

¢ Wei is 10 years older than Bic. In 3 years’ time Wei will be 3 times as old as Bic.
Hint: Let Bic’s current age be x years.

PROBLEM SOLVING
USING EQUATIONS

PROBLEM SOLVING METHOD

e Identify the unknown quantity and allocate a variable to it.

e Decide which operations are involved.

e Translate the problem into an equation and check that your translation is correct.
e Solve the equation by isolating the variable.

e Check that your solution does satisfy the original problem.

e Write your answer in sentence form.

The sum of 3 consecutive even integers is 132. Find the smallest integer.
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Let = be the smallest even integer
the next is « + 2 and the largest is z + 4.

So, z+(z+2)+(x+4) =132 {their sum is 132}
3x 46 =132 {simplifying}
3x+6—-6=132—-6 {subtract 6 from both sides}
3z =126
3z 126
3 3
x =42

So, the smallest integer is 42.

EXERCISE 11C
1 If two consecutive integers have a sum of 127, find the numbers.
2 When a number is doubled and then increased by 7, the answer is 19. Find the number.

3 If three consecutive integers add to 27, find the smallest of them.

) Self Tutor

If twice a number is subtracted from 11, the result is 4 more than the number.
What is the number?

Let  be the number.
The LHS algebraic expression is 11 — 2.
The RHS algebraic expression is x + 4.

11-2z=z+4 {the equation}
11-2z+2z=x+4+ 2z {add 2z to both sides}
11 =3z+4
11-4=3zx+4—-4 {subtract 4 from both sides}
7 =3z
7T 3 . .
3= ?x {divide both sides by 3}
_ 9l

So, the number is 2%.

4 When a number is subtracted from 11, the result is 6 more than the number. Find the
number.

5 When a number is decreased by 3 and the result is doubled, the answer is equal to the
original number. Find the number.

6 When one half of a number is added to one third of a number, the answer is 30. Find
the number.
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Example 9

Canned peaches come in two sizes. Small cans cost $2 each and large
cans cost $3 each. If 15 cans of peaches are bought for a total of $38,
how many small cans were purchased?

Size | Cost per can | Number bought Value

small $2 x $2z

large $3 15—z $3(15 — z)
15 $38

So, 2z + 3(15— z) = 38
2z + 45 — 3z = 38

. 45 —x =38

45 —x — 45 =38 — 45
—r=-7
z="17

So, 7 small cans were bought.

{expanding brackets}

{simplifying}
{subtract 45 from both sides}

7 1 have 25 coins in my pocket all of which are 5 penny or 20 penny coins. If their total

value is £2.90, how many 5 penny coins do I have?

8 Onions cost 25 cents each whereas peppers cost 35 cents each. If I buy 5 more onions

than peppers and the total bill is €5.45, how many onions did I buy?

9 Our club shirts are available in two sizes:

of each shirt size were bought?

small shirts cost $27 each and large shirts
cost $31 each. Last week a total of 14 shirts were sold with total cost $398. How many

Example 10

Matt is 5 years older than Kerry. In 7 years’ time Kerry’s age will be three
quarters of Matt’s age. How old is Kerry now?

o) Self Tutor

Person | Age now (years) | Age in 7 years
Matt x+5 T+5+7
Kerry T 47

% =g

So z+7=3(z+12)
Az +T7)=4x 3(z+12)
4(x+7)=3(x+12)
4x + 28 = 3z + 36

4z + 28 — 3z = 3z + 36 — 3z
z + 28 = 36

Kerry is 8 years old now.

{multiply both sides by 4}

{simplifying}
{subtract 3z from both sides}

{subtract 28 from both sides}
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10 The sum of two numbers is 12. When one number is subtracted from three times the
other, the result is 5. Find the numbers.

11 Two numbers differ by 3. Twice the smaller number is added to the larger number and
the result is 14. Find the numbers.

12 3 consecutive even integers are such that the sum of the smaller two equals six more
than the largest one. Find the integers.

13 A man is currently 4 times as old as his son. In 4 years from now he will be three times
as old as his son will be then. How old is his son now?

14 At present Phil is 8 years older than Bob. If Phil was one year younger, his age would
be double Bob’s present age. How old is Bob?

15 In 5 years’ time Pam will be twice as old as Sam was two years ago. Pam is 8 years
older than Sam. How old is Sam?

INDING AN UNKNOWN
FROM A FORMULA

A formula is an equation which connects two or more variables.

If we wish to find the value of one of the variables in a formula and we know the value(s)
of the remaining variables, we substitute into the formula and solve the resulting equation.

| Example 11 | =) Self Tutor

A= %bh is the formula for finding the area, A, of a triangle given its base b

and height h. Find the height of a triangle of base 12 cm and area 60 cm?.

b=12 and A=60 .. 60=1x12xh
60 = 6h
D=n {dividing both sides by 6}
h =10

So, the height is 10 cm.

EXERCISE 11D

1 The area of a parallelogram with base b and height A is
given by the formula A = bh. Find:

a the base when the area is 48 cm? and the height is
6 cm

b the height when the area is 7.5 m? and the base is >~
3 m.

473‘4»‘
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2 @ 0 A rectangle with length [ and width w has perimeter
P =2l 4 2w. Find:
w a the length of a rectangle with perimeter 26 m and
width 3 m
u I b the width of a rectangle with length 5 cm and

perimeter 31 cm.

3 If a block of wood of length [ cm is cut into n planks
of equal thickness, the thickness of each plank is given

l
by t=— cm.
n
a Find the length of wood required to make 20 planks

of thickness 4 cm.

b Find the number of planks of thickness 5 cm which Fem
can be cut from a block of wood of length 60 cm.

«—/cm—mMmMmMM

4 A ball is thrown directly upwards at a speed of u metres per second. Its velocity
v metres per second after ¢ seconds is calculated using the formula v = u — gt where
g is the gravitational constant of 9.8 metres per second per second. Find:

a the speed u at which the ball was thrown upwards if it has a velocity of 10.4 metres
per second after 2 seconds

b the time taken for a ball thrown upwards at 25 metres per second to reach a velocity
of 0.5 metres per second.

5 The surface area of a closed rectangular box is
given by the formula A = 2(lw + dl + dw)

where [ is its length, w is its width and d is its d
depth. Find:
a the length of a box with width 5 cm, depth W
3 cm, and surface area 62 cm? l

b the depth of a box with surface area 188 cm?, length 6 cm, and width 4 cm.

| Example 12 | =) Self Tutor

When a stone is dropped from a stationary position, the distance travelled downwards
is given by s = % gt?> m, where g is the gravitational constant of 9.8 m per second
per second and ¢ is the time in seconds. Find:

a the depth of a well given that a stone takes 1.3 seconds to hit the bottom
b the time taken for a stone to reach the bottom of a 1000 m high vertical cliff.

a § = %gt2 where ¢=9.8 and t=1.3
s =12 x(9.8) x (1.3)* {substituting}
s =8.281 {calculator}

So, the well is 8.281 m deep.
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b s=1gt> where ¢g=9.8 and s=1000
1000 = 2 x 9.8 x ¢? {substituting}
1000 = 4.9 x 2
1000 — 42 {dividing both sides by 4.9}
b= &y /1000 {if 2 =k then z =+Vk}
t =~ 14.2857 {as t> 0}
The stone would take =~ 14.3 seconds to reach the bottom.

6 The volume of a cylinder is given by the formula V = 7r2h

where 7 is the base radius and A is the height. Find: T ———
a the height of a cylinder of radius 5 cm and volume 500 cm? A
b the radius of the base of a cylinder of volume 300 cm® and i
height 10 cm. -

"3 LINEAR INEQUATIONS

For safety reasons, many rides at theme parks have height
restrictions. For example: “You must be at least 120 cm
tall to go on this ride.”

We could write this as  height > 120 or H > 120.

This means that if a person has height H = 120, 120.5,
125, or 140 then he or she can go on the ride.

All of these values satisfy the inequality H > 120.

All solutions to H > 120 can be represented on a
number line:

100 110 120 130 140 150 H

An algebraic inequation is a mathematical sentence which compares the values of
two expressions using one of the signs >, <, >, <.

For example, bx — 2 > 7 is a linear inequation which indicates that the value of the
expression 5x — 2 is greater than 7.

INEQUATION SIGNS

Symbol Meaning Examples
> is greater than 5>3, x>7, 2% >
< is less than 3<h, T<z, =< 2%
> is greater than or equal to | 5 >4, b > 20, % >y
< is less than or equal to 4<5, 20<0b, y< %
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Notice in the examples above that if we interchange the LHS and RHS, the inequation sign
is reversed. However, it is customary to write the variable on the LHS of the inequation.

|_Example 13

Rewrite the following inequation with the variable on the LHS:
a 8<z b 15>y

Note the
reversal of the
inequation sign!

a 8<ux iswrittenas x>8 b 15>y iswrittenas y < 1.5

EXERCISE 11E

1 Write a mathematical sentence for:
a the speed limit S is 40 km per hour b the minimum age A is 18
¢ a is greater than 3 d b is less than or equal to —3
e dis less than 5 f —20 is greater than or equal to

g 4 is less than y h z is greater than or equal to 0.
2 Rewrite the following inequations with the variable on the LHS:
a2<z b 5>b ¢ 25<c d —-7>d e -19>a f —3<p

NUMBER LINES

A linear inequation is true for many values of the variable, whereas a linear equation usually
only has one solution.

For example,
x =2 indicates that the only possible value which satisfies the equation is 2
x > 2 indicates that any number greater than 2 will satisfy the inequation, and so there
are infinitely many solutions.

There are usually infinitely many solutions to an inequation since we can have decimal
numbers and fractions too. For example, for the inequation « > 2 the value of the

unknown could be 2.1, 3, 5%, 109 or any other value that fits the condition x > 2.

",

3 4 5 6 7

One way of showing x > 2 1isto usea -t 1
number line. —1 01

N O

The arrow indicates that all values of x beyond 2 satisfy the inequation and the open circle
shows that 2 is excluded.

To use a number line to indicate solutions to inequations we use the following convention:

e The value of the unknown is represented by a ray — or <— written above the
number line.

e [f the sign is > or <, the ray has an open circle o— or <—o .
This indicates that the value at the o is not included in the solution.

e If the sign is > or <, the ray has a closed circle e—» or <—e .
This indicates that the value at e is included in the solution.
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|_Example 14 ) Self Tutor

Draw number lines to show the following inequations:
a a>1 b a<-1 c a>1 d a<-1
a a>1 b a<-1
o>
< 1 1 | 1 | > a - | | | | | | -
=1 0 1 2 3 =3 =2 =1 O 1 2
¢ a>1 d a<-1
> -+
< 1 1 | 1 | > a - | | | | | | >
=1 0 1 2 3 -3 -2 -1 0 1 2

3 Draw separate number lines to show the following inequations:
a r>2 b a>-3 c b<2 d m
e 3<zx f 2>a g —2>0 h —2

-1

>
<m

4 Given that a > 2, decide if the following statements are true or false. Draw a number
line to help you if necessary.

a 3.9 is a possible value for a b —b5.3 is a possible value for a
¢ 2 is a possible value for a d 10 is not a possible value for a
e —100.8 is not a possible value for a f 0 1is a possible value for a.

7| SOLVING LINEAR INEQUATIONS

When we have a mathematical equation or inequation, 3
we have a symbol between two expressions. We often 3r+2 > 7T
refer to these expressions as the left hand side (LHS) 3

and the right hand side (RHS). LHS | RHS

An inequation is like an unbalanced set of scales.

To solve linear inequations we treat the situation
in a similar way to ordinary linear equations. We
need to maintain the imbalance while carrying
out the same operation on both sides of the
inequation sign.

However, there is one consideration we must

check first. Does performing an operation on

8 both sides of an inequation sign always maintain

LHS > RHS the inequation? The following investigation
should help answer this question.
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i

N

OPERATIONS WITH INEQUATIONS

What to do:

As you fill in the tables and answer the questions, remember
A that a > b if a is to the right of b on the number line.

WORKSHEET

T

Section 1: Adding or subtracting a positive or negative number

1 Copy and complete the following table where 7" means true and F means false:

True Inequation Operation Working Simplify | T or F
5>1 add 3 to both sides 5+3>1+3| 8>14 T
11>7 add 6 to both sides
8> -3 add 4 to both sides

—-7T<—4 add 5 to both sides
—6 <5 add 11 to both sides
8>6 subtract 2 from both sides
9>7 subtract 4 from both sides
2> -1 subtract 2 from both sides

—7< -5 subtract 5 from both sides

»

does it make it false?

Does adding a number to both sides of an inequation keep the inequation true, or

3 Does subtracting a number from both sides of an inequation keep the inequation true,
or does it make it false?

& Copy and complete: “Adding to, or subtracting from, both sides of an inequation

Section 2: Multiplying or dividing by a positive or negative number

1 Copy and complete the following table:

True Inequation Operation Working Simplify | T or F
5>2 multiply by 3 5x3>2x3| 15>6 T
—-3< -2 multiply by 4
4>3 multiply by (—3)
-2>-5 multiply by (—4)
7>3 multiply by 2
—4 <=2 multiply by 3
2> -6 multiply by (—2)
-5 < -3 multiply by (—4)
6>3 divide by 3
—6 > -8 divide by 2
6> 3 divide by (—3) >3 | 2>-1| F
—6 > -8 divide by (—2)
7T<14 divide by 7
—-10< =5 divide by 5
7T<14 divide by (—7)
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2 Does multiplying or dividing both sides of an inequation by a positive number keep
the inequation true, or does it make it false?

3 Does multiplying or dividing both sides of an inequation by a negative number keep
the inequation true, or does it make it false?

& Write a sentence which describes your discovery about the effect on an inequation
when:

a multiplying or dividing by a positive number
b multiplying or dividing by a negative number.

From the investigation you should have discovered the following facts about operations on
inequations:

e Adding or subtracting a positive or negative number keeps the inequation true.

e Multiplying or dividing by a positive number keeps the inequation true.

e Multiplying or dividing by a negative number makes the inequation false.
This means that we may solve linear inequations in the same way as if they are ordinary linear

equations, carrying out the same operations on both sides of the inequation sign, except, when
we multiply (or divide) by a negative number we need to reverse the inequation sign.

SUMMARY OF RULES

e [f we swap the LHS and RHS, we reverse the inequation sign.

e If we add to or subtract from both sides of an inequation, the
sign is maintained.

e [f we multiply or divide both sides by:

> a positive number we keep the same inequation sign The reverse of > is <,

and the reverse of > is <.
Remember to reverse the
sign when dividing by a

> a negative number we reverse the inequation sign.

negative number!
So, for example, to solve — 3x > 18 £

we need to divide both sides by —3.

-3z 18 . . .
—3 <3 {reverse inequation sign}
z < —6

=) Self Tutor

Solve the following inequations and plot the solutions on separate number lines:

a a—4>5 b 36 <9 ¢ 4—-2z>0
a a—4>5 Check: 1If a=10
a—4+4>5+4 then 10-4=6

a>9 < 5 > a and 6 >5 istrue. V
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b 3b<9 Check: 1If b=2
3b 9 - o then 3x2=6
Egg < ' > b and 6 <9 istrue. v
3
b<3
(4 4—2x>0 Check: 1If x =0
4—-4—-2x>0—-14 then 4—-2x0=4
—9r > —4 and 4 >0 istrue. V
) —
_—; = {reversing the sign}
x <2 it .
2

EXERCISE 11F

1 Solve the following inequations and show their solutions on separate number lines:

a atd>6 b 3b< -9 c §<2
d s—4<2 e —4b> 16 f 5+t>0
g —%212 h 3z+12> -3 i 5-3b<7
j 3a—22>8 k 4a+9<1 I 7—2b< -3
16 +7s > 2 n 2a—-4<0 o 12—-5b> -3
p 3b—1>0 q n+7< -3 r 11 —-4b<4
Example 16 ) Self Tutor
Solve the inequation z — 2 >3 and show its solution on a number line.
T
——22>3
4
%—2—1—223—1—2 {add 2 to both sides}
7
- =
1 5
%x 4>5x%x4 {multiply both sides by 4}
o =20
: Check: 1If z = 32 then
- 20 - 22_2=8-2=6 and 6>3 istrue. v

2 Solve the following inequations and show their solutions on separate number lines:

T b c
—+1>4 b - —-2<—- - +4>
a 3+ > 5 3 c 4+ 8
2x 3z 3x
d ——2<4 — > -2 f1-—<4
3 < e 2+5 2<
T 2x 3z
— > h 3_2= P52 S
g 2 ] 3 3 5<2 i 5 4> 2
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3 Solve the following inequations and show their solutions on separate number lines:
a—3 b+5 . 4e+3

6 b >1 < -1
5 = 5
4—a 5—3x 3—2x
d < — f > —1
5 >5 e 5 6 3
& Solve the following inequations by first expanding the brackets:
a 3(c+1)>8 b 5(1+3a)<—4 ¢ 3(1—2a)>-5
d 2(2a+1)—-3<-5 e 2(3—4a)+3<7 f 4(2a+5)—12>9
5 Solve the following inequations by first interchanging the LHS and RHS:
a 5>4+«x b 2<6¢c+ 14 ¢ —4>2b
d—2
d7<% e 3<——= f6>30p+2) —11
6 Solve for z and show the solution on a number line:
a S5zx—3>3z+1 b 2z +1>4x+7 ¢ 8r+6<3r+1
d 20 +7>Tx+3 e 6r+2<3x -7 f z—-11<6x—1

REVIEW SET 11A

1 Translate into algebraic expressions:
a the sum of a number and 5 b 10 less than a number
¢ 1 more than double a number

2 a The difference between two numbers is 7. If the smaller number is x, write an
expression for the other number.

b Write an expression for the number which is 3 less than the square of x.
¢ If z is an even number, write an expression for the next larger even number.

3 Write an expression for the total value of = 50 cent coins and (z + 2) 10 cent coins.

L Translate into linear equations but do not solve:
a When a number is decreased by 5 and the result is doubled, the answer is 64.
b The sum of three consecutive integers is 12.

5 When 4 times a certain number is increased by 3, the result is 21 more than the
number. Find the number by solving an equation.

6 If I have 30 coins consisting of 5 penny and 20 penny coins. If the total value is
£4.05, how many 5 penny coins do I have?

7 The velocity (v metres per second) of a ball falling from a stationary position is
given by v2 = 2gs where s is the distance fallen in metres and g = 9.8 metres
per second per second. Find:

a the velocity of the ball after falling 40 m
b the distance fallen when the velocity reaches 50 metres per second.
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8 Write the following in symbolic form:
a x is greater than 7 b —11 is less than or equal to x
Draw separate number lines to illustrate: a z2>5 b 3>z
10 Solve the following inequations:

2x 4+ 3
2

a 3—2z>-4 b = ¢ 3z+2)—1<1—4z

REVIEW SET 11B

1 Translate into algebraic expressions:
a z is decreased by 5 b 6 more than a number
¢ half of the sum of a number and 1.

2 a The sum of two numbers is 12 and one of them is x. Write an expression for
the other number.

b Write an expression for the number which is “3 less than five times = ”.
¢ If there are z girls in a class of 25 students, write an expression for the number
of boys in the class.

3 Write an expression for the total value of x €10 notes and twice that number of €20
notes.
4 Translate into linear equations, but do not solve:

a Three times a number is equal to 48 minus the number.
b The sum of two consecutive odd integers is 16.

5 Seven more than a certain number is nine less than twice the number. Find the
number.

6 Sean has 19 coins in his pocket. The coins are all either worth 5 cents, 10 cents or
20 cents. He has twice as many 5 cent coins as 10 cent coins, and the total value of
all coins is $2.20. How many 10 cent coins does Sean have in his pocket?

7 The strength S of a wooden beam is given by S = 200w?t
‘ units where w cm is its width and ¢ cm is its thickness.
i Find:
J a the strength of a beam of width 20 cm and thickness
4 cm

b the width of a 3 cm thick beam of strength 60 000 units.

-« [ —>
8 Draw separate number lines to illustrate:
a a> -2 b b< -1 € c>0

9 Solve the following inequations:

a 3-2:>0 b §—3<—1 ¢ 6(2c+1)>6— 13z

10 Sue is three times as old as Michelle. 10 years ago she was seven times as old as
Michelle was. How old is Sue now?
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OPENING PROBLEM

Consider the cylindrical glasses A and B.

Pedro says that both glasses hold the same
amount, since glass A is twice as wide as
glass B but only half as high.

Things to think about:

1 Do you agree with Pedro’s reasoning?

2 If not, which glass do you think holds more?

CNE UNITS OF VOLUME

The volume of a solid is the amount of space it occupies.

We measure volume in cubic units.
For example, we could use: e cubic millimetres (mm?)
e cubic centimetres (cm?)

e cubic metres (m?)

We can see from the diagrams following that one cubic centimetre occupies the same space
as one thousand cubic millimetres.

This is one cubic centimetre.

This is one cubic millimetre.

1 cm =10 mm

This is one thousand cubic millimetres.

10 mm 10 mm x 10 mm x 10 mm = 1000 mm?

10 mm Likewise, 1 m?3=100cm x 100 cm x 100 cm
= 1000000 cm?
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VOLUME CONVERSIONS

x10003 x10002 X1000
Remember, it is gasier
to convert the units of
\ / \ / length before the
+10003 +10002 +1000 volume is calculated.

\

|_Example 1

Convert:
a 23 cm® to mm? b 24000 cm? to m3
a 23 cm?® b 24000 cm?®
= (23 x 10%) mm3 = (24000 + 100*) m®
= 23000 mm? = (24000 = 1000 000) m?
=0.024 m*

EXERCISE 12A

1 What units of volume would be most suitable to measure the space occupied by:

a a bucket of sand b a grand piano ¢ a pencil

d a mountain e a paper clip f aship

g a spoon h a motor car i a dressmaker’s pin?
2 Convert:

a 2400 mm?® to cm? b 6.8 m? to cm? ¢ 8.3 mm? to cm®

d 7480000 cm? to m? e 348 cm? to mm3 f 2x10° m? to km?

g 7.2 km? to m? h 38100 mm3 to cm?® i 3500 cm?® to mm?®

20 VOLUME FORMULAE

RECTANGULAR PRISM (BOX)

depth

Volume = length x width x depth

width

length
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SOLIDS OF UNIFORM CROSS-SECTION

Notice in the triangular prism alongside, that solid cross-section
vertical slices parallel to the front triangular

face will all be the same size and shape as that

face. We say that solids like this are solids

of uniform cross-section. The cross-section in

this case is a triangle.

Another example is the hexagonal prism shown
opposite.

For any solid of uniform cross-section:

Volume = area of cross-section x length

In particular, for a cylinder, the cross-section is a circle, and so:

Volume = area of circle x length

2
end =7re xl

— 2 — 2
le—— length / or height # ——» V=aril o V=arth

| Example 2 ) Self Tutor

Find, correct to 3 significant figures, the volume of the following prisms:
a b <y
4.5 cm T
10 cm
6 cm l
7.5 cm — 10 om —»]
a Volume b Volume
= length x width x depth = area of cross-section x height
=7.5cm x 6 cm x 4.5 cm =mr? x h
~ 203 cm® =7 x 5% x 10
~ 785 cm®

TAPERED SOLIDS (PYRAMIDS AND CONES)

VOLUMES OF TAPERED SOLIDS

To find a formula for the volume of tapered solids, we will compare the
h’N volumes of tapered solids with those of solids with uniform cross-sections
%‘ that have the same base and the same height.

<~
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We will compare:

e a cone and a cylinder

e a square-based pyramid and
a square-based prism.

What to do:

1 Click on the icon to obtain a printable sheet containing nets for the R

solids described above. (ﬁ’)
2 Print the nets onto card, cut them out, and construct each of the solids.
Use sticky tape to hold the models together.

3 Fill the model of the cone with sand completely, then pour the contents into the
cylinder.

L4 Repeat 3 until the cylinder is full. How many times do you need to fill up the cone
in order to fill the cylinder?

5 Write an expression for the volume of the cone in terms of the volume of the cylinder.
6 Repeat steps 3-5 for the square-based pyramid and square-based prism.

7 Given that the volume of a solid with uniform cross-section is
V = area of base x height, find a formula for the volume of a tapered solid.

Tapered solids have a flat base and come to a point called the apex. They do not have
identical cross-sections. The cross-sections always have the same shape, but not the same
size.

For example:

The perpendicular
cross-section of a cone
is always a circle, but

Ng its radius varies
depending on how high
square-based pyramid  triangular-based pyramid cone up the cone we are.

For any tapered solid:

Volume = % (area of base X height)
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|_Example 3

Find the volumes of
these solids:

g

10 cm

nE

10 cm
|<6 cm>|
a Volume b Volume
= % x area of base x height = % x area of base x height
=1x10x10x 12 =1 xmx6x10
= 400 cm?® ~ 377 cm®
SPHERES

The Greek philosopher Archimedes was born in Syracuse in 287 BC. Amongst many other
important discoveries, he found that the volume of a sphere is equal to two thirds of the
volume of the smallest cylinder which encloses it.

Volume of cylinder = 7% x h

=7r? x 2r
= 27r3
volume of sphere = % x volume of cylinder
2 3
= 2 X 27r .
3 Archimedes’
= %71-7«3 tomb was marked
by a sphere
inscribed in a
Thus, V = %7‘[’7’3 cylinder!

Change the units

to centimetres
before calculating Example 4 ) Self Tutor

the volume. Find the volume of the sphere First, convert 0.32 m to cm.
in cubic centimetres, to the
nearest whole 0.32 m = 32 cm
number: the radius = 16 cm
V= %71'7"3
— =g
V = 4rx16°
V ~ 17157 cm®
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EXERCISE 12B

1 Find the volume of the following:

a b Cc - “T’
5m i 15em 13 cm
A \ ' l
2m m -~ -
6 cm
d e f

area 6.5 m?>

\ area of base
i \ =30 cm?
5cm

a b
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4 Find in terms of x, the volumes of these solids:

area of base
= 8x? cm?

-------- N\

|<—6x cm | L— 6x cm —>‘

5 A triangular-based pyramid is shown alongside.
Find its volume.

2Mm

6 cm

4 cm

3cm
6 Find the volume of the 7 A large rivet is illustrated.
following figure: Find its volume.

L
15cm
W

|<_ 20 cm —>| - 3 cm ‘!

8 A cylindrical roller has diameter 1 m and width 1 m.
The cylinder is solid metal which weighs 8 grams per

cm?. Find the weight of the roller in kg.

Cl CAPACITY

The capacity of a container is the amount of material (solid or fluid) that it can contain.

The units for capacity are:
e millilitres (mL) e litres (L) e kilolitres (kL) e megalitres (ML).
1 L =1000 mL

1 kL = 1000 L = 1000000 mL
1 ML = 1000 kL = 1000000 L
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Some items you are familiar with are:
Item Estimate of Capacity
Medicine glass 25 mL
Cup 250 mL
Milk carton 1L
Petrol tank 65 L
Hot water system 170 L
50 m swimming pool 1500 kL
Dam 10 ML
Reservoir 1000 ML
CAPACITY CONVERSIONS
/XIOOO\ /XIOOO\ /XIOOO\
\+1ooo/ N +1000 2 +1000 /
Example 5 o) Self Tutor
Convert:
a 4500 mL to L b 6.4kLtoL

a 4500 mL
= (4500 + 1000) L
=45L

b 6.4 kL

— (6.4 x 1000) L

= 6400 L

EXERCISE 12C.1

1 Which units of capacity would be most suitable to measure the capacity of:

a adrink can b a bath tub ¢ a syringe
e a lake f a bucket g aspa

2 Convert:
a 3480 mL to L b 4.85 ML to kL
d 8600 kL to ML e 78kLtoL
g 545mL to L h 48 L to kL
j 65000 mL to L le 0.82kLtoL

= A

d a rainwater tank

h a rubbish dumpster?

72.5 L to kL
15.3 L to mL
372100 kL to ML
0.2 kL to mL
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VOLUME AND CAPACITY

There is a close relationship between the units of capacity and volume.

1 mL of fluid will fill a cube 1 cm x 1 ¢cm x 1 cm,

so 1 mL is equivalent to 1 cm? 1cm g
or 1mL =1 cm?. 1 | om
1 cm

1 L of fluid will fill a cube 10 cm x 10 cm x 10 cm,

so 1L is equivalent to 1000 cm? 10em

or 1L = 1000 cm?. L

10 cm
10 cm
1 kL of fluid will fill a cube You could
1mx1mx1m, pour 1000 L
into this
so  1KL is equivalent to 1 m3 cube!
or 1kL =1 m?.
Im
I m
Im

Example 6

Convert:

a 4500 cm? to L b 134 L to cm?

a 4500 cm® = (4500 + 1000) L
=45L

b 134 L = (13.4 x 1000) cm?
= 13400 cm?

Example 7

and diameter 4 m.

o) Self Tutor

Find the capacity in kilolitres of a cylindrical rainwater tank of height 3 m

The volume occupied by the tank when full
= area of base X height
=7x22x3
=127 m®

capacity = 127 kL {as 1kL=1m?}

~ 37.7 kL

«—4m—>»
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EXERCISE 12C.2

1 Convert:
a 250 mL to cm? b 9L tocm? ¢ 3.9mL tom?
d 750 cm® to mL e 4100 cm? to L f 18.5 m? to kL
2 A hemispherical bowl has internal diameter 30 cm. How many litres of water could it
contain?
3 A conical tank has diameter 4 m and height 5 m. fe— 4m —]

How many kL of water could it contain?

S5m

l

& Mrs Foster has made 3% L of marmalade. She ladles it into cylindrical jars 12 cm high
with 7 cm internal diameter. How many jars can she completely fill?

5 A conical pile of spice has radius 20 cm and height 50 cm. Find:
a the volume of spice in the pile
the total capacity required to store the spice

¢ the number of rectangular boxes 3 cm by 5 cm by 2 cm which could be completely
filled from the pile.

6 Find the number of kilolitres of water 20 m
required to fill a swimming pool with
the dimensions shown:

][ PROBLEM SOLVING

In this section you will need to select and apply the appropriate formula from any of the
previous sections to solve problems.

There are simple steps to follow when solving problems:

e Read the question carefully.

e Draw a diagram with the information clearly marked on it.

e Label the unknowns.

e Choose the correct formula or formulae.

o Work step by step through the problem, making sure the units are correct.
e Answer the original question in words.
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Sand from a quarry pours out from a giant hose and forms a conical heap on the ground.
The heap has a base diameter of 25 m and a height of 8.9 m.

a Find the volume of sand in the heap to the nearest m3.

b Find the total mass (to the nearest 10 tonne) of the sand given that 1 m?3 of it
weighs 2.35 tonnes.

The diameter is 25 m, so r = 12.5.
The height is 8.9 m, so h =8.9.

In b we use the

a Volume b Total mass unrounded
= imr’h = number of m® x weight per m? pelut o
—lyrx1252 % 8.9 ~ 1456.259 x 2.35
s 1456.250 ~ 3422.209
~ 1456 m® ~ 3420 tonne

EXERCISE 12D

1 Sugar runs out from a hole in the bottom of a shipping container and forms a conical
heap on the floor. The heap is 2.6 m in diameter and 0.83 m high. Find:
a the volume of the heap of sugar
b the total mass of sugar given that 1 m® weighs 961 kg
¢ the total value of the sugar given that 1 kg is worth £0.80 retail price.

2 A cylindrical tank with diameter 3 m contains wine to a depth of 2.3 m. How many
750 mL bottles could be filled with wine from the tank?

3 A rectangular swimming pool 15 m by 6 m will be surrounded by a concrete path 2 m
wide. Find:

a the area of the path
b the cost of concreting to a depth of 10 cm if the concrete costs $165 per cubic metre.

4 How many spherical fishing sinkers with diameter 1 cm could be made by melting a
rectangular block of lead 20 cm by 5 cm by 6 cm and casting the molten product?

5 3 litres of water is poured into a rectangular box container which has a 20 cm by 20 cm
square base. To what height does the water rise?

6 For the three illustrated solids find and compare the ratios of surface area : volume.

10 cm 10 cm

: 10 cm 7

— 10cm  |e—
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Example 9

Concrete pipes have an internal diameter of 90 cm and an external diameter of 1 m.
The concrete weighs 1.25 tonnes per cubic metre. If each pipe is 3 m long and has a
uniform cross-section, find its weight to the nearest kg.

o) Self Tutor

pipe cross-section

Area of end = area of large circle — area of small circle
=7 x (0.5)> — 7 x (0.45)*
~ 0.149 23 m?
Volume = area of end x length
V ~0.14923 x 3 m*
V ~0.44768 m®
weight ~ 0.44768 x 1250 kg
~ 559.596 kg
~ 560 kg {nearest kg}

the weight is approximately 560 kg.

Keep the accuracy of
answers on your
calculator as you work
through the problem.

7 Concrete pipes have the dimensions shown:
a
b

C

Find the area of one end of the pipe.
Hence, find the volume of one pipe.

If concrete costs $135 per cubic metre,

find the cost of the concrete needed to make one pipe.

d If the concrete weighs 2.43 grams per cm

find the weight of one pipe in kilograms.

3

B

8 Fred Cooper has been asked to convene the toffee apple stall at the local school fair. To

estimate the amount of toffee required for 15
sphere of diameter 6 cm and will be entirely
What is the total volume of toffee required?

00 apples, he assumes that each apple is a
coated with toffee to a thickness of 2 mm.

Example 10

A sphere has a volume of 200 cm®. Find

o) Self Tutor

its radius.

Volume of sphere = g7
. mr® =200
3 x 2mr® =3 %200 {x both sides by 3}
v mr = 150

r

the radius is approximately 3.63 cm

4.3
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9 A spherical ball has a volume of 500 cm?. Find its radius.

10 A cylindrical paint can has base radius 10 cm and volume 1500 cm?®. Find its height.
11 Sand is deposited on a flat surface in a conical heap. How high is the heap if:

a its diameter equals its height and its volume is 1 m?

b its diameter is twice its height and its volume is 5 m3?

12 A sphere fits exactly into a cylinder. What fraction of the cylinder
is air? Hint: Let the radius of the sphere be 1 unit.

13 A sphere and a cube have the same volume. Find the ratio of the length of the side of
the cube to the radius of the sphere.

14 A sphere has radius r. A cone has the same base radius as the sphere and height h. If
they have the same volume, find the ratio of h : r.

PROJ ECT SURFACE AREA AND YOLUME COMPARISON
\
//N% lick he i hi . PROJECT
%/ Click on the icon to access this project. (ﬁ)

ICEBERGS

LINKS Areas of interaction:

click here Environments, Approaches to learning

REVIEW SET 12A

1 Convert:
a 95 mm to cm b 48 kmtom ¢ 18500 m? to ha
d 55000 cm? to m? e 2.5m’tocm? f 2500 cm® to L

2 Find the volume of:

a b E c

20 cm

I

3 How many metal doorstops 15 cm by 10 cm by 5 cm can be cast from a spherical
ball of metal of diameter 400 mm?

—| |+—5cm f«—18 cm—>
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& How long would it take to fill a petrol tank 24 cm by 40 cm by 60 cm if it can be
filled at a rate of 16 litres per minute?

5 A cylindrical water tank of height 4 m is used to fill containers with dimensions
20 cm x 30 cm x 50 cm. If the tank can fill exactly 200 of these containers, find
its base radius.

6 A basketball fits exactly into a cube which has sides
equal in length to the diameter of the basketball.
What percentage of the cube’s volume does the
basketball occupy?

Hint: Let the ball have radius r cm.

7 A semi-circular tunnel with dimensions shown is made of concrete.
a What is the cross-sectional area of the tunnel?

b If the tunnel is 200 m long, find the cost of the
concrete at $120 per cubic metre.
e
om  sm
8 A cone has the same base radius as the radius of a sphere. If the
volumes of the cone and the sphere are equal, by what factor is the
height of the cone larger than its base radius?

REVIEW SET 12B

1 Convert:
a 6890 m to km b 29.4 cm to mm ¢ 7400 mL to L
d 7.6 ha to m? e 85 cm? to mm? f 3.2 cm® to mm?

2 Find the volume of:
a b <

1.6 cm

2.8 cm
3.2cm <-— ]2 cm—»

3 A rectangular garden plot 8 m by 3 m is surrounded by a concrete path which is
1.2 m wide. Find:

a the area of the path
b the volume of concrete required if it is to be 8 cm deep
¢ the cost of the path if the concrete costs £75 per cubic metre.
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~40cm A horse’s drinking trough has the dimensions
shown. How long will it take to fill the trough
if water flows into it at 12 litres per minute?

7

2m

/

A petrol can is a rectangular prism with base measurements 15 cm by 30 cm. If the
can has capacity 18 litres, find its height.

A concrete driveway is to be 28 m long, 3 m wide, and have an average depth of
12 cm.

How much will it cost to lay the driveway if the contractor charges €160 per cubic
metre of concrete?

A 50 m long swimming pool is completely
filled with water. Find: 50 m

a the area of the trapezium side
b the capacity of the pool in kL.

1.2 m

If a sphere has a surface area of 1000 cm?, find to 1 decimal place:

a its radius b its volume. ‘



Coordinate

geometry

Contents:

= X0OTMmMmMOUNWD>

Plotting points

Linear relationships

Plotting linear graphs

The equation of a line
Gradient or slope

Graphing lines from equations
Other line forms

Finding equations from graphs
Points on lines



278  COORDINATE GEOMETRY (Chapter 13)

HISTORICAL N(

Sir Isaac Newton is recognised by many

as one of the great mathematicians of all

time. His achievements are remarkable

considering mathematics, physics and
astronomy were enjoyable pastimes after his main
interests of chemistry, theology and alchemy.

Despite his obvious abilities, there is a story from
Newton’s childhood which indicates that even the
greatest thinkers can find silly
solutions for simple problems. He
was asked to go out and cut a
hole in the bottom of the barn
door for the cats to go in and out.
He decided to cut two holes: one
for the cat and a smaller one for
the kittens.

After completing school, Newton was initially made to work on a farm, but when his
uncle discovered his enthusiasm for mathematics it was decided that he should attend
Cambridge University.

Newton’s contribution to the field of coordinate geometry included the introduction of
negative values for coordinates. In his Method of Fluxions, Newton suggested eight new
types of coordinate systems, one of which we know today as polar coordinates.

However, René Descartes is credited with developing the z-y coordinate system for
locating points that we know as the number plane or Cartesian plane.

THE CARTESIAN PLANE

One way to specify the exact position of The number plane iy

a point on the two-dimensional

number plane is to use an ordered 6

pair of numbers in the form (z, y). A

We start with a point of reference O Eﬁ;si;’i}rltcal Irli:nlf the
called the origin. Through it we draw - abeis| 2 i

two fixed lines, which are perpendicular

to each other. They are a horizontal line - x
called the x-axis and a vertical line 6 -4 -2 2 4 6
called the y-axis. —

The xz-axis is an ordinary number line ;l;l}llési};?lrllezontal
with positive numbers to the right of O =4 be-abis]

and negative numbers to the left of O.

Similarly, on the y-axis we have =6

positives above O and negative numbers ‘

below O.
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"SI PLOTTING POINTS

To help us identify particular points we often refer to them using a capital letter. For example,
consider the points A(1, 3), B(4, —3) and C(—4, —2).

To plot the point A(1, 3):

e start at the origin O 5
e move right along the x-axis 1 unit
e then move upwards 3 units.

We say that 1 is the x-coordinate of A 3
and 3 is the y-coordinate of A. —4 1 x

To plot the point B(4, —3): _2 4

e start at the origin O ' |
e move right along the z-axis 4 units *

e then move downwards 3 units.

To plot the point C(—4, —2):

e start at the origin O
The xz-coordinate is

always given first. It
e then move downwards 2 units. indicates the movement DEMO

away from the origin in -« .
the horizontal direction. 1 ;

e move left along the x-axis 4 units

y
2nd Ist
quadrant ~ quadrant

QUADRANTS

The x and y-axes divide the Cartesian plane into four
regions referred to as quadrants. These quadrants are
numbered in an anti-clockwise direction as shown
alongside.

w7 am
quadrant quadrant

DISCUSSION LOCATING PLACES

How can we locate the position of:

e atown or city in some country like Argentina
e a street in Auckland, New Zealand

e a point on an A4 sheet of paper?
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|_Example 1

Plot the points A(3, 5), B(—1, 4), C(0, —3), D(-3, —2) (it o6 @ il st |
and E(4, —2) on the same set of axes. horizontally, then
vertically.
— s positive
y «— is negative
B(—1,4 \ T is positive
( 2 4 A(3,5) | is negative.
2
- e
=4 2 4
E(4,—2
° -2 ( o )
D(=3,=2) $¢(0,-3)
Y
EXERCISE 13A .
1 State the coordinates of the points Te R
P,Q,R,Sand T: 2 °
- x;
C -2 2 4
Q =2 5 °
P
7
2 On the same set of axes plot the following points:
a A(3,4) b B(4, 3) c C(2,6) d D(-3,2)
e E(5, —3) f F(—2, —4) g G(0,5) h H(-3,0)

3 State the quadrant in which each of the points in question 2 lies.

) Self Tutor

On a Cartesian plane, show all the
points with positive z-coordinate
and negative y-coordinate. -

y =

This shaded region contains
all points where z is positive
<— and y is negative.

y The points on the axes are
not included.

4 On different sets of axes show all points with:
a x-coordinate equal to 0 y-coordinate equal to 0
z-coordinate equal to 3 y-coordinate equal to —2

negative y-coordinate

c
e positive z-coordinate
S

negative x and y-coordinates negative x and positive y-coordinates
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5 On separate axes plot the following sets of points:
a {(0,0),(1,2),(2,4),(3,6), (48} & {(0,5), (1,4),(2,3), (3, 2), (4, 1)}

i Are the points collinear?
il Do any of the following rules fit the set of points?

A y=z+1 B y=2+5 C y=5—-=x
D y=2z—-1 E y=2x
550 LINEAR RELATIONSHIPS
Consider the pattern: o o o o o o o o o
(-] 1;t o o .2n(; (-] o o 3:d o °e ...

We can construct a table of values which connects the n 1 2 3 4
diagram number n to the number of dots P. Pl 3| 5 7| 9

We see that to go from one diagram to the next we need to
add two more dots.

The equation which connects n and P in this case is P = 2n + 1.
This equation is easily checked by substituting n =1, 2, 3, 4, ...... to find P.
For example, if n=3 then P=2x34+1=64+1=7
Since the number of dots P depends on the diagram number n, we say that n is the
independent variable and P is the dependent variable.
Note:

e This is an example of a linear
: relationship because the points
form a straight line. We say the
points are collinear.
e If n=-1, P=2(-1)+1
=1
But (—1, —1) is meaningless
* here because we can’t have a
—1th diagram.
o If n=24 P=2(2})+1
0 1 2 3 4 5 =6
which is meaningless because we

S = N W b LN 0 O
o

can’t have a 2%th diagram.

For this reason we do not
connect the points by a straight
line.

The independent
variable is placed on
the horizontal axis.
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a
b

W - 0 O

Each time when Max has only 10 litres of fuel left in his car’s petrol tank, he fills it at
at the petrol station. Petrol runs into the tank at 15 litres per minute. The petrol tank
can only hold 70 litres.

Identify the independent and dependent variables.

Make a table of values for the number of litres L of petrol in the tank after time ¢
minutes and plot the graph of L against ¢.

Is the relationship between L and ¢ linear?

Is it sensible to join the points graphed with a straight line?

For every time increase of 1 minute, what is the change in L?

In filling the tank: 1 what amount is fixed ii what amount is variable?

Find the number of litres of petrol in the tank after 1% minutes.

The number of litres of petrol in the tank depends on the fime it has been filling.
time is the independent variable and the number of litres of petrol is the
dependent variable.

Each 1 minute the tank is filling adds another 15 litres of petrol.

t(min) 0] 1] 2] 3] 4
L (litres) | 10 | 25| 40 | 55| 70

The points lie in a straight line so the relationship e, L (litred)

is linear. 30
Yes, as we could add petrol for 2% minutes, say,
or put 56 litres of petrol in the tank. 60

an increase of 15 litres 40

i The fixed amount is 10 litres. 323 ;
ii The variable amount is 15 litres per minute.

After 1% minutes there are 32% litres of petrol in 0
the tank.

EXERCISE 13B

1 Each week a travel agent receives a basic salary of €200. In addition the agent is paid
€30 for each ticket sold to Europe.

a
b

<
d
e

f

What are the independent and dependent variables?
Construct a table and draw a graph of income [ against tickets sold ¢ where ¢ =0,
1, 2,3, ..., 10.
Is the relationship linear?
Is it sensible to join the points with a straight line?
For each ticket sold, what will be the increase in income?
i What is the fixed income? il What is the variable income?
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2 One litre cartons of ‘Long-life’ milk can be bought for 85 pence each.

W -n 0 O A O

Copy and complete the table:

Number of cartonsn | 0 1 2 3 4 5 6 7 8
Cost in pounds £C

Plot the graph of C against n.

Identify the independent and dependent variables.

Is the relationship between C' and n linear?

Is it sensible to join the points graphed with a straight line?
For each extra carton of milk bought, what is the change in C?
Find the cost of 4 cartons of milk.

How many cartons of milk could be bought for £5.95?

3 Jason has a large container for water. It already contains 4 litres when he starts to fill it
using a 1.5 litre jug.

® O n O

W =

Make a table of values for the volume of water (V" litres)
in the container after Jason has emptied n full jugs of
water (n =0, 1, 2, ...., 8) into it.

What are the independent and dependent variables?

Plot the graph of V' against n.

Is the relationship between V' and n linear?

Is it sensible to join the points graphed with a straight
line?

For each full jug of water added, what is the change in V'?
What volume of water is in the container after Jason has emptied 5 full jugs into it?

How many full jugs must be emptied into the container to give a volume of 14.5
litres in the container?

4 Susan is planning a holiday in Alaska. It is important that she knows what temperatures
to expect so that she can pack appropriate clothing. She looks at the international weather
report and sees that the temperatures are given in degrees Fahrenheit (°F) as used in the
USA, whereas she is familiar with degrees Celsius (°C) as used in New Zealand.

Draw a set of axes as shown, using a 4

b temperature in °F

scale of 1 cm represents 10°C on the 250 ¢
horizontal axis and 1 cm represents 200 +
20°F on the vertical axis. 150 1
Identify the independent and

. 100 +
dependent variables.
There is a linear relationship 0T temperature in °C
between °F and °C. The boiling = ‘50 5‘0 1(‘)0 >
point of water is 100°C or 212°F. -50+
The freezing point of water is 0°C — 1004
or 32°F. Y

Mark these points on your graph and join them with a straight line.
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d Find the point where the number of degrees Celsius equals the same number of
degrees Fahrenheit. What is the temperature?

e Susan sees that the maximum temperatures were:
i 46°F on Monday il 36°F on Tuesday.
Convert these temperatures to °C.
f Use your graph to complete the following chart:

Temperature °F 20110 O
Temperature °C' | 10 | 20 | 30 | 40

"ell PLOTTING LINEAR GRAPHS

Consider the equation y = %:c — 1 which describes the relationship between two variables

x and y.

For any given value of x, we can use the equation to find the value of . These values form
the coordinates (x, y) of a point on the graph of the equation.

The value of y depends on the value of x, so the independent variable is « and the dependent
variable is .

When z=-2, y=1(-2)-1 When z=2, y=13(2)-1
=-1-1 =1-1

From calculations like these we construct a table of values:

z| =3 [|—-2| —1 0 1 2 3
1 1 1 1
y —25 —2 —15 -1 -3 0 5
So, the points (—3, —2%), (=2, =2), (-1, —1%), (0, —1), ...... all satisty y = %x —1 and
lie on its graph.
Notice also that if = =1.8 then y=3(1.8)—1
=09-1
ﬂy
=—0.1 4
(1.8, —0.1) also satisfy y =z — 1. H— bt

y =

In fact there are infinitely many points which satisfy -

-4 -2 /2 4

Y= %x -1 [
. o . -2
These points make up a continuous straight line which / (1.8,=0.1)

continues indefinitely in both directions. We indicate -4
this using arrowheads. Y
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|_Example 4 ) Self Tutor

Consider the equation y =x — 2.

a What are the independent and dependent variables?
b Construct a table of values using == -3, —2, —1, 0, 1, 2 and 3.
¢ Draw the graph of y=x — 2.

a x is the independent variable. <
y is the dependent variable.

° a=3T=2[=1]o[1[2]3
54| 3] —2-1] 0|1

EXERCISE 13C

1 For the following equations:
i State the independent and dependent variables.
il Construct a table of values using = = -3, -2, —1, 0, 1, 2, 3.
iii Plot the graph.

a y== b y=2z C y=sx d y=-2z

N o ]

e y=2x+3 f y=—2x+3 g y=sx+1 h y:—%x—l—l

2 Arrange the graphs of y =2, y =2z and y = %x in order of steepness. What part
of the equation do you suspect controls the degree of steepness of a line?

3 Compare the graphs of y = 2z and y = —2x. What part of the equation do you
suspect controls whether the graph slopes forwards or backwards?

4 Compare the graphs of y =22, y =2z +3 and y = %x + 1. What part of the
equation do you suspect controls where the graph cuts the y-axis?

| DISCUSSIO

How many points lie on the line with equation y = 2z + 3?

Are there gaps between the points on the line?

Does the line have finite length?
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[»J THE EQUATION OF A LINE

Consider the line with equation y = 2x.

For all points on the line, the y-coordinate is always
double the z-coordinate.

For example, the points:
(=2, —4), (-1, =2), (0, 0), (1, 2), (2, 4) and (3, 6)
all lie on the line. -

The graph of y = 2z including these points is shown
plotted alongside.

EQUATION OF A LINE

The equation of a line is an equation which connects the = and y-coordinates of all points
on the line.

|_Example 5

State in words the meaning of the equation y = 3z + 7.

y =3z + 7 connects the x and y values for every point on the line
where the y-coordinate is three times the z-coordinate, plus 7.

) Self Tutor

By inspection only, find the equations of the straight lines passing through the following
points:
alxz| 1 2 3 4 5 b |xz| 1 2 3| 4
yl—-3|—-6|-9|—-12| —15 y| 5| 4] 3 2 1
a Each y-value is —3 times its corresponding xz-value, so y = —3z.
b The sum of each x and y-value is always 6, so x+y = 6.

EXERCISE 13D

1 State in words the meaning of the equation:

a y=x+3 b y=5z ¢ y=2x—6 d z+y=5
2 By inspection only, find the equations of the straight lines passing through the following
points:
alxz|1(2]3]|4]|5 b |z |2(3]4|5]|6
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clzfo]l 1] 273 dlz[o]1]2]3
ylo|—2]-4]-6 yl3l2]1]o
elz[1]2]3]4]5 f 2345
yl3][s5]7]9]11 y 3[5]7]9

U3 GRADIENT OR SLOPE

Consider the two diagrams below. As we go from left to right along each line, the line from
A to B travels up, but the line from C to D travels down. We say that [AB] has an upwards
gradient whereas [CD] has a downwards gradient.

H GEOMETRY
1 PACKAGE

up down (I? >

A O ‘D

We use gradient or slope as a measure of a line’s steepness. Horizontal lines are said to
have zero gradient. Upwards sloping lines have positive gradients, whereas downwards
sloping lines have negative gradients.

Gradient is the comparison of the vertical
step to the horizontal step.

. vertical step vertical
gradient = ——— step
horizontal step
. , o : I
When calculating the gradient of a line, it is a good idea horizontal step

to first move horizontally in the positive direction.

|_Example 7 ) Self Tutor

Find the gradient of: B

a [AB] b [BC] i 2 gradient :§
A
3

B

b
A C B 4 gradient = _Tl

w—l = -

PN
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We see examples of gradient every day:

gradient of road = % vertical step = 1

horizontal step = 6

2m

T8 m
4m
10 m
gradient of roof = % gradient of stairs = % gradient of tower = %6
- % - % =14

For a horizontal line the vertical step is 0. This gives 0 as the numerator, so the gradient
of a horizontal line is O.

For a vertical line, the horizontal step is 0. So the denominator is O and the gradient of
the vertical line is undefined.

EXERCISE 13E.1

1 State the gradients of the lines labelled:

2 On grid paper draw a line segment with gradient:

a b 2 ¢ —1 d 2=2 e 1 f -3
g h -2 i 0 i 1% k 10 I undefined

Wl D=

3 Find the gradients of the following:
a b <

6m
1 km
slippery-dip barn roof road up hill

10 m
4 m
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4 a Determine the gradient of:
i [OA] ii [OB] il [0OC]
iv [OD] v [OE] vi [OF]
vii [OG] viii [OH] ix [OI]
b Using the results of a, copy and complete the
following statements:
i The gradient of a horizontal line is ......
il The gradient of a vertical line is ......
iili As line segments become steeper, their
gradients ...... A
5
t‘;
=

0]

Imagine that you are walking across the countryside from O to W, i.e., from left to right.

- 0 O aAn O

Indicate when you are going uphill.
Indicate when you are going downhill.
Where is the steepest positive gradient?
Where is the steepest negative gradient?
Where is the gradient 0?

Where is the gradient positive and least?

6 By plotting the points on graph paper, find the gradients of the lines joining the
following pairs of points:

a 0(0,0) and A(2, 6) b 0O(0,0) and B(—4,2)

¢ G(0, —1) and H(2, 5) d K(1,1) and L(-2, —2)

e M(3,1) and N(—1, 3) f P(—2,4) and Q(2,0)
INVESTICG THE GRADIENT OF A LINE
L~

# What to do: WORKSHEET
Ing

-« >
1 Copy and complete: E ;

Line segment | x-step | y-step y-step

x-step

[BC] 2 1 3
[DE]
[AC]
[BE]
[AE]

[FG]
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2 Copy and complete: C B
a Lines [AB] and [CD] are ......
b Lines [PQ] and [RS] are ...... A
¢ gradient of [AB] = ......
gradient of [PQ] = ...... D R
gradient of [CD] = ......
gradient of [RS] = ...... S
[
[

d gradient of [AB] x gradient of [CD] = ......
gradient of [PQ] x gradient of [RS] = ......

3 Copy and complete:
o The gradient of a straight line is ......
e Parallel lines have ......
e Perpendicular lines have gradients whose product is ......

THE GRADIENT FORMULA

Although we can find gradients easily b
. . e B(x,,55)
using steps on a diagram, it is often Va y
quicker to use a formula.
For points A(z1, y1) and B(z2, y2), A Fam
the vertical step is y2 — y1 and the ¥, (rp ) O
horizontal step is x2 — x7. = >
X
the gradient is 270 h X X5 -
To — T v
q . . Y2~ U
So, the gradient of the line through (z1, y1) and (z2, y2) is ——.
o9 — X1

=) Self Tutor

Find the gradient of [PQ] for P(1, 3) and Q(4, —2).
. Y2—U
P(1, 3) Q(4, —2) gradient of [PQ] =
|1 Pt U
1 Y1 T2 Y2 — —2-3
4-1
_ =5
3
—_3
3

The advantage of finding the gradient by using a formula is that we do not have to plot the
points on a graph.
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EXERCISE 13E.2

1 For the following graphs, find the gradients by:
i considering horizontal and vertical steps il using the gradient formula.

a b C d

¥ 1 B@,3) X by by
C(—:} < 4
\ F(-3.4) | G2.4)
X - X

/A(l,— D \ - X
D(5.=2) E(,=4)

A v 3 :

y=

2 Use the gradient formula to find the gradients of the lines joining the following pairs of
pointS'
0(0, 0) and A(2, 6)
0

0 4,2
¢ O(0,0) and C(2, —12)
(

( (=4, 2)
0(0, 0) and D(1, —5)
e E(1,0) and F(1, 5) G(0, —1) and H(2, —1)
g I(1,1) and J(3,3) K(1,1) and L(-2, —2)
i

M(3, 1) and N(—1, 3) j P(—2,4) and Q(2,0)

0(0,0) and B

]

esl

3 Which method do you think is easier to use to find the gradient of the line joining
R(—50, 460) and S(115, 55)? Explain your answer.

& Suppose a straight line makes an angle 6° with the positive z-axis.
Copy and complete:
a The gradient of any horizontal line is ......
b The gradient of any vertical line is ......
¢ 1 If §=0° @the gradientis ...... il If 6 =45° @the gradientis ......
iii If 6=090° @the gradientis ...... iv If 6 isacute, the gradientis ......
v If 6 is obtuse, the gradientis ......

| GRAPHING LINES FROM EQUATIONS

INVESTIGATION GRAPHS OF THE FORM y=mx + ¢
-~ .
4 The use of a graphics calculator or suitable graphing GRAPHING
"\,N package is recommended for this investigation. PACKAGE
D>

=

1 On the same set of axes, graph the family of lines of the form y = mua:

What to do:

a where m=1,23, 3,3 b where m=-1,-2 -3, -1, -1

2 Find the gradients of the lines in 1.



292  COORDINATE GEOMETRY (Chapter 13)

3 Describe the effect of m in the equation y = max.

& On the same set of axes, graph the family of lines of the form y = 2x+ ¢ where
c=0,24, -1, -3

5 Describe the effect of ¢ in the equation y = 2z + c.

The point where a straight line meets the x-axis is called its x-intercept.

The point where a straight line meets the y-axis is called its y-intercept.
From Investigation 2 you should have discovered that:

y = max + ¢ is the equation of a straight line with gradient m and y-intercept c.

) Self Tutor

Give the gradient and y-intercept of the line with equation:
a y=3x—2 b y=7—-2z c y=0

a y=3r—2 has m=3 and c= -2
gradient is 3 and y-intercept is —2
b y=7-—2z
or y=-—2x+7 has m=-2 and c=7
gradient is —2 and y-intercept is 7
¢ y=0
or y=0x+0 has m=0 and c=0
gradient is 0 and y-intercept is 0

EXERCISE 13F.1

1 Write down the equation of a line with:

a gradient 2 and y-intercept 11 b gradient 4 and y-intercept —6

¢ gradient —3 and y-intercept% d gradient —1 and y-intercept 4

e gradient 0 and y-intercept 7 f gradient% and y-intercept 6.

2 Give the 1 gradient ii y-intercept of the line with equation:

a y=4x+38 b y=-3z+2 c y=6—=

d y=-22+3 e y=-2 f y=11-3x

9 y=322-5 h y=3-3z i yZ%:E—l—%
z+1 2z — 10 11 — 3z

iy=— k y=— ly=—3
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GRAPHING y=mz + ¢

To draw the graph of y = mz +c¢ we could do one of the following:

e construct a table of values using at least 3 points and then graph the points
e use the y-intercept and gradient
e use the x and y-intercepts.

GRAPHING USING y-INTERCEPT AND GRADIENT

To draw the graph of y = ma + ¢ using the y-intercept and gradient:

find m and ¢

locate the y-intercept and plot this point

from the gradient, use the x and y-steps to locate another point
join these two points and extend the line in either direction.

=) Self Tutor

Use the y-intercept and gradient of y = %m +1 to graph the line.

For y:%x—l—l, mz% and c=1

the y-intercept is 1
2 — y-step

d th dientis —
and the gradient is 3 oostep 5

Example 11 =) Self Tutor Always let the

x-step be
positive.

Use the y-intercept and gradient of y = —2x —3 to graph the line.

For y=-2x—-3, m=-2

=Y

and ¢c= -3
the y-intercept is —3
92— -
and m=— 7 step
1 - z-step

EXERCISE 13F.2
1 For each of the following:

i find the gradient and y-intercept ii  sketch the graph.
a y=xz+3 b y=—-x+4 ¢ y=2xr+2
d y:%x—l e y=3zr f y:—%x

g y=-—-2x+1 h y:3—%x i y=3
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GRAPHING USING THE AXES INTERCEPTS

The y-intercept gives us one point to plot.

Any points on
the x-axis have a
y-coordinate of
Zero.

The z-intercept can be found by letting
y = 0 in the equation of the line and then
solving for x.

) Self Tutor

Use axes intercepts to graph the line with equation y = 2x — 5.

The y-intercept is —5.

A
y
When y=0, 2x—5=0 / X
e =B = 2% g
r=3

So, the z-intercept is 2%.

¥,

EXERCISE 13F.3

1 Use axes intercepts to graph the line with equation:

a y=x+4 b y=—x+3 ¢ y=2xr+4

d y=-2x+5 e yz%x—? f y=3—%x
2

g yz%x—l—l h y:2—§ i y:x;—

2 Can lines of the form y = ma be graphed using intercepts only? How could you graph
these lines?

el OTHERLINE FORMS

HORIZONTAL AND VERTICAL LINES

Lines parallel to the z-axis and lines parallel to the y-axis are special cases which we need
to treat with care.

INVESTIGATIC HORIZONTAL AND VERTICAL LINES
o What to do:

>
,:% 1 Using graph paper, plot the following se.ts of points on the Cartesian
& plane. Rule a line through each set of points.

a (5,2), (5 4), (5, -2), (5, —4), (5, 0)
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b (-1, 2), (-1, 4), (-1
¢ (0,2),(0,4), (0, =2), (0, —4), (0, 0)
d (-1,3),(23),(0,3), (4 3), (-3, 3)
e (
f(

0, —4), (1, —4), (4, —4), (=2, —4), (3, —4)

1’ O)’ ( ) (5: 0)9 (_1’ 0)’ (_2’ 0)

vt B WN

Can you state the equation of the line?

VERTICAL LINES

The graph alongside shows the vertical lines © = —1
and = = 3.

For all points on a vertical line, regardless of the value
of the y-coordinate, the value of the z-coordinate is
the same.

All vertical lines have equations of the form z = a.

The gradient of a vertical line is undefined.

HORIZONTAL LINES

The graph alongside shows the horizontal lines
y=-—2 and y=1.

For all points on a horizontal line, regardless of
the value of the xz-coordinate, the value of the
y-coordinate is the same.

All horizontal lines have equations of the form y = c.

The gradient of a horizontal line is zero.

5 _2)a (_1’ _4)’ (_1’ 0)

Can you state the gradient of each line? If so, what is it?

Can you state the y-intercept of each line? If so, what is it?

How are these lines different from other lines previously studied?

y=

x=-1 x=3
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EXERCISE 13G.1

1 Identify as either a vertical or horizontal line and hence plot the graphs of:
a y=3 b x=4 c y=-2 d z=-6
2 Identify as either a vertical or horizontal line:

a a line with zero gradient b a line with undefined gradient.

3 Find the equation of:
a the z-axis b the y-axis
¢ a line parallel to the x-axis and two units above it
d a line parallel to the y-axis and 3 units to the left of it.

THE GENERAL FORM

Equations of the form Az + By = C where A, B and C are constants are also linear.
This form is called the general form of the equation of a line.

For example, 2x —3y = —6 is the equation of a straight line in general form. In this case
A=2, B=-3 and C = —6.

We can rearrange equations given in general form into the y = mx + ¢ form and hence find
their gradient.

Example 13

Make y the subject of the equation and hence find the gradient of:

A line in the form

ar—y=4 b 2x+3y=-6 y=mz + ¢
has gradient m.
a z—y=4
r—y—zcrz=4—=x {subtracting = from both sides}
—y=4—z {simplifying}
—y 4
_—21/ = —il {dividing each term by —1}
y=—-4+uzx {simplifying}
y=xz—4 and so the gradient is 1.
b 2r + 3y = —6

2 + 3y — 22 = —6 — 2z {subtracting 2z from both sides}
. 3y=—-6-—2x  {simplifying}

6 2
Y 20 B o A el s Ty 8
3-3 3

y==2= %x

y=—51—2 and so the gradient is —%.




COORDINATE GEOMETRY (Chapter 13) 297

We can graph equations given in general form by converting them into the
y=mz +c form and then using the gradient and y-intercept.

Is there a better or quicker method of graphing equations in the general
form?

EXERCISE 13G.2
1 Find the gradient of the line with equation:

2
a y=2xr—-3 b y=-3z+4 c y:?x—i—S
3z +1
d y= 1 e y=5—2z f y:%—x
2 Make y the subject of the equation and hence find the gradient of:
a x+y=>5 b 2x4+y=4 ¢ y—3x=5
d 2z —-3y=6 e 2y+x—6=0 f 6-2y+5x=0
g 3x+Ty=-21 h 2z —-5y=10 i 5243y =30

3 Match each equation to one of the graphs by
using y-intercepts and gradients:

a y=x+1 b y=1—=2
¢ 2y=3x+4 d z+y=5
e 2z+5y =10 f 4-2x=4y
g z—y=3 h

=) Self Tutor

Use axes intercepts to draw the graph of the line 2z —3y = —6.

Points on the

The line cuts the y-axis when =z =0 4y y-axis have an
x-coordinate of

—3y = —6 Zero.

3y -6 e
-3 _3 /

Lo y=2 _ -3
The line cuts the x-axis when 3 = 0 /

y =

2r = —6 ]
2r_ =6
2 2

9B = =3
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4 Use axes intercepts to draw the graph of:

a rz+y=6 b 2z4+y=14 ¢ 3xr—y=>5
d 2x+3y==6 e 3z —4y=12 f z2+3y=-6
g 2z —5y=10 h 2x+7y=14 i 3z—4y=38

:/| FINDING EQUATIONS FROM GRAPHS

To determine the equation of a line we need to know its gradient and at least one other point
on it.

Y2 — U1
Ty — T

If we are given two points on a graph then we can find its gradient m by using m =

So, if we know the y-intercept and one other point then we can find the equation connecting
x and y.

|_Example 15

For the graph alongside, determine: /

y
a the gradient of the line . 13)
b the y-intercept
¢ the equation of the line. 3
e
) X
Y
a (0, 3) and (5, 13) lie on the line b The y-intercept is 3.
the gradient m = 13-3 ¢ The equation of the line is
5-0 y=2z+3.
— 10
=5
=2

EXERCISE 13H

1 For each of the following lines, find:

i the gradient ii the y-intercept iii the equation of the line.
a y / b V) < va
(4.3) (2,1)
0,2) / ?
©.1) (
‘(_ 1,0)/ X ‘/ X B x

/.
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d y e Vi f

\2 (=1.3) (-2,2)

S h Vi i
Yy Vi
\1 2 _»
=3 ) % ) 2.
/( /62) ¥

a b <

- / > -« \ g '/({5,_1)‘ t
"Il POINTS ON LINES

Once we have found the equation of a line, we can easily check to see whether a given point
lies on it.

We simply replace x by the z-coordinate of the point being tested and see if the equation
produces the y-coordinate.

) Self Tutor

Determine whether (2, 11) and (—3, —3) lie on the line with equation y = 3z + 5.

If =2, y=3x2+5 If =-3, y=3x%x(-3)+5
—6+5 ——9+5
11 = 443

(2, 11) lies on the line. .. (=3, —3) does not lie on the line.
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EXERCISE 131

1 Determine whether the given point satisfies the given equation, or in other words whether
the point lies on the graph of the line:

a (2,5), y=4z-3 b (3,-1), y=22—-7
¢ (-4,2), y=—xz+3 d (-1,7), y=-2x+5
e (4,-1), y=—-2x+7 f (1,6), y=-3xz+5

THE GRAPH OF y=+x

This investigation is best attempted using a graphing package

B
%

GRAPHING
b or graphics calculator. PACKAGE
LS [N < >
& What to do: 1%

1 a Draw the graph of y = \/z from a table of values.

b Use technology to check your graph.

¢ Explain why there is no graph to the left of the vertical axis.

d Explain why no part of the graph is below the z-axis.
2 a On the same set of axes, graph y = /z and y = —/x.

b What is the geometrical relationship between the two graphs?
3 a Draw the graphs of y =22 and y = ./ on the same set of axes.

b What is the geometrical relationship between the two graphs?
4 a On the same set of axes graph y =+/z, y=+/z+3 and y=+/z —3.

(-3

What is the geometrical relationship between the three graphs?
¢ Do the graphs have the same basic shape?

5 a On the same set of axes plot the graphs of y = /z, y = v/r—3 and
y =+ +3.
b Do the graphs have the same basic shape?
¢ What is the geometrical relationship between the three graphs?

29 | HOW FAR IS IT FROM YOUR CHIN
unks | TO YOUR FINGERTIPS?

click here
Areas of interaction:
Approaches to learning
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REVIEW SET 13A

1
2

On a set of axes show all points with an z-coordinate equal to —2.

A lawyer charges a €75 consultation fee and then €120 per hour thereafter.
a Identify the dependent and independent variables.

b Make a table of values for the cost €C' of an appointment with the lawyer for
time ¢ hours where t =0, 1, 2, 3, 4.

¢ Is the relationship between C' and ¢ linear?

d If you graphed this relationship, is it sensible to join the points graphed with a
straight line? Give a reason for your answer.
e For every increase of 1 hour for ¢, what is the change in C'?
f For an appointment with the lawyer, what is:
i the fixed cost il the variable cost?

For the equation y = —2x + 3:
a Construct a table of values with =z = —3, —2, —1, 0, 1, 2, 3.
b Plot the graph.
¢ Find: i the y-intercept ii the x-intercept.

Find, by inspection, the equation of the z|l o 1 2 3 4 5
straight line passing through the points: v | 3 9 1 0| -1 =2

State the gradients of the given lines: a b

/

Use the gradient formula to find the gradient of the straight line through the points
A(—2, 3) and B(1, —4).

Write down the equation of the line with gradient 5 and y-intercept —2.

For the line with equation y = —%x +2:
a find the gradient and the y-intercept, and hence
b sketch the graph.
Use axes intercepts to draw the graph of 2z — 3y = 6.

For the line alongside, find:

Yy
a the gradient T /(/5,' 2)

b the y-intercept

=y

¢ the equation of the line. 0,-3)

Determine whether the point (—2, 5) lies on the line with equation y = —2z + 1.
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REVIEW SET 13B

Illustrate on a set of axes the region where both x and y are negative.

A tank contains 400 litres of water. The tap is left on and 25 litres of water escape
per minute. V' is the volume of water remaining in the tank ¢ minutes after the tap
is switched on.

What are the dependent and independent variables?
Make a table of values for V' and ¢.
Is the relationship between V' and ¢ linear?

2 an O o

If you graphed this relationship, is it sensible to join the points graphed with a
straight line? Give a reason for your answer.

e For every increase of 1 minute for ¢, what is the change in V'?
For the equation y =3x —2:

a Construct a table of values with x = —2, —1, 0, 1, 2.

b Plot the graph.

¢ Find: i the y-intercept ii the z-intercept.

Find, by inspection, the equation of the straight x|l 0 1 2 3 4
line passing through the points: y| 0] -3]-6]-9]-12

State the gradients of the given lines: a b

On grid paper, draw a line with a gradient of: a —% b 0.

For the line with equation y = %m +2:
a find the gradient and the y-intercept, and hence
b sketch the graph.

Find the gradient of the line with equation 5z — 2y = 12.

For the line alongside, find: y
a the gradient (0,3)
b the y-intercept . (4,0) _
¢ the equation of the line. l \ *
Find: P
a the gradient of the line shown 4
b the equation connecting the variables. (—2,2)

Determine whether the point (1, 2) lies on the line with equation y = 3z — 5.



Simultaneous

equations

Contents:

monwD

Trial and error solution
Graphical solution

Solution by substitution
Solution by elimination

Problem solving with
simultaneous equations



304 SIMULTANEOUS EQUATIONS (Chapter 14)

OPENING PROBLEM

The graph alongside shows the 4y
J l I straight lines with equations ‘\4 x—2p=—2
r+y=4 and x —2y = —2.
How can we find the point
where the graphs meet? 5 1 N
- .
A 3% AP y=4

In the Opening Problem we have two equations involving the two variables z and y.

From the graph we can see the lines meet in exactly one point. This means there is exactly
one solution for  and y which satisfies hoth equations.

In this chapter we discuss how to solve two equations simultaneously, which means at the
same time.

r4+y=4

5 are simultaneous equations in the
x—2y=—

For the Opening Problem, we say that {

two unknowns z and y.
Sometimes this is referred to as a 2 X 2 system of 2 equations in 2 unknowns.
We will examine four different methods of solution for simultaneous equations:

e trial and error solution
e graphical solution

e solution by substitution
e solution by elimination

_ TRIAL AND ERROR SOLUTION

m ) Self Tutor

x+y=4
T —2y=-2

Solve the system of equations { simultaneously by trial and error.

Hence find where the graphs of these equations meet.

From the graph, we know the z-coordinate of the point x|y l|lxzt+ty|z—2y
of intersection must lie between 0 and 4. We also know 0ol 4 4 _8
that z and y obey the rule = 4+ y = 4. We construct 11 3 4 —5
a table of values for = =0, 1, 2, 3 or 4: 2 [ 2 4 —9
We see that when =z =2 and y = 2, 3|1 4 1
z+y=4 and = —2y = —-2. 410 4 3

So, the graphs meet at the point (2, 2).
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EXERCISE 14A

1 By completing a table, find integers « and y which simultaneously satisfy:
a x+y=4 b x4+y=11 c y=x+2 d y=6+z
3x+by=14 dx + 3y =40 9r — 4y =7 8xr — 3y = -3

2 You are given a possible solution for each pair of simultaneous equations. Check whether
the solution is correct.

a z—y=3 {x=5 y=2} b z+y=9 {z=5 y=4}
2 +y =11 20 —y=6

¢ atb=2 {a=5 b=-3} d 2p+qg=7 {p=4 ¢g=-1}
a—b=28 3p+2q=10

3 Find by #rial and error the simultaneous solution of the following equation pairs, given
that the solutions are integers.

a r+y=4 b z+y=6 ca—b=1 d p—qg=3
20 —y=5 2 +y =10 2a 4 3b =2 5p+2q¢ =29

55 GRAPHICAL SOLUTION

The graphs of any two straight lines which are not parallel will meet somewhere. The point
where they meet is called the point of intersection.

point of

/— intersection

The point of intersection is the only point
common to both lines.

The point of intersection corresponds to the simultaneous solution of both equations.

|_Example 2

Find the point of intersection of the lines with equations y =2z +5 and y = —x — 1.
For y=2x+5: when =0, y=5 ¥
when y=0, 2x+5=0
2r = =5

— _3
T =3

So, (0, 5) and (—2, 0) lie on it.
For y=—-x—1: when z=0, y=-1
when y=0, —ax—-1=0

=i = 1l
Sz =-1
So, (0, —1) and (—1, 0) lie on it.

the graphs meet at the point (—2, 1).
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Not all line pairs meet at one point. Two other situations could occur, both resulting from
the lines being parallel.

These are:

parallel lines o )
coincident lines

no solution infinitely many solutions.

EXERCISE 14B

1 Find the point of intersection of the following pairs of lines by drawing the graphs of
the two lines on the same set of axes:

a y==x b y=x+3 c y=3r+2
y=2—x y=—2zx y=x—4

d y=-2x+3 e y=2—-3x f y=3x+4
y=>5o—z y=x—2 y=2zr+1

2 Find the simultaneous solution of the following pairs of equations using graphical

methods:

a y=xz+1 b y=x+4 C y=x+2
y=2x—3 y=—x+2 y=-—-2x+5

d y=2zr—-2 e y=3zr—1 f y=—22x+3
y=1—=x y=2x—2 y=x+6

3 Graph the following pairs of lines to find how many solutions these simultaneous
equations have:

a y=2x+3 b z+y=2

y=2x—2 20 + 2y =4 Give reasons for your answers.

4 Explain when solving simultaneous equations by ‘trial and error’ and by ‘graphing’ would
be inadequate.

~ SOLUTION BY SUBSTITUTION

Solution by substitution is an algebraic method used to solve simultaneous equations. This
method is used when one of the variables is given in terms of the other.

For example, if one of the equations is y = 2z — 1, then y is given in terms of x and we
say that y is the subject of the equation.

Find the simultaneous solution of the following pair of equations:
y=2x—-1, y=x+3
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If y=2x—1 and y=2x+3, then

2t —1=x+3 {equating ys}
2r—1—z=x+3—=x {subtracting x from both sides}

r—1=3 {51mP11fy1ng} . Always check

r=4 {adding 1 to both sides} your solution in

andso y=4-+3 {using y=x+ 3} both equations.
y="7

So, the simultaneous solutionis z=4 and y=71.

(Check: In y=2xr—1, y=2x4—-1=8—-1=7 V)

)
t(c”

Using an algebraic approach is often quicker than graphing the two lines, and it is
more accurate if the solutions are not integers.

EXERCISE 14C

1 Find the simultaneous solution of the following pairs of equations using an algebraic

method:

a y=z+1 b y=x+14 ¢ y=x+2

d y=-2zr—-4 e y=—-z+4 f y=2x+3
y:x—4 y=2xr—8 y=2x—2

g y=3z+7 h y=-2x+3 i y=5—-3z
y=—-x—6 y=—2x+6 y=10— 6z

m ) Self Tutor

Solve simultaneously by substitution: y = 2z + 3
3r—4y =8

In equation (1)
y is given in

terms of x, so
we substitute

Substituting (1) into (2) gives 3z —4(2z +3) =8
3r — 8z — 12 =238

—Hxr —12 =38 this into (2).
—5z =20
z=—4
Substituting z = —4 into (1) gives y=2(—-4)+3
y=-8+3
Y= -5

the solution is « = —4, y = —5.
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2 Use the method of substitution to solve:

a rz=142y b y+4x=6 c r=2y—=6
20 +y =17 y=2x+3 2 +y =28
d 3x—2y=5 e x=1-2y f z=3y+12
y=3—4x 3z +y=13 3r—2y=28
g y=3x—2 h z=4y—-1 i y=5x+7
20 — 5y =27 3z +4y = -1 20 -3y =8
Example 5 o) Self Tutor
Find the point of intersection of the two lines y=2x+5 and y= -z —1.
The lines meet when
2 +5=—-x-1 {equating ys}
Lipaf @) = 0 = =i — 1Lk {adding z to both sides}
3z +5=-1
3z+5-5=-1-5 {subtracting 5 from both sides}
3z =—6 {collecting like terms}
z=-2 {divide both sides by 3}
Thus, y=2x(-2)+5 {using y=2x+5}
y=—-4+5
y=1 So, the lines meet at (—2, 1).

3 Use substitution to find the point of intersection of the following lines:

a y=2x+3 b y=xz-3 c y=2—=x
y=x+5 y=3x+1 2v+y=-1

d y=3z+2 e y=2x—-5 f 4+ 7Ty =10
3x+ 7y = —10 3x+y="7 y=>5—3x

2" SOLUTION BY ELIMINATION

Solution by elimination is used to solve simultaneous equations such as
{ 3+ 2y = -2

5 o7 where neither variable is given as the subject of an equation.
T—y=

However, if we make the coefficients of one of the variables equal in size but opposite in
sign, we can add the equations to eliminate that variable. To do this we multiply both sides
of one of the equations by an appropriate constant.

There is always a choice whether we wish to eliminate = or y. However, our choice is usually
determined by the ease of eliminating one of the variables.
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Example 6

3z +2y=-2
Solve T+ 2y using the method of elimination.
dr —y =27
3+ 2y = -2 ... (1)
5 —y =27 .. 2)
Multiplying both sides of (2) by 2 gives 3z + 2y = —2
10z — 2y = 54
adding 13z = 5%
=4
Substituting = =4 into (1),
3(4) +2y = -2
12+ 2y = —2
2y = —14

y=-—7 Hence z =4, y = —7 is the solution.

Check: In (1), 3z +2y=3(4) +2(-7)
=12-14
=-2 v
In(2), bzx—y=>54)— (-7
=20+7
=27 V

Always check that
tour solutions are

correct.

Sometimes it is easier to eliminate a variable if we multiply both of the equations by different

constants.
| Example 7 | =) Self Tutor
5z + 3y = 12
Solve simultaneously, by elimination: 7i 1 2Z _ 19
dr+3y =12 .. (1)
Tr+2y=19 ... )
We multiply (1) by 2 and (2) by —3: 10z + 6y = 24
—21x — 6y = =57
adding — 11z = =33
x=3
Substituting « = 3 into (1), 5(3)+ 3y =12
15+ 3y =12
3y = -3
y——1 Hence x =3, y=—1.
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EXERCISE 14D

1 What equation results when:

a 2x— 3y =>5 is multiplied by 2 b x4+ 3y =7 is multiplied by —3
¢ 2z 45y =1 is multiplied by 4 d 3z — 2y =28 is multiplied by —2
e bx —y =2 is multiplied by 5 f —2zx+45y=—1 is multiplied by —1?
2 What equation results when the following are added vertically?
a 3z+2y==6 b 3z—y=38 c z4+y=>
z—2y=10 20 +y="17 r—y="17
d 3r—y=4 e Sr —y==6 f —8zx+2y=11
—3x +4y =2 —bx + 3y = -8 8r — 3y = -7
3 Solve the following simultaneously using the method of elimination:
a Jxz+y=13 b 2z —y=28 ¢ z+3y=13
r—y=3 zr+y="7 —x+y="7
d Sx+2y=-19 e 2x+3y=11 f 2s+y=1
3r—4y = —1 Tr —y =50 43y =—12
g 4drx+y=19 h 7x+2y=-5 i 6x+5y=-2
3r+4y = -2 3x — by = —49 3r—y=13
] 4z —3y=12 Ik 3x4+2y="7 | 3+ 7y =47
—r+5y=-3 8xr + Ty =12 Tr + 3y =43
m 2z + Ty = -51 n 3z+y=17 o 2z —-3y=14
3xr —2y =11 20 —y =23 dx — Ty =34
INVE FINDING WHERE GRAPHS MEET
Lz

Click on the icon to run a graphing package.

%

> : : GRAPHING
“.:Q\' [N Typein y =3z +2 and click on | PLOT]| . PACKAGE

3

Now typein y =5 —=x and click on |PLOT| . (ﬁ)
Now click on . Move the cursor near the point of

intersection and click again.
Your answer should be (%, 4%). For a fresh start click on |CLEAR ALL]|.

What to do:

Show that the point of intersection of y =2x+1 and y=7— 5z is at about
(0.857, 2.714).

2 Typein 2z+3y=>5 and plotit. Then type in 3z —4y = 10 and plot it. Find
the point of intersection of the two lines.

W

Use the graphing package to solve these simultaneously:

a 2z+3y=10 b 32+ Ty=38 ¢ 3zr—8y=49
Sr 4+ Ty = —4 4o + 11y = 56 dr — 17y =8
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ROBLEM SOLVING WITH
ULTANEOUS EQUATIONS

In this section we deal with problems given in sentences. We need to interpret the information
and use it to write two equations in two unknowns. Once we have solved them we need to
describe what the solution means in terms of the problem.

) Self Tutor

Two numbers have a sum of 30 and a difference of 5. Find the numbers.

Let x and y be the unknown numbers, with = > y.

So, x4+y=30 ... @)) {‘sum’ means add}
and z—y=5 ... 2) {‘difference’ means subtract}
adding 2z =35
z =174
Substituting into (1), 173 +y = 30 Check: 173 +124 =30 v
y =123 171 12l =5 «

The numbers are 17% and 12%.

EXERCISE 14E
1 Two numbers have a sum of 200 and a difference of 37. Find the numbers.
2 The difference between two numbers is 84 and their sum is 278. What are the numbers?

3 One number exceeds another by 11. The sum of the two numbers is 5. What are the
numbers?

4 The larger of two numbers is four times the smaller and their sum is 85. Find the two
numbers.

5 Find two integers such that three times the smaller is 33 more than twice the larger, and
twice the smaller plus five times the larger equals 250.

) Self Tutor

At a clearance sale all CDs are sold for one price and all DVDs are sold for another
price.

Marisa bought 3 CDs and 2 DVDs for a total of $34.50, and Nico bought 2 CDs and
5 DVDs for a total of $56.

Find the cost of each item.

Let x cents be the cost of one CD and y cents be the cost of one DVD.

3 CDs and 2 DVDs cost $34.50, so 3z + 2y = 3450 ... (1)
2 CDs and 5 DVDs cost $56, so 2x + 5y = 5600 ...... ()
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We will eliminate z by multiplying equation (1) by 2 and equation (2) by —3.

6z + 4y = 6900
—6x — 15y = —16 800
adding — 11y = —9900
y =900

Substituting in equation (1) gives 3z + 2 x 900 = 3450
3z + 1800 = 3450
3z = 1650

x = 550

So, the cost of one CD is $5.50 and the cost of one DVD is $9.

6 Two hammers and a screwdriver cost a total of $34. A hammer and 3 screwdrivers cost
a total of $32. Find the price of each type of tool.

7 Four adults and three children go to a theatre for £74, whereas two adults and five
children are charged £58. Find the price of an adult’s ticket and a child’s ticket.

8 Three blankets and a sheet cost me RM190. Two sheets and a blanket cost a total of
RM100. Find the cost of one blanket and one sheet.

9 Seven peaches plus eight nashi cost me ¥273 altogether. However, three peaches and
one nashi cost a total of ¥66. Find the cost of one piece of each fruit.

10 A purse contains $3.75 in 5 cent and 20 cent coins. If there are 33 coins altogether, how
many of each type of coin are in the purse?

Example 10 o) Self Tutor

A carpenter makes cabinets and desks. Each cabinet has 2 doors and 3 drawers, and
each desk has 1 door and 5 drawers, the same as are used for the cabinets. The carpenter
has 41 doors and 100 drawers available. How many of each item of furniture should
he make to use his entire supply of doors and drawers?

Suppose the carpenter makes x cabinets and Ttem Number | Doors | Drawers
y desks. Cabinet x 2z 3z
20 +y=41 ... (1) Desk y y 5y
{total number of doors} Total 11 100
ota
3z + 5y =100 ... 2)
{total number of drawers}
Multiplying (1) by —5 gives —10x — by = —205
3z + 5y = 100
adding —7z = —105

z=15 {dividing both sides by —7}
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Substitituting z = 15 into (1) gives 2 x 15+y =41
304y =41

y=11

So, the carpenter should make 15 cabinets and 11 desks.

) Self Tutor

An equilateral triangle has sides of length (3z —y) cm, (z+5) cm and (y+ 3) cm.
Find the length of each side.

The sides of an equilateral triangle are equal.

B — oy — (3x—y) cm (x+5)cm
3r—2y=3 ... (1) {subtracting y from both sides}
y+3)cm
Also 3z—y=z+5
20 —y=5 ... (2) {subtracting = from both sides}
3r —2y =3
Multiplying (2) by —2 —4z + 2y = —10
adding —=x = =7
o=
Substituting in (1) 3(7)—2y=3
21 -2y =3
—2y =—18
y=9

3r—y=21-9=12, z+5=7+5=12 and y+3=9+3=12
the sides are 12 cm long.

1

12

13

14

15

A yard contains rabbits and pheasants only. There are 35 heads and 98 feet in the yard.
How many rabbits and pheasants does the yard contain?

Milk is sold in one litre and two litre cartons. A delicatessen owner orders 120 litres of
milk and receives 97 cartons. How many of each type did she receive?

The figure alongside is a rectangle. (3x—5) cm
Find = and y.
(2x—4)cm (y=3)cm
(y—1)cm
KLM is an isosceles triangle. L
Find x and y and hence find the . (x+4)
measure of the angle at K. K
— 9 o
(e y+ 3 b 079

M

Twelve years ago Jane was five times as old as Anne. In three years’ time Anne will be
half Jane’s age. How old is each girl at the moment?
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16 Nine years ago a woman was three times as old as her son. In eight years from now the
sum of their ages will be 78. How old are they today?

17 The weekly wages of Sam and Ben are in the ratio of 2 : 1. Their living costs are in
the ratio of 9 : 4. If each saves $100 per week, find their weekly incomes.

REVIEW SET 14A

1 On the same set of axes draw accurate graphs of the lines with equations
y=2r—1 and y=z—2.
From your graphs, find the simultaneous solution of y =2z —1
y=x—2

2 Solve by substitution: y =2z — 3
3r—2y =4

3 Solve by elimination:  3x + 2y =3
Sr+3y =4
& Solve the following problems:

a Two pencils and a ruler cost 49 cents in total. One pencil and two rulers cost
62 cents in total. Find the cost of each item.

b T have only 2 cent and 5 cent coins. The total number of coins is 25, and their
total value is 92 cents. How many of each coin do I have?

REVIEW SET 14B

1 On the same set of axes draw accurate graphs of the lines with equations
y=2r—3 and y=2-—3z.
a Use your graph to solve simultaneously: y =2z —3
W= 72— 3w
b Check your answer to a by substitution.

2 Find the simultaneous solution of y + 3z = 16 and y = 2z — 4 using the
substitution method.
3 Use elimination to solve: y=2zx+1
y=-—x—>5
Do the lines with equations y=2z+1, y=—-2z—5 and y=—-3x—9 meet
at a common point of intersection?
& Solve the following problems:

a John is two years older than Paula. Three times John’s age plus four times
Paula’s age is 55 years. How old are John and Paula?

b A baker’s basket contains bread rolls and sandwich loaves. The loaves weigh
750 g and the rolls 150 g. The total number of loaves and rolls is 16 and their
total weight is 6 kg. How many rolls and how many loaves are in the basket?
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OPENING PROBLEM

A triangular prism is made of plastic

l | ' with the dimensions shown.
2 cm

When it is thrown in the air it could 2 em i
come down and finish on: 2 cm

a triangular face a square face a rectangular face

Things to think about:

e Which side do you think the prism is most likely to finish on?
e How can we estimate the probability of the prism ending up on a triangular face?
e How can the estimate be improved?

PROBABILITIES

The probability of an event happening is a measure of the likelihood or chance of it
occurring.

Probabilities can be given as percentages from 0% to 100%, or as proper fractions or decimal
numbers between 0 and 1.

An impossible event which has 0% chance of happening is assigned a probability of 0.
A certain event which has 100% chance of happening is assigned a probability of 1.
All other events are assigned a probability between 0 and 1.

The number line below shows how we could interpret different probabilities:

not likely to happen 0.5 likely to happen

0 : 1

impossible / ? ? \ certain
very unlikely equal chance of happening very likely
to happen as not happening to happen

The assigning of probabilities is usually based on either:

e observing the results of an experiment (experimental probability), or
e using arguments of symmetry (theoretical probability).

In general, the probability of an event occurring is

number of ways the event can happen
P(event) =

total number of outcomes
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HISTORICAL NOTE

A dispute between gamblers in the 17th
H Century led to the creation of a new
O branch of mathematics called theoretical
probability.

Chevalier de Méré, a French aristocrat and a gambler,
wanted to know the answer to this question:

“Should I bet even money on the occurrence of at least
one ‘double six” when rolling a pair of dice 24 times?”

De Méré’s experience of playing this game convinced
him that the answer was yes.

He asked two French mathematicians, Blaise Pascal and
Pierre de Fermat, to prove that his theory was true.

Not only did they correctly argue the result, but they became interested in solving other
questions of this kind.

" PROBABILITY BY EXPERIMENT

The probabilities for some events can only be found by experimentation.
Here are some words and phrases which we need to understand:

e The number of trials is the total number of times the experiment is repeated.
e The outcomes are the different results possible for one trial of the experiment.

e The frequency of a particular outcome is the number of times that this outcome is
observed.

e The relative frequency of an outcome is the frequency of that outcome divided by the
total number of trials.

The more times an experiment is repeated, the better the estimate of the probability of the
event.

EXPERIMENTAL PROBABILITY

Consider the Opening Problem again. A prism was made in this exact shape and was thrown
in the air 200 times.

The results were: Rectangular 77, Square 8 and Triangular 38
We say that:

e the number of trials was 200
e the possible outcomes were Rectangular, Square or Triangular.

e the frequencies were 77 for Rectangular, 85 for Square and 38 for Triangular

: : 77 85 38
o the relative frequencies were 555 for Rectangular, 555 for Square and 555 for

Triangular.
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We use the relative frequencies, usually written as decimals, to estimate the probabilities.
The estimated experimental probability is the relative frequency of the outcome.

We write: P(Rectangular) ~ 0.385, P(Square) ~ 0.425 and P(Triangular) ~ 0.190

When the experiment was performed again the results for 250 repetitions were: Rectangular
90, Square 112 and Triangular 48.

This time P(Rectangular) ~ 0.360, P(Square) ~ 0.448, P(Triangular) ~ 0.192

EXPERIMENTAL RESULTS

Discuss: e why the two repetitions of the experiment of the Opening
Problem give different results and what this may be due to

e the ways these results may be combined.

) Self Tutor

Find the experimental probability of:

a tossing a head with one toss of a coin if it falls tails 36 times in 80 tosses

b rolling a pair of sixes with a pair of dice given that when they were rolled 300
times a double six occurred 9 times.

a P(a head) b P(a double six)
~ relative frequency of a head ~ relative frequency of a double six
~ 9
= % ~ 300
~ 0.45 ~ 0.03

EXERCISE 15A

1 Jacinta has been given an indoor golf hole to practice her putting. Out of her first 91
attempts to hit the ball into the hole, she succeeds 23 times. Find the experimental
probability of Jacinta hitting the ball into the hole.

2 When John makes an error in his work he crushes the sheet of paper into a ball and
throws it at the waste paper basket. At the end of the day he has scored 16 hits into
the basket and 5 misses. Find the experimental probability that he scores a hit into the
basket.

3 In the first round of a competition Sasha recorded Find the best estimate
77 hits out of 80 shots at her target. 37 Xl i
. . numbers of hits and
a Use this result to estimate her chances of dividing by the total
hitting the target. number of shots.

b On the next day in the final round of the
competition she scored 105 hits out of 120
shots. Obtain the ‘best’ estimate of her
hitting the target with any shot.
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& Paulo catches a 7.45 am tram to school. During a period of 79 days he arrives at school
on time on 53 occasions. Estimate the probability Paulo:

a arrives on time

b arrives late.

5 A circular target has 8 sectors numbered 1 to 8. The sectors all have angle 45°. The
target rotates about its centre at high speed. When Max throws a dart into it 120 times,
the dart hits the ‘8” sector 17 times. Find the experimental probability of hitting the ‘8’

sector.

6 Don threw a tin can into the air 180 times. From these trials
it landed on its side 137 times. Later that afternoon he threw
the same tin can into the air 150 more times. It landed on its

side 92 times.

a Find the experimental probability of ‘landing on the side’

for both sets of trials.

b List possible reasons for the differences in the results.

":1 | PROBABILITIES FROM TABLED DATA

When data is collected, it is often summarised and displayed in a frequency table. We can
use such a table to help calculate probabilities.

side

A marketing company surveys 50
randomly selected people to discover
what brand of toothpaste they use.
The results are in the table:

i Starbright i

Brand | Frequency | Relative Frequency
Shine 10 0.20
Starbright 14 0.28
Brite 4 0.08
Clean 12 0.24
No Name 10 0.20

Clean.

a Find the experimental probability that a community member uses:

b Would you classify the estimate of a to be very good, good, or poor? Why?

a | Experimental P(Starbright) ~ 0.28
il Experimental P(Clean) ~ 0.24
b Poor, as the sample size is very small.

EXERCISE 15B

1 A street vendor is selling toffee apples. Some apples are
red and others are green. On one day 247 toffee apples

are sold.

a Copy and complete the table.

b Estimate the probability that the next customer buys:

i ared toffee apple

Colour | Freq. | Rel. Freq.
Red 149

Green

Total

ii a green toffee apple.
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2 Three types of tickets are available for a concert.

These are Adult, Pensioner and Child. All tickets
were sold and a summary appears in the table.

a Copy and complete the table given.

b How many seats does the theatre have?

Tpe Freq. | Rel. Freq.
Adult 238
Pensioner | 143
Child 119
Total

¢ If the seats are numbered and one number is

chosen at random, find the probability that the person sitting at that seat is a child.

d Is this an experimental probability?
3 A supermarket sells four fragrances of air Fragrance Freq. | Rel. Freq.
freshener. During a period of a week it sells TG 59
the numbers shown in the table opposite. Violet 79
a Copy and complete the table. Lavender 81
b Estimate the probability that the next | Woodland Breeze | 104
customer will buy: Total
i Violet
ii Rose or Woodland Breeze.
4 A small island country imports four models of cars which - ["Afodel | Freq. | Rel. Freq.
we will call A, B, C and D. A 0.25
a Copy and complete the given table. B 0.35
b Estimate the probability that the next car which C 40
passes the town hall is model: D 0.275
i C ii CorD. Total

PROBABILITIES
FROM TWO WAY TABLES

Sometimes data is categorised by not only one, but two variables, and the data is represented
in a two way table. We can estimate probabilities from a two way table just as we do from

a regular frequency table.

Example 3

¢ Estimate the probability that a randomly

Physics.

) Self Tutor

60 students were randomly selected and asked Physics
whether they studied Physics and English. Yes | No | Total
a Copy and complete the table by finding the . Yes | 15 | 12
total of each row and column. English No | 13 | 20
b What does the 13 in the table represent? Total

selected student who studies English also studies Physics.
Estimate the probability that a randomly selected student studies English but not
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a Physics b 13 of the selected students study
Yes | No | Total Physics but do not study English.
Yes 15 | 12 27
No | 13 | 20 | 33
Total | 28 | 32 60

English

¢ 27 students study English, 15 of whom also study Physics.

*. P(randomly selected student who studies English also studies Physics) ~ %—‘;’
~ (0.556
d 12 out of the 60 students study English but not Physics.

*. P(randomly selected student studies English but not Physics) ~ é—g ~ 0.2

Since the data only represents a sample of the population, the results are only estimates of
the true probabilities. The larger the size of the sample, the more accurate the estimates will
be.

EXERCISE 15C

1 Students at a high school were surveyed to Instrument
determine whether they played a sport or a musical Yes | No | Total
instrument. Yes | 19 | 25

a Copy and complete the table alongside. Sport No | 11 | 14
b Estimate the probability that a randomly chosen Total
student:
i who plays sport does not play an instrument
ii plays an instrument.

2 A sample of adults were asked whether they Gender
had a driver’s licence. The results were Male | Female | Total
further categorised by gender as shown: Vi 62 17

a Copy and complete the table alongside. Licence No ] 3
b Estimate the probability that a randomly Total
chosen:
i male has a driver’s licence il female has a driver’s licence.

¢ Which of the estimates in b is more likely to be accurate? Explain your answer.

3 At a supermarket, a taste-testing stall was set up to Said
determine whether people could taste the difference A | B | Total
between two brands of cola, A and B. 100 randomly A 33 | 12
selected shoppers were given either A or B, then Given
asked to say what they were drinking. B 17 | 33

Total

a Copy and complete the table.
b Estimate the probability that a randomly selected shopper who is given:
i A could correctly identify their drink
il B could correctly identify their drink.
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4 100 randomly chosen members of Vote
an electorate are asked whether they Yes | Undecided | No | Total
will vote for the current mayor in under 30 | 15 19 14
the upcoming election. The results Age over 30 | 26 16 10
are categorised by age. Total

a Copy and complete the table.
b Estimate the probability that a randomly chosen person:
i over 30 has decided to vote for the current mayor
ii has decided not to vote for the current mayor
iii is over 30 and is undecided
iv under 30 has decided whether or not to vote for the current mayor.

5] CHANCE INVESTIGATIONS

When we perform experiments, the relative frequency of an outcome gives us an estimate
for the probability of that outcome. The greater the number of trials, the more we can rely
on our estimate of the probability.

The most commonly used equipment for experimental probability and games of chance are
described below:

COINS

When a coin is tossed there are two possible sides that could show upwards: the sead which
is usually the head of a monarch, president, or leader, and the fail which is the other side
of the coin. We expect a head (H) and a tail (T) to have equal chance of occurring, so we
expect each to occur 50% of the time. So,

the probability of obtaining a head is %, and

the probability of obtaining a tail is %

The table below shows actual experimental results obtained for tossing a coin:

Number of tosses | H T | %H | %T

10 7 3 | 70.0 | 30.0
100 56 | 44 | 56.0 | 44.0
1000 491 | 509 | 49.1 | 50.9

P

each is nearly 50%

These experimental results support our expectations and suggest the general rule:

“The more times we repeat an experiment, the closer the results will be
to the theoretical results we expect to obtain.”
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DICE

Dice is the plural of die.

The most commonly used dice are small cubes with the
numbers 1, 2, 3, 4, 5 and 6 marked on them using dots. The
numbers on the face of a cubic die are arranged such that
the sum of each pair of opposite faces is seven.

—_——_— .-

SPINNERS

A simple spinner consists of a regular polygon or sometimes a circle
with equal sectors. We place a toothpick or match through its centre.

Alongside is a square spinner. It shows a result of 1 since it has come to
rest on the side marked 1.

A spinner such as that alongside may be used instead of a die,
providing all angles are exactly 60°.

The result shown is 2, since the pointer came to rest on the sector
marked 2.

The roulette wheel is an example of a much more
sophisticated spinner.

©iStockPhoto/Craig Veltri

PLAYING CARDS . Suit: clubs
King W' Queen
A standard deck of playing cards consists of 52 Ace K540 /7
cards. There are 4 suits: hearts and diamonds \_,Pé ads ¥ 0
’ 4

(red), and spades and clubs (black).

Each suit contains 13 cards with face values

Ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, spades
King.
Jacks, Queens and Kings are all called ‘picture’ . “_ Value of

cards. card

In the following investigations you use technology to run simulations of experiments. The
use of technology enables us to gather vast numbers of results almost instantaneously, and in
a form which is easy to recognise and interpret.

INVESTIGATION 1 ROLLING A PAIR OF DICE

<~
# You will need: 2 normal six-sided dice with e “Yla==
J\I/N numbers 1 to 6 on the faces. *7

N

£
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1 The illustration shows that when two dice are rolled, there are 36 possible outcomes.
Of these, {1, 3}, {2, 2} and {3, 1} give a sum of 4.
Copy and complete the table of expected or theoretical results:

Sum 2 3 4 5 12
Fraction of total %
Fraction as decimal 0.083

2 If a pair of dice is rolled 360 times, how many of each result (2, 3, 4, ...., 12) would
you expect to get? Extend your table by adding another row. Write your expected
frequencies within it.

3 Toss the two dice 360 times. Record the sum of the two numbers for each toss using

WORKSHEET

T

a table.
Sum Tally Frequency | Relative Frequency
2
3
4
5
12
Total 360 1

4 Pool as much data as you can with other students. Find the overall relative frequency

of each sum.

5 Use the two dice simulation from the computer package on the CD to  SIMULATION

roll the pair of dice 10000 times. Repeat this 10 times and on eac

h( >

occasion record your results in a table like that in 3. Are your results
consistent with your expectations?
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BLACKIJACK
’/Jd Blackjack is a game which uses playing cards. It is most commonly played
D in casinos.
D . . o .
& In blackjack, each playing card is assigned a points value:

e cards 2 through to 10 are worth their face value, so 2s are worth 2
points, 3s are worth 3 points, and so on

e Jacks, Queens and Kings are worth 10 points
e Aces are worth 1 or 11 points, depending on which is better for the
player.

Players are initially dealt two cards. They must then decide whether to accept additional
cards in an attempt to obtain a total points value as close as possible to 21, without going
over.

We will now find experimental probabilities for obtaining the various point scores possible
from the initial 2 card deal.

What to do:

1 Shuffle a pack of cards, and draw the top two cards from the deck.

2 Calculate the sum of the points value of these two cards.

For example, Se ¢ |[Fv v e ¢
.
XHIEXY L
g
v =11+10=21
¥

Count aces as 11,
except for 2 aces which

. . . . . is 11 + 1 = 12 since
& Do this 200 times, recording your results in a table: 11 + 11 — 22 and

3 Return the cards to the pack.

Sum Tally Frequency | Relative Frequency this is more than 21.
4
5
6
21
Total 200 1

5 From your data, which point score occurs most frequently after the two card deal?

6 Use the simulation to repeat this process 10 000 times. Compare your ¢ mupaTioN
results with those of the simulation. (W)
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CONCEALED NUMBER TICKETS

Many clubs have ticket machines which contain sets of consecutive numbers

&

rl_l-\\,/N from 0001, 0002, 0003, .. up to 2000. These games are relatively
‘3\,\‘ inexpensive to play and are used as fund-raisers for the club.

Tickets are ejected from the machine at random at a cost of 50 cents each.
A small cardboard cover is removed to reveal the concealed number.

Suppose a golf club can buy golf balls as prizes Winning Numbers Prize
for $5.50 each and a set of 2000 tickets for the 77 1 oolf balls
machine at $50. The club shows the following &
winners table: 1000, 2000 2 golf balls
What to do: any multiple of 25 | 1 golf ball
1 If all tickets are sold, how many balls are paid out as prizes?
2 Determine the total cost to the club for a complete round of 2000 tickets going
through the machine.
What profit is made by the club?
& If you purchase one ticket, what is your chance of winning at least one ball?
FURTHER SIMULATIONS
J’y A INSTANT MONEY AND BINGO
™ ) ) o o WORKSHEET
g:' rN Click on the icon to access this investigation. < >
SR\
K I )
B DICE GOLF

Over a long period of time, Joe noticed that on ‘par 3’ golf holes he scores
a two, a three, a four or a five in the ratio 1 : 2: 2: 1.

Simulate Joe’s golf scoring for par 3 holes using a die which has fwo on one face, three
on two faces, four on two faces and five on one face.

What to do:

1 Roll the die 100 times to simulate Joe’s next 100 par 3 hole scores.

2 Find Joe’s average score per hole for the results in 1.

3 a Find $x2+ 2x3+ Zx4 + §x5.
b Explain the significance of this calculation.

¢ How is this calculation related to 27

C  MATHEMATICS COMPETITION

Click on the icon. This simulation tests your ability to select correct answers — SIMULATION
by guessing or by chance alone. Run the simulation several times. (ﬁ’
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REVIEW SET 15A

1 A cube has 2 faces painted green and 4 faces painted red. When it is tossed
97 times, the uppermost face is green on 35 occasions. Find the experimental
probability of the uppermost face being red.

2 In a large country hospital, 72 girls and 61 boys were born in a month.
a How many children were born in total?
b Estimate the probability that the next baby born at this hospital will be:

i agirl il a boy.
3 A survey of three-child families was Result Frequency | Rel. Freq.
conducted and the following results 3 boys 91
obtained: 2 boys, 1 girl 62
a How many families were surveyed? 1 boy, 2 girls 55
b Copy and complete the table. 3 girls 18
¢ Estimate the chance of a randomly Total
selected 3-child family containing:
i 2boysand1girl i 3 girls.
4 The year 8 students in a school were all Test
given a maths test. After the test a sample Pass | Fail | Total
of students were asked whether they studied Yes 21 7
for the test and whether they passed or Studied No | 12 3
failed.
Total

a Copy and complete the table.
b If a year 8 student is chosen at random, estimate the probability that he or she:
i passed the test ii did not study and failed the test.

¢ Ifa student who studied for the test is selected at random, estimate the probability
that he or she passed the test.

REVIEW SET 15B

1 A spinner is made using a regular pentagon,
as shown. When the spinner was twirled 378
times it finished on red 72 times. Find the
experimental probability of spinning a red.

2 Two coins are tossed many times and the Result | Frequency | Rel. Freq.
number of heads recorded each time. The 2 heads 78
results are given in the table. 1 head 149
a Copy and complete the table. 0 heads 73
b Use the data to estimate the probability Total

that the result of the next toss will be:
i 2 heads ii at least 1 head.
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3 A marketing company was commissioned to investigate the types of cereal people
preferred for breakfast. The results of the survey are shown below:

a How many people were randomly selected Brand Freq. | Rel. Freq.
in this survey?

Wheat Bites | 198
Corn Crisps | 115

¢ Using the results of the survey, estimate Rice Flakes | 110
the probability that a randomly selected | Bran Snacks | 77
person: Total

i prefers Wheat Bites
ii does not prefer Bran Snacks?

b Calculate the relative frequency of each
brand of cereal.

4 The table shows _the n_umber of studjcnts in Fair hair | Dark hair | Total
a school with fair hair and dark hair. Boys 118 577

a Copy and complete the table. Girls 397 638

b How many students are there:
- Total
i who are boys
ii who have dark hair iil in the school?

¢ If a student is randomly chosen from this school, what is the probability that the

student:

i isa girl ii has dark hair

iii has fair hair, if we know that the student is a girl?

KARL FRIEDRICH GAUSS (1777-1855)

Karl Friedrich Gauss is one of the greatest
mathematicians ever. As a young student he was
interested in the study of languages and was in fact fluent
in German, Latin, Greek, Sanskit, Russian and English.
When he was only 3 years old he is believed to have
corrected the wages of a team of bricklayers as calculated
by his father.

It is written that Karl’s mathematics teacher loved to set
ridiculously long arithmetic sums as impositions for his
students who misbehaved. On one occasion Karl and the
other naughy boys were set the task of adding a long
string of consecutive large whole numbers. Karl devised
a simple method which enabled him to calculate such a sum within a few seconds.

His method for the sum 1+4+2+4+34+4+54+6+ ...... + 98 + 99 4 100, say, was to add
the numbers in pairs. That is,

(14+99)+ (2+98) 4+ (34+97) + ...... + (49 + 51) 4+ 50 + 100
=49 x 100 4 100 + 50
= 5050
Needless to say, his teacher had to find other forms of punishment.
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OPENING PROBLEM

E Jacob makes conical tanks of different radius
[

sizes, but all with the same shape. His top
smallest tank has a height of 2 m and a

radius of 0.8 m. If he wants to
manufacture another tank which is to have a base

radius of 1 m, what will be the next tank’s:

* height

e area of the top

* capacity?

This chapter examines the geometrical ideas of transformations, similarity and congruence.

The transformations we consider are: e ftranslations e reflections
e rotations e enlargements and reductions

CNE TRANSLATIONS

A translation of a figure occurs when every point on that figure is moved the same
distance in the same direction.

For example,

N B' Triangle ABC is translated to a new position by
/' sliding every point of ABC the same distance in the
A same direction. We call the new triangle A’B’C’.
C'
' We say, for example, that A is an object point and

A’ is its image.

We can give details of a translation by using a translation vector. In the above DEMO
example, each point has moved 4 units to the right and 2 units upwards. - W}

4) -— horizontal step

The translation vector is therefore (2 — vertical step

Notice that A’B’C’ can be translated back A B'

to ABC using (:3) . A /7
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EXERCISE 16A

1 For the figures alongside, give the translation
vector which maps: B
a AontoB b BontoA ¢ BontoC i
d ContoB e DontoC f ContoD C
g BontoD h D onto B. b

2 Copy these figures onto grid paper and translate using the given vector:
a b <

4 -2 -3
0 —4 3
3 a Whatdistances do the figures in question 2 move under their respective translations?

b What distance does a figure move under a translation of (Z) ?

i1 | REFLECTIONS AND LINE SYMMETRY

REFLECTIONS

mirror line

When a figure or object is reflected in a line to a new
position, the resulting figure is called the image.
The image points are the same distance from the
mirror line as the object points are from it.

AP = A’'P/, BQ = B'Q’, and so on.

[AA/], [BB,], [CC/], and so on are always
perpendicular to the mirror line.
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o) Self Tutor

Reflect this

figure in the A
mirror line

given.

mirror line

We can check our reflection drawings by placing
a small mirror on the mirror line.

EXERCISE 16B.1

PRINTABLE
1 Draw the reflections of the following in the dashed mirror lines given: DIAGRAMS

a b A < > (ﬁ)

2 On grid paper, reflect these shapes in the given mirror lines:
a b <
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LINE SYMMETRY

A shape has line symmetry if it can be folded on a line so that one half of the
figure matches the other half exactly.

For example, a square has line symmetry.

In fact it has 4 lines of symmetry.

|_Example 2

Draw all lines of symmetry of:
a b C

EXERCISE 16B.2

1 Copy these figures and draw their lines of symmetry:

@@DA
o O LT O

2 Draw and name a figure which has exactly 8 lines of symmetry.
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B Justin was convinced that the illustrated parallelogram
y has two lines of symmetry.

Draw the figure folded along [AC] to show Justin he is

. not correct.
C
4 a Can a parallelogram have:
i 2 lines of symmetry ii 4 lines of symmetry?

b Name a figure which has infinitely many lines of symmetry. Describe one of these
lines.

¢ How many lines of symmetry can a triangle have? Draw the different cases.

d How many lines of symmetry can a quadrilateral have? Draw the different cases.

ROTATIONS AND
OTATIONAL SYMMETRY

We are all familiar with objects
which rotate, such as the hands of a
clock, wheels, and propellers. We
know that the earth rotates on its
axis once every day.

ROTATIONS
A rotation turns a shape or figure about a point and through a given angle.

The point about which a figure rotates is called the centre of rotation. We often label this
point O.

| Example 3 | =) Self Tutor

Rotate: a clockwise b anticlockwise
through 60° through 90°
about O about O
* 0O

V
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EXERCISE 16C.1

1 Copy the figure and rotate it:

a clockwise through 90° about A .
clockwise through 90° about B L
clockwise through 90° about C A
anticlockwise through 180° about A
anticlockwise through 180° about B

®
@}

- 0 QO a

anticlockwise through 180° about C.

2 Copy the figure and rotate it:
a clockwise about A through 60°
b anticlockwise about A through 120°
¢ clockwise about B through 120°.

3 Copy each figure and rotate it clockwise about O through the given angle:
a b <
(90°) (180°) (180°)

4 Rotate anticlockwise about O through 90° :
a b <

7 S 4

ROTATIONAL OR POINT SYMMETRY

A shape has rotational symmetry or point symmetry about a point if it can be rotated
about that point through an angle less than 360° so that it maps onto itself.

For example, this propeller shape has rotational symmetry. If it is
rotated about O through 180° then it will still look
identical to how it did at the start.

Every shape will map onto itself under a 360° rotation, but this is not
rotational symmetry.
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The order of rotational symmetry is the number of times a shape maps onto itself during
a complete 360° turn.

A d
180° 180°
rotation rotation
B \4
DEMO

Click on the icon to see the order of rotational symmetry - >
demonstrated for an equilateral triangle. 1 :!

|_Example 4 ) Self Tutor

For each of these figures, find the centre of rotational symmetry O and
the order of rotational symmetry.

a b

For example,

has order 2

WSSO >

order is 2 order is 4

Is there a connection between line symmetry and rotational symmetry?

Does a figure need to have a line of symmetry in order to have rotational

symmetry?

e I[f a figure has exactly one line of symmetry, can it have rotational
symmetry?

e If a figure has more than one line of symmetry, will it have rotational

symmetry? If so, what do the lines of symmetry tell us about the centre

of rotation?

EXERCISE 16C.2

1 Find the centre of rotational symmetry in the following. Illustrate your answers.
a b < d
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e f g h

2 Find the order of rotational symmetry for the figures in 1.

3 Draw a figure which has order of rotational symmetry: a 5 b 8

12| ENLARGEMENTS AND REDUCTIONS

Consider the rectangles illustrated below. They are clearly not the same size, but they do
have the same shape. Their side lengths are in the same proportions.

*

B is an enlargement of A and C is a reduction of A.

When A is enlarged to B, the lengths are doubled.
We say that the scale factor £ = 2.

When A is reduced to C, the lengths are halved.
We say that the scale factor k = %

If a scale factor is > 1, an enlargement occurs.
If a scale factor is < 1, a reduction occurs.

|_Example 5

Enlarge or reduce using a scale factor of:

] a 2 b I
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EXERCISE 16D

1 If A is the object and B is the image, state whether each of the following is an enlargement
or a reduction:

a b c

2 Find the scale factors for these enlargements and reductions:
a b <

A A

= Wi 4

s

0 = e

3 For each figure in 2, what is the scale factor when A’ is mapped back to A?

03 SIMILAR FIGURES

Two figures are similar if one is an enlargement of the other.

Under an enlargement all distances between corresponding points are either increased or
reduced by the scale factor k.
For example, B B Since k=

>

(AM).

Njw W

M A'M' =

A' 3cm c'

A'B BC  AC  AM

Notice that B BC AC M

[ [e4
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Similar figures are equiangular and have corresponding sides in the same ratio or

same proportion.

o) Self Tutor

Example 6

Find = given these figures are

similar.
a8 2

Il
NN

0o g = Z
5cm ST x5
4 cm L
2 cm xcm

Since the figures are similar, corresponding
sides are in the same ratio.

EXERCISE 16E
1 Find x given that the figures are similar:
b

a
3m S5m
5
411\/ 7 cm om
xm
X cm
4 cm
d

e X cm

X cm
/7
10 cm
8 cm
5cm 3em

2 True or false? Give reasons for your answers.

a All squares are similar.
¢ All rectangles are similar.

A 20 cm wide picture

is 100 cm by 60 cm.
20 cm

& Sketch two quadrilaterals which:
a are equiangular but not similar
b have sides in proportion but are not similar.

11m

7 m xm

f

4 cm xm 12m
7m:
11 m

b All circles are similar.

frame surrounds a painting which

Are the two rectangles shown here similar?
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ﬂ " SIMILAR TRIANGLES

We have seen in Exercise 16E question 4 that quadrilaterals that are equiangular are not
necessarily similar, and quadrilaterals that have sides in proportion are not necessarily similar.

Triangles differ from quadrilaterals when it comes to similarity.

If triangles are equiangular then their corresponding sides must be in the same ratio.

If two triangles are equiangular then they are similar and their corresponding sides
are in the same ratio.

If we can show that two triangles have two angles the same then the third angles must also
be equal and the triangles are similar.

o) Self Tutor

At 4 pm one day the shadow of a pine tree
was 5 m long. At the same time a 2 m long
> broom handle had a shadow which was 3 m
xm long.
2m How high is the pine tree?
3m 5m
As the rays of light are parallel, we can
mark the angles e {equal corresponding
angles}.
Also each triangle is right angled.
xm . the triangles are similar.
2 m
2
. . SO, % = g
3m 5m
= % )
= 1?0 ~ 3.33
So, the pine tree is about 3.33 m high.

EXERCISE 16F

1 Give brief reasons why these figures possess similar triangles:

a b c E
B P S
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2 After establishing similarity, find the unknowns in:

a b xcm C
4 cm
f ixm :}] 30° xm
6m 12 cm 10 cm 3m
4m m

3 A Canadian redwood casts a shadow which is 9.4 m long at the same time as a vertical
metre rule casts a shadow which is 1.32 m long. How high is the tree?

] When a 1.6 m tall person stands 10 m from the
base of an electric light pole the shadow of the
person is 2.1 m long.

a Establish similarity of triangles.

b Find the height of the globe above ground
1.6 m level.

2.1m 10 m

5 The diagram alongside has not been drawn to T
scale.
A building sits on horizontal ground and Yong B
uses two poles 6 m apart to help find the height
of the building.

Pole A is 1 m high and pole B is 3 m high. 3m

a By drawing one horizontal line explain how the information given can be used to
find the height of the building.

b Find the height of the building to the nearest 10 cm.

EAS AND VOLUMES
F SIMILAR OBIJECTS

AREAS

If the sides of a rectangle are multiplied by k,
a similar rectangle is obtained.

The new area = ka x kb kb
= k2ab
= k% x the old area “ ka
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If the radius of a circle is multiplied by k, a
similar circle is obtained.
The new area = 7 x (kr)?

=7 x k*r?

= k*mr?

= k? x the old area

If an object or figure is enlarged by a scale factor of k, then
the area of the image = k2 x the area of the object.

Example 8 ) Self Tutor

Triangles ABC and PQR are similar and the
area of triangle ABC is 1.5 m?.

A
‘g 2m P
B C j i 2.8m  What is the area of triangle PQR?
Q R

If we enlarge AABC to make APQR, k = 2—28 =14
Area APQR = k? x area AABC
=14%x 1.5
= 2.94 m?

) Self Tutor

Two spheres have surface areas of 201 cm?
and 452 cm? respectively.
Find the radius of the larger sphere.

radius 4 cm radius r cm
If we enlarge A into B, area of B = k? x area of A

452 = k? x 201

452 2

201 = K
k=4/52 {k>0}
k ~ 1.50

Now r=kx4

r ~ 6.00

So, B has radius 6 cm.
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EXERCISE 16G.1

1 Consider the following similar shapes. Find:

i the scale factor ii the length or area marked by the unknown.
a b
40 cm? 5 ,
A o
A .
10 cm 10 cm? 6 cm
9cm
X cm
< d
2em | yem2\ N _\
20 cm?
5 cm 25 cm? 8 cm 6 cm?| x cm
f

e
\ 70 cm?
A
x cm?
\ 7.25 cm

Y

2 The sides of a triangular stained glass window pane are 5 m, 6 m and 7 m. Another
pane is similar to it with longest side 21 m. Find:

a the scale factor b the lengths of the other two sides

¢ the ratio of the areas of the two panes.

Two rectangular photographs are similar and
one has area double the other.

a What is the scale factor?

b If the larger one is 20 cm by 10 cm,
what are the dimensions of the smaller
one?

A Two circles are such that one has area three
times the other.

a What is the scale factor?

b If the smaller circle has a
circumference of 35.8 m, what is
the circumference of the larger one?
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VOLUMES

If the sides of a rectangular prism are

multiplied by k, a similar prism is obtained.
ke

The new volume = ka x kbxke <+ 1 | i |

= kgabc ""‘."L """"""" """',."” kb
= k3 x old volume - p - ”

If a 3-dimensional object is enlarged by a scale factor of k, then
the volume of the image = k% x the volume of the object.

=) Self Tutor

Two soup cans are similar and have heights
of 8 cm and 16 cm respectively.
Cylinder A has volume 225 cm3.

16 . . . ..
com Find: a the ratio of their radii

b the volume of B.

: : _ 16 _
a When A is enlarged to give B, k=g =2

the ratio of radii =1 : 2
b Volume of B = k2 x volume of A
=23 x 225 cm®
= 1800 cm?®

| Example 11 | =) Self Tutor

Two rectangular prisms have volumes of 48 m? and 6 m? respectively. The larger one
has length 5 m. Find:

a the scale factor b the corresponding length of the smaller prism

¢ the ratio of their surface areas.

a Volume of larger = k2 x volume of smaller

48=Fk>x6
k3 =38
k=2
b Length of larger = k X length of smaller
S5=2Xzx
S—z

2
So, the smaller one has length 2.5 m.
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C Area of larger = k? x area of smaller
area of larger 2y
area of smaller

the ratio is 4 : 1.

EXERCISE 16G.2

1 The following contain similar solids. Find the unknown length or volume:

Vem3
72 cm?
4 cm ............ 6 cm """""""""
(4
10 cm3 12 em? 10 cm

%6 cm—>|

le——x cm——f

2 The surface areas of two similar cylinders are 6 cm? and 54 cm? respectively.

a Find the scale factor for the enlargement.
b If the larger cylinder has height 12 cm, how high is the smaller one?
¢ What is the ratio of their volumes?

3 Two similar cones have volumes of 4 cm® and 108 cm? respectively.
If the larger one has surface area 54 cm?, find the surface area of the smaller one.

Two buckets are similar in shape. The smaller one is 30 cm

S tall and the larger one is 45 cm tall. Both have water in
them to a depth equal to half of their heights. The volume
of water in the smaller bucket is 4400 cm?.

- a What is the scale factor in comparing the bucket sizes?
b What is the volume of water in the larger bucket?
¢ The surface area of the water in the larger bucket is 630 cm?.
What is the surface area of the water in the smaller bucket?
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";Il' CONGRUENCE OF TRIANGLES

Two triangles are congruent if they are identical in every respect apart from position.

If we are given the lengths of three sides of a triangle we can construct it in only one way.

For example, the triangle with sides of length
3 cm, 5 cm and 6 cm is shown opposite.

If we are given the measures of three angles of a triangle
we can construct it in more than one way.

What other information do we need to know that would

6 cm

These are
similar but not

5

congruent.
70° 70°
50° 60°
0° 60°

allow us to construct a triangle in only one way?

INVESTIGATIC CONGRUENT TRIANGLES

‘/w You need to have: a ruler, a sharp pencil, protractor, and compass.

™
I What to do:
D>

1 Accurately construct triangle ABC with AB = 6 cm, BAC = 45°
and AC =4 cm. Is there one and only one possible triangle?

Draw a horizontal line with A at the left end.

Use your protractor to measure an angle of 40° C
at A.
. 6 cm
Draw [AC] with length 6 cm.
With compass point on C draw an arc of a circle
with radius 5 cm to cut the base line at B. 40°

A
e How many possible positions are there for B?
e How many triangles ABC can be drawn given AC = 6 cm, BAC = 40°
and BC =5 cm?

Now draw a horizontal line with B at the right end. At B draw a right angle and
on the perpendicular mark C where BC = 3 cm. With C as centre, draw an arc of
radius 4 cm to cut the original base line at A.

How many different triangles can be drawn from this information?
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& Accurately draw triangle ABC in which ABC = 40°, ACB = 50° and
BC = 4 cm. How many different triangles can be drawn from this information?

5 Accurately draw triangle ABC in which ABC = 40°, ACB = 50° and a side
other than [BC] has length 4 cm.
How many different triangles can be formed now?

6 Write a summary indicating when one and only one triangle can be drawn from given
information involving 3 angles or sides.

If a given set of information allows us to construct a triangle in only one way, then this
information is sufficient to state that two triangles are congruent. From the investigation
above, therefore, we can state four acceptable tests for congruence:

Two triangles are congruent if any one of the following is true:

o All corresponding sides are equal in length. (SSS)

T [

e Two sides and the included angle are equal. (SAS)

o Two angles and a pair of corresponding sides are
equal. (AAcorS) : t

e For right angled triangles, the hypotenuses and one

pair of sides are equal. (RHS) J[_‘\"\ /4

) Self Tutor

Are these pairs of triangles congruent? Give reasons for your answers.
a b
c d
A ' ‘ : ' -

Yes {RHS} b Yes {SAS}
No. This is not AAcorS as the equal sides are not opposite the same sized angle.
Yes {AACorS}

QO n o
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|_Example 13

Are there congruent triangles in the given
figure?

If so, what can be deduced?

In As PQN and PRN: (1) PQ = PR {given}
(2) PNQ =PNR = 90° {given}
(3) [PN] is common to both
As PQN and PRN are congruent. {RHS}

The remaining corresponding sides and angles are equal, and so

QN = RN,
PON = PRN,

and QPN = RPN

EXERCISE 16H

1 State whether these pairs of triangles are congruent, giving reasons for your answers:

a b C

tfi\ \| AV

'AV N

<\ =
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2 For the given figure, copy and complete:
B E In As CAB and CED
() CB=CD {........ }
2) AC= ... {ovenn. }

B3) — T 1

A D . these triangles are congruent. {........ }

Consequently ABC = ...
[AB] || --e--.ne {equal ....... ........ }

3 a Show that As CAN and CBN are congruent.
What are the consequences of this congruence?

A } : B

4 B a Show that As ABC and ADC are congruent.
What are the consequences of this congruence?

(-3

a ABCD is a parallelogram and [DB] is one of its
diagonals.
Use properties of parallel lines to show that As
ABD and CDB are congruent.

b What are the consequences of this congruence?

a ABCD is a rhombus and [AC] is one of its
diagonals.
Without assuming parallel sides, explain why As
ABC and ADC are congruent.

b Deduce from a that ABCD is a parallelogram.

THE MATHEMATICS OF AIR HOCKEY

LINKS Areas of interaction:
click here Approaches to learning
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REVIEW SET 16A
1 a b

[o]

L |

What translation vector moves On grid paper redraw the given

Q to P? . (-4
figure and translate it ( 1 ) .

2 Copy and reflect the shape in the mirror line.

3 Draw lines of symmetry for:
a

[T

4 Copy and rotate the following figures about O clockwise through 90° :
= P
@®
5 Find any points of rotational symmetry and state the order of rotational symmetry:
a b
6 Copy and enlarge the shape with a scale factor &k = %
7 Figure A is reduced to figure B.

% @ 5cm
a What is the scale factor?
b If A has area 15 cm?, find the area

of B.
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8 P and Q are similar solid cylindrical cans
with heights as shown.

a What is the scale factor?

b IfP has an end surface area of 50 cm?,
12 cm what is the end surface area of Q?

¢ If Q has volume 2400 cm?, find the
volume of P.

9 State whether these pairs of triangles are congruent, giving reasons for your answer:

a b
X .
10 B Triangle ABC is isosceles with BA = BC.
[BD] is the angle bisector of ABC.
oo a Show that triangles DAB and DCB are congruent.

b Show that a consequence of a is that [BD] is
perpendicular to [AC].

D

REVIEW SET 16B

1 Copy and reflect the shape in the mirror line: >

g
2 a How many lines of symmetry does an equilateral
triangle have?
b Does it have a point of rotational symmetry?
¢ [llustrate @ and b on a sketch.

3 Copy and rotate this figure:
a clockwise about A through 180°
b anticlockwise about B through 90°. A
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What translation vector would move:
a CtoB b BtoA?

5 Draw a figure which possesses rotational symmetry of order 6.

6

Two blocks of cheese are similar.
The surface areas which are
uppermost are 20 cm? and 45 cm?.

2
20 cm? 45 cm a Find the scale factor k for the
enlargement.
b Find z.
3 cm X cm

7 Copy the given figure and reduce

it by a factor of £k = %

¢ Find the ratio of their volumes.

[AB] is a vertical flag pole of unknown height.
[CD] is a vertical stick.

When the shadow of the flag pole is 12.3 m
long, the shadow of the stick is 1.65 m long.
Find, correct to 3 significant figures, the height
of the flag pole.

D > ©

The figure alongside is called an isosceles
trapezium as its non-parallel sides are equal in
length.

Claudia is convinced that the angles at C and D
are also equal. To prove her theory, she added
two lines to the figure, drawn from A and B
respectively. Explain using congruence the rest of
Claudia’s proof.
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When an expression is written as a product of its factors, it is said to have been factorised.

For example, we can factorise the expression 3z + 15 as 3 x (x +5) where the factors
are 3 and (z + 5).

Notice that 3(x +5) = 3z + 15 using the distributive law and so factorisation is really
the reverse process of expansion.

Factorisation is an important process which we will use to solve quadratic equations such
as x?+ 3z —40 =0.

"SI COMMON FACTORS

We have seen how numbers can be expressed as the product of factors.
We know that prime numbers have only two different factors, the number itself and 1.

Factors that are prime numbers are called prime factors. Prime factors of any number can
be found by repeated division.

For example:

2| 30 3|45
315 3015
5[ 5 50 5
1 . 30=2x3x5 1 . 45=3x3x5

COMMON FACTORS AND HCF

Notice that 3 and 5 are factors of both 30 and 45. They are called common factors.
15 which is 3 x 5, must also be a common factor.
Common factors are numbers that are factors of two or more numbers.

The highest common factor or HCF of the numbers is the largest factor
that is common to all of them.

To find the highest common factor of a group of numbers it is often best to express the numbers
as products of prime factors. The common prime factors are identified and multiplied to give
the HCF.

|_Example 1

Find the highest common factor of 36 and 81.

2| 36 3|81
218 3127
39 319
33 313
1 . 36=2x2x3x3 1 81=3x3x3x3

HCF=3x3=9
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Algebraic products are also made up of factors. We can find the highest common factor
of a group of algebraic products.

m =) Self Tutor

Find the highest common factor of: Write each term
as a product of
a 8aand 12b b 422 and 6zy its factors!
a 8a=2x2x2xa b 402 =2 x2x T X T
12b=2x2x3xb bry =2x3 XXy
HCF =2 x 2 . HCF=2xz

EXERCISE 17A

1 Find the highest common factor of:
a 18 and 27 b 25 and 15 ¢ 32 and 36
d 50 and 75 e 98 and 42 f 48 and 84

2 Find the missing factor:

a 4x0=8z b 5x0=15y ¢ 3x0=09a?

d 322 x0=1222 e OxTy="Ty? f Ox2a=-8a

g pxO=—pq h Ox 3a = 6a® i 8sx = —24st
3 Find the highest common factor of:

a 4z and 8 b 3a and a ¢ 5b and 15

d 7y and b5y e 8¢ and 24c f 6d and 15d

g 7r and 9 h 18y and 27y i 8lx and 63z

4 Find the HCF of:

a 17st and 13ts
2

ry and 2zxy
a® and 2a
5a2 and 25a 66> and 1203
8ab and 16ab? 9a%b and 18ab?

6abc, 8ab and 12bc o 16x%y and 36xy>

16z and 24xy

a? and o

= N

d z and =z
g 6b and 203

j 14ab and 49ba
m 10f, 15fg and 25¢

3 X F 0 O

m ) Self Tutor

Find the HCF of 3(z+3) and (z+3)(z+1).

3(r+3)=3x (z+3) (z+3)(z+1)=(z+3) x(z+1)
HCF = (z + 3)
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5 Find the HCF of:

a 5(a+7) and (a+1)(a+7) b 3(2+5)2 and 3(6+0)(2+0)

¢ 2%2(z—4) and z(z—4) d 15(x —2)? and 5(x —2)(z +3)

e 6(z—1)%2 and 16(x —7)(z —1) f 9y(y+1) and 6y(y+1)2
ACTIVITY ?

1 1am an expression of the form kz"y~ where k is a single digit integer.

The HCF of myself and 2z2y is 2zy.
A3 The HCF of myself and 3zy? is 3zy.

Which expression am 1?
2 1 am an expression of the form ka"b~c” where k is a two digit integer.
The HCF of myself and 9ab?c* is 3ab®c?.
The HCF of myself and 20a3b*c® is 4a2b*c3.
The HCF of myself and 16a?b%c is 8a’b°c.
Which expression am 1?

FACTORISING WITH
COMMON FACTORS

Factorisation is the process of writing an expression as a product of its factors.

Factorisation is the reverse process of expansion.

When we expand an expression we remove its brackets.
When we factorise an expression we insert brackets.
Notice that 5(z — 1) is the product of the two factors, 5 and x — 1.

The brackets are essential since 5(x — 1) multiplies 5 by the whole of « — 1, whereas
in 5z — 1 only the = is multiplied by 5.

in expansion

SN
5(x—1)=5x—5
-

is factorisation

To factorise an algebraic expression involving a number of terms, we look for the HCF of the
terms. We write it in front of a set of brackets. We then identify the contents of the brackets.

For example, 6a? and 2ab have HCF of 2a,
SO 6a + 2ab = 2a x 3a + 2a x b
= 2a(3a+b)
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FACTORISING FULLY

Consider the expression 8z + 4 = 2(4x + 2).

This expression is not fully factorised since

(4x 4+ 2) still has a common factor of 2 which could be removed. So, although 2 was a
common factor, it was not the HCF. The HCF is 4 and so

8r+4=4(2x+1)

is fully factorised.

m n) Self Tutor With practice
the middle line
Fully factorise: a 3a+6 b ab— 2bc is not necessary.
a 3a + 6 b ab — 2bc
=3xa+3x2 =axb—2xbxc
=3(a+2) {HCF is 3} = b(a — 2¢) {HCF is b}
EXERCISE 17B
1 Copy and complete:
_ _Q _ Check your
a 3z+6=3(x+....) b 4a—-8=4(a— ... ) factorisations
c 16 —4b=4(...... -b) d ldz+21="17(..... +3) by expanding
9 9 back out!
e 6p°—p=p6p—... ) f 152° 4 10x = 5z(...... +2)
2 Copy and complete:
a 6a+12=6(...... + e ) b 3b—-3=3(... — e )
¢ 9+3c=3(..... + e ) d 16d—12=...... (4d — ...... )
e 1bzy+20y = ...... (3x+4) f 12y —18y? =6.....(2 — ...... )
g 3zy—xy? = ... (3—...... ) h bzy—yz=y(.... — e )
3 Fully factorise:
a 2r—4 b 7d+ 28 ¢ 9x—27 d 12+ 3z
e lla+11b f pr+qr g 35— l4zx h zy+zx
i a+ab ] z—ay Ik 2¢c+cd Tr —xy
m pq — 8qr n ab—bc o 2zy—yz p 12z — 18xy
| Example 5 | =) Self Tutor
Fully factorise: a 8x2+12z b 3y% —6ay

a 822 + 12z
=2x4dxxXxx + 3x4dxzx
= 4x(2z + 3) {HCF is 4z}

b 3y? — 6zy
=3XyXxXy — 2X3IXT XY
= 3y(y — 2x) {HCF is 3y}
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4 Fully factorise:
a z?+5z b 527+ 15z ¢ 14z — 222
d 4z — 1622 e 82 +12z f 23+ 222
g z3+3z h 723 — 22 i a’b—ab?
j r4+x%2+23 k 522 — 10z + 15 I 222 — 8z — 423
Example 6 ) Self Tutor
Fully factorise: —2a + 6ab
—2a + 6ab
= 6ab — 2a {Rewrite with 6ab first.}
=2x3xaxb — 2xa
=2a(3b—1) {as 2a is the HCF}
5 Fully factorise:
a —2a+4 b —15+3b ¢ —6¢c+12d
d —zy+ 3y e —x+axy f —22+=z
g —12y+ 6y h —ab+ 202 i —Z+c
" Example 7 | 0 Self Tutor
Fully factorise: —2x2 — 4z

—22% — 4z

= -2XxXxT + —2X2Xx

= —2z(z + 2) {as HCF is —2z}
6 Fully factorise:
a —8r—32 b —7-Tx ¢ —3z—3y
d —4c—2d e —zy—=x f —5a — 15a
g —12b% — 6b h —8c% — 6cd i —22e? —33e
Example 8 ) Self Tutor

Fully factorise:
a 2(z+3)+z(x+3)

b z(zx+4) —(z+4)

a 2(z+3) + z(z + 3)
=(z+3)(2+x)
b z(z+4)— (z+4)

=xz(r+4)—1(z +4)
=(z+4)(z—1)

{HCF = (z +3)}

{HCF = (z + 4)}
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7 Fully factorise:
a 4(z+1)+z(z+1)
¢ 3z+T7)—z(x+7)
e a(lc—1)—blc—1)
9 zy+z)—(y+2z)

5(x —3) +x(x — 3)
z(x+4) + (x+4)
al2+z) —b(2+x)
z(r—2)+x—2

Notice the use of

Example 9 o) Self Tutor square brackets in

the second line.

Fully factorise (z —1)(z +2)+3(z—1)

(x—1)(x+2)+3(xz—1) {HCF=(z—1)}
=(z-1[(z+2)+3
= (z-1)(z+5)

8 Fully factorise:

a (x+1)(x+5)+2x+1) b 7(z+3)+ (z+3)(x—2)
¢ (z—5)(z+2)—T(x+2) d (z—9)2+3(x—9)

e (a+3)?%+(a+7)(a+3) f (a—b)(b—1)—-30b-1)
g 12(a+3)2—8(a+3) h (z—8)2—2(x—8)(z+4)

i m(m—T7)—2(m—-"T)(m+1) i 2(n—3)—T7(n—23)
INVESTIGATION THE DIFFERENCE OF TWO SQUARES
£~ a
:J\\,# In the diagram alongside, a b by b
/N square has been cut from an a by
M a square. <
What to do: : b
1 Explain why the green shaded area is given by a? — b. b
g ; WORKSHEET
2 Copy the above diagram, or print the worksheet from the - o
CD. Cut along the dotted line. 1 %
3 Rearrange the two trapezia to form a rectangle as shown.
4 Find, in terms of a and b, the lengths of [AB] and [BC]. A @ b o
5 Find, the area of the rectangle in the form (......)(......). : ,
a— a—
6 What can be deduced by comparing areas? b c

How does your answer relate to question 17
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On expanding, (a+ b)(a —b) = a? — ab+ ab — b = a® — b?

So, the difference of two squares

Example 10

{using FOIL}

a®> —b%> = (a+b)(a —b)

Write each term
as a square.

Fully factorise:
a z2-4 b 1- 2542
a z2-4 b 1 — 25y
— .’132 _ 22 _ 12 _ (5y)2
= (x4 2)(x — 2) = (1+5y)(1 - 5y)

EXERCISE 17C

1 Fully factorise:

a 2 —d?
e 22-16
i 402 —25

b m2—n? c n?2—m? d a2 — b2
f 22—36 g a>—25 h 422 -1
i 9y?—16 k 49 —¢? 19— 442

Example 11

Fully factorise:

When
factorising,
always look
for common
factors first.

=2(z+3)(x—3)

a 222-18 b z3—xy?
a 222 — 18 b z3 — zy?
=2(z% - 9) = z(z% — y?)

=z(z+y)(z —y)

2 Fully factorise:

78

a 3z2-12 b 82272 ¢ 2a®—50 d 422 - 25
e 9% — 900 f 3% —48 g wR%Z—mr? h 10— 1022
i p?—4p j -2 k z%—22 I 23y — ay?
| Example 12 | «) Self Tutor
Fully factorise: a 4a®—9v? b 22y -16
a  4a® —9p? b z?y? — 16
= (2a)% — (3b)° = (zy)* — 42
= (2a + 3b)(2a — 3b) = (zy +4)(zy — 4)
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3 Fully factorise:
a 49a° — b2 b y? — 3622 ¢ 922 — 2512 d 9a% — 166>
e a?—81b? f a%b? -4 g 3622 — p?¢? h 16a? — 25b%c?

Fully factorise: a (z+2)2-9 b 25— (z—2)?

Notice the use
Lof the square

a (a:+2)2 b 25_(:E_2)2 brackets.
— (z+2)2 — — 52 — (@ — 2)°
=[(z+2) +3][(x+2)—3] =[5+ (z —2)][5- (= —2)]
= [z +2 £ 3[[z 2= 3] =pbB+z—-2]5—z+2]
=(z+5)(x—-1) =(z+3)(7T—x)

4 Fully factorise:

a (z+3)2-4 b (z—-2)2-25 ¢ 16 — (x + 1)2

d 36— (x — 3)2 e (z+4)?2-1 f1—(zx—4)>

g 4(z+1)%— h 81— 16(x + 1)? i (z4+2)2-9(x—-1)2
i 4x—5)?%—(z-1)? k 922 — (z +2)2 I (z+5)? — 422

m (z+3)2%—(z+1)2 n (z-4)2-16(x+2)? o 4(z+1)?-(2—1x)2

7 [ PERFECT SQUARE FACTORISATION

We have seen that (a+ b)? and (a — b)?
= (a+b)(a+1b) =(a—0b)(a—0)
=a’+ab+ab+ b’ =a®—ab—ab+ b’
= a® + 2ab + b* =a? — 2ab + b?

Expressions such as  a?+2ab+b®> and a?—2ab+b? are called perfect squares because
they factorise into the product of two identical factors, or a factor squared.

a® + 2ab + b? = (a + b)? and a? — 2ab+ b?> = (a — b)? .

For example, z?>+6z+9 and 22 —6x+9 are perfect squares because they factorise
into two identical factors:

22 +6x+9=(x+3)? and 2% —-6x+9=(x—3)>

You can check this for yourself by expanding (x +3)? and (x — 3)2.
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IDENTIFYING PERFECT SQUARES

Notice that (a+b)?=a’+2ab+b*> and (a—b)?=a?—2ab+ V%
T_ perfect _T T_ perfect _T
squares squares

So, a perfect square must be one of these two forms. It must contain two squares and a
middle term of +2ab.

For example, 2?4+ 10z + 25 and 22 — 10z + 25
=2 +2x5xx+5° =2 -2x5xz+5°
= (z +5)? = (z — 5)?

We can see that 224 10z +25 is a perfect square because 2 + 10z +25 contains two

2

squares 2 and 57 and a middle term 2 x 5 x z.

x2 + 10z + 26 does not satisfy these conditions.

m ) Self Tutor

Find all perfect squares of the form: a z2+0+25 b 422 +0+9

a 22+0+25=2%4+0+52
This is of the form (a + b)? = a? 4+ 2ab+ b* with a =2z and b= +5.
2ab =2 x x X £5 = +10x
the perfect squares are 22 + 10x +25 and 22 — 10z + 25.
b 422 +0+9=(22)?2+0+ 32
This is of the form (a + b)? = a® + 2ab+ b*> with a =2z and b= +£3.
2ab =2 x 2x x £3 = +12x
the perfect squares are 422 + 12z +9 and 4x? — 122 + 9.

EXERCISE 17D

1 Find all perfect squares of the form:

a z224+0+1 b 22+0+4 c x2+0+16
d 422 +0+1 e 9z224+0+4 f 1622+0+81
g 42 +0+c2 h 22 +0+4d? i a?2+0+4
| _Example 15 | «0) Self Tutor
Factorise:
a 22+ 20z + 100 b z2—8z+16
a 22 + 20z + 100 b 22 — 8z + 16
=22+ 2x 2 x 10+ 10? =22 —2xzx4+42
= (z +10)? = (z — 4)*
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2 Factorise:
a 22+2x+1
d 2% +10z +25
g 22— 122+ 36

b 22 —4zx+4
e 22— 16z +64
h 22+ 14z + 49

¢ 22—6x+9
f 22+ 20z + 100
i 22 — 18z + 81

Example 16

Factorise:
a 1622+ 24x+9

b 422 — 20z +25

a 1622 + 24z + 9
= (42)? 4+ 2 x 4z x 3 + 32
= (4z + 3)?

b 422 — 20z + 25
= (22)2 —2 x 2z x 5+ 52
= (2z — 5)°

3 Factorise:
a 4x2+4x+1
d 422 —12z+9

b 1622 — 40x + 25
e 922 +6x+1

¢ 4x2 + 28z + 49
f 922 — 30x + 25

| Example 17 | ») Self Tutor
Fully factorise:
a 3z%2 - 18z +27 b —27%2+8zx-8
a 3218z +27 b  —2:*+8z-38
=3(x® — 6z +9) = —2(z® — 4z +4)
=3(x? -2 xx x3+3?%) =20z - 2xxx2 + 2?)
= 3(zx — 3)? = 9z — 2)?

4 Fully factorise:

a 222 +4zx+2
d —22+6x—9 e
g —2x2 + 40z — 200 h

b 222 — 122+ 18
—x2 —8x — 16
—4b% + 28b — 49

¢ 322430z +75
f —22+16x — 64
i az?— 10az + 25a

RISING QUADRATIC
TRINOMIALS

A quadratic trinomial is an algebraic expression of the form az? + bx + ¢
where x is a variable and a, b, ¢ are constants, a # 0.
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: 2
Using FOIL, (z+3)(z+6) = z° + 6x + 3z + J8
the sum of the the product
‘inners’ and of the ‘lasts’
‘outers’

So, (z+3)(z+6)=1a>+[6+3]z+[6x3]
= 2% + [sum of 6 and 3]z + [product of 6 and 3]
=22+ 9z +18

In order to factorise a quadratic trinomial such as  x? + 92 + 18 into the form
(x+...)(x+...) we must find two numbers which have a sum of 9 and a product of 18.

In the general case, 2 + (a+bzx + ab =(zx+a)(x+Db)
~—— ~~

the coefficient the constant term
of x is the sum  is the product
of @ and b of @ and b

Example 18 m
Factorise: 2+ 11z + 24

( Most of the time
We need to find two numbers with sum 11 and product 24. Wet;znnﬁ?nig:: >
Pairs of factors of 24: mentally. We then
don’t need to show
Factor product | 1 x24 | 2x12 | 3x8 |4x6 all of the working.
Factor sum 25 14 11 10 “
thisxone
The numbers we want are 3 and 8.
So, 2*+1lz+24
= (x + 3)(x + 8)
EXERCISE 17E
1 Find two numbers which have:
a product 8 and sum 6 b product 14 and sum 9
¢ product 21 and sum 10 d product —6 and sum 5
e product —7 and sum —6 f product —22 and sum —9
g product 16 and sum —10 h product 24 and sum —11
2 Factorise:
a z2+3z+2 b 22+ 10z +24 ¢ 22+ 11z +18
d 22+ 13z +36 e 22+ 122+ 35 f 224262 +25

g 22+ Tx+12 h 22+ 15z +54 i 22 +52x+ 100
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Example 19 ) Self Tutor

Factorise: 22 —Te+12

sum = —7 and product = 12
the numbers are —3 and —4

2?2 —Tx+12
=(z-3)(z—4)

So,

3 Factorise:
a z2-10x+9
d 22— 11z +18
g 22— 14x+45

b 22—6z+8
e x2—14x+ 33
h 22— 242 + 80

Example 20

The sum is
negative but the
product is positive,
so both numbers
must be negative.

¢ z2—-13z+ 12
f 22 —10x+24
i 22— 16x + 48

Since the product
is negative, the
numbers are

> +z—6
=(z—2)(x+3)

So,

b sum =1 and product= —6
the numbers are —2 and +3

Factorise: a z2-2x-15 b z24+z-6
a sum = —2 and product = —15
the numbers are —5 and +3
So, 22— 2z —15
= (z —5)(z + 3)

opposite in sign.

L Factorise:

a r2—z-2 b 22-2-6

d 2243z —28 e 2244z —45
g 22—3x—18 h 22 +6x—27
j z2+13z—-30 k 2%+ 7z —60

c 224+2—6

f 22—-2¢—15
i 22 —2—30
I 22 —21z — 100

Fully factorise by first removing a common factor:

3x2 + 6z — 72

322 + 62 — 72
= 3(2* + 2z — 24)
=3(z+6)(z—4)

{look for a common factor}
{sum = 2, product = —24
the numbers are 6 and — 4}
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5 Fully factorise by first removing a common factor:

a 222+ 10z + 12 b 222 + 18z + 28 322 + 21z + 36

== N

d 522 —10x —15 e 4z2 4 40z + 36 522 + 20z + 15
g 622 — 24z — 30 h 1022 — 80x + 120 i 522 — 60z + 100
j Tx? —28x+ 28 k 622 +30x — 36 I 922 — 54z + 72

m 23 4 1422 + 482 n 23— 922 — 36z o 23+ 622 — 55z

7| MISCELLANEOUS FACTORISATION

The following flowchart may prove useful:

Expression to be factorised.

!

Remove any common factor.

Look for the Look for Look for
difference of two squares. perfect squares. sum and product type.

EXERCISE 17F

1 Fully factorise:

a 5a%+10a b 6b% +12 ¢ bz — 25y
d d?+12d+27 e 22— 11z +24 foy?—4y—21
g —22— 16z h ¢ +¢° i a’b—2ab
j —7x%—28 k s?2—s—42 | 16z — 223
m 2x — 28zy n m? 4 9mn o y?—8y+15
p 622 — 6z — 36 q 622 —36x + 54 r 234+ 22% 4z
2 Find the pattern in the following expressions and factorise:
a 22 —8zx+16 b 22 —64 ¢ 9c? — 81
d 9—9p? e 3x2-27 f 5a®+10a+5
g 2522 — 4y° h 23 -222+2 i 222 — 32z +128
3 Fully factorise:
a xy—xz+cx b 323 — 322 ¢ x2y% — bxy
d 9z — 4423 e (z+1)2—(z+1) f 2%y — 2%
g a(z+2)—-b(x+2) h 3(xz+y) —z(x+y) i ala+b)—bla+b)
j 23— 162 k 3z%+30x+ 75 I dxy? — 23
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REVIEW SET 17A

1 Find the HCF of:

a 3a?b and 6ab b 3(x+1) and 6(x+ 1)

Fully factorise:

a 22 -3z
Fully factorise:

a —2122-322

3mn + 6n2

b dt+2)—4(t+2)

az® + 2ax? + 3ax

(z-1)?—(z-1)

d 2z(z+3)-5(x+3) e 3(g+1)2-9(g+1) § blb—c)—c(b—rc)
Fully factorise:

a 9— 1622 b 422+ 20x + 25 ¢ 922 — 6z +1

d 522 — 20z +20 e 9a® — 4b? f 622 —24
Fully factorise:

a 22+ 10z +21 b z?+4z—21 ¢ 22— 4z -21

d 6— 5z + 2 e 4z% —8r—12 f —22 132z —36
g 20+ 9z + 22 h 222 — 22— 60 i 322 — 30x + 48

a 6y? and 8y
Fully factorise:
a 222 +6x

Fully factorise:

REVIEW SET 17B

1 Find the HCF of:

4(x —2) and 2(z — 2)(z + 3)

—2xy — Az

a?x + ax? — 2azx

a zy3— 162y b 322 — 60x + 300 ¢ pla+2)—qla+2)
d 4cd? — 6c%d (k —3) + (k — 3)2 f z(x—1)+3z
Fully factorise:

a 222 —50 b 22122+ 36 ¢ n2—6n+9

d 49 — 922 e 2r2 —4x+2 f 234 822+ 16z
Fully factorise:

a 22 +122+35 b 22+22-35 ¢ 2212 +35

d 222 — 42170 e 30— 11z + 22 f 22 -8z —20

g 2 — 14z +33 h 422 — 36z — 88 i 2%+ 522 - 362
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HISTORICAL NORBERT WIENER 1894 - 1964

Norbert Wiener was born in Columbia,

Missouri, USA in 1894. Norbert’s

father was determined that his son should

succeed, and Norbert, who was obviously
highly intelligent, was expected to study hard. At
18 years of age he achieved his doctorate in
mathematics at Harvard University, and being too
young for an academic position, he travelled overseas
on scholarship, and studied in England and in Germany.
His first paper ‘Messenger in Mathematics’ was
published in 1913.

In 1919 Norbert accepted a position as mathematics

instructor at the Massachusetts Institute of Technology (MIT). In time he was promoted
to the chair of mathematics, and remained professor of mathematics until he retired in
1960.

He travelled extensively, investigating the latest research and findings by mathematicians.
In 1933 he shared the Bocher Prize for mathematicians.

He wrote and published many important mathematical papers, especially ‘Differential
Space’ (1923), ‘Generalised Harmonic Analysis’ (1930), and ‘Tauberian Theorems’
(1932).

During World War 2 Norbert’s work on gunfire control and range finding led him to
discover the theory on ‘predicting stationary time series’ which in turn led to his most
famous work on the concept of ‘cybernetics’. His famous book ‘Cybernetics or Control
and Communication in the Animal and the Machine’ was first published in 1948.

In 1964 Norbert was awarded the National Medal of Science. His renown as a teacher
helped to make MIT one of the finest centres for learning in the sciences in the world.
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HISTORICAL NOTE FLORENCE NIGHTINGALE

Florence Nightingale (1820 - 1910) was born

@ into an upper class English family. Her

father believed that women should have an

education, and she learnt Italian, Latin, Greek

and history, and had an excellent early preparation in
mathematics.

She served as a nurse during the Crimean War, and became
known as ‘the lady with the lamp’. During this time she &
collected data and kept systematic records.

After the war she came to believe that most of the soldiers |
in hospital were killed by insanitary living conditions rather
than dying from their wounds.

She wrote detailed statistical reports and represented her statistical data graphically.
She demonstrated that statistics provided an organised way of learning and this led to
improvements in medical and surgical practices.

OPENING PROBLEM

A construction company is building a new high-rise apartment building in
l | I Tokyo. It will be 24 floors high with 8 apartments on each floor.

The company needs to know some information about the people who will
be buying the apartments. They prepare a form which is published in all
local papers and on-line:

HANAKO CONSTRUCTIONS — NEW APARTMENTS
HANAKO ¥70 to 400 million

‘l’ll/ Please respond only if you have some interest in owning your
own residence in this prestigious new block.

Marital status: NAME: oo
[ married [OJ single

Age group: Current address: .........ooeeveriiiiiiiiiinireeeeieeeenns
(018 to 35 [136to59 [ 60+
Desired number of bedrooms: Phone number: ........ccooooviiiiiiiiiiiie,

o1 o2 O3

The statistical officer receives 272 responses and these are typed in coded form.
Marital Status  Married (M) Single (S)
Age group 18 to 35 (Y) 36 to 59 (I) 60+ (O)

Apartment size 1 2 3 bedrooms
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The results are:

MY 1 MI3 MIZ2 M0?2 MY ?2 MO0?2 MO0?2 MyY?2 M0?2 MIZ2
SY1 M0?2 MY 1 MI3 M0?2 S01 MI3 S02 M0?2 M0?2
MI3 S03 S02 MI3 MI1 M03 SI3 MO0?2 S02 S01
S01 MI3 M0?2 S01 SY2 MO1 MY 1 MI2 MO1 MO1
M0?2 S01 S02 MI3 MO1 MI3 SI1 SI12 M0?2 MO1
S01 M0?2 MI3 MI3 MO1 MIZ2 M0?2 MO?2 MO1 MO1
MO0?2 MI3 SY2 M03 MO1 MI3 MI3 MI3 MO1 S03
S01 M0?2 SI12 S01 M03 MI3 SI12 MO1 MI3 MO1
MO0?2 MO1 MI3 MY?2 MY3 MI3 MI1 MY 1 SY2 MI3
S01 MY?2 MI3 MO1 SI3 SI1 SY3 MO1 MO1 S01
MY 1 MI3 MI3 MI3 MY 2 M03 M0?2 S02 MI3 MO1
MO1 MI1 SI2 M03 MI1 MI3 MI3 MY3 MO0?2 MO1
M0?2 MY ?2 S02 MY ?2 S01 SI2 S03 MO03 MI3 MI3
S02 MI3 MI3 S01 MY ?2 MI3 SY2 MO1 MI2 MI3
S01 S02 MI3 M03 S02 SY1 S02 SI1 My?2 SI1
MIZ2 MI3 MI3 MY ?2 MY ?2 MI3 M0?2 MO3 MO1 MI3
MO1 S01 MO1 M0?2 M02 S02 MI3 S01 MI3 SI1
MIZ2 MY ?2 MI3 SI1 MI3 M0?2 MI3 MI3 MO1 MO0?2
MI3 SI1 MI3 MI3 SY2 S02 MO 1 SI12 S02 S01
S01 MIZ2 M0?2 MO0?2 MO1 MI3 MI3 MI3 MO03 M0?2
MIZ2 MI3 MO1 MI3 S01 S02 SI2 S01 SI2

S01 MI3 MI3 M03 MO2 MY 1 MO2 MI3 M03

MI1 SY2 M03 S01 MY 2 SI12 MIZ2 MI3 SI1

MO1 M0?2 M03 MI3 MO1 S01 MIZ2 MI3 M0?2

MI3 MI3 MI3 S01 MI3 MI3 SY2 SI3 M0?2

MI1 S01 MI3 MY ?2 SY3 MI3 MIZ2 S02 MO0?2

S01 MI3 MI3 MY 1 MI1 M0?2 MY 1 MI2 MO03

MI1 MI3 MI3 SI1 MO3 MO1 SI1 S01 SI1

Things to think about:

e What problems are the construction company trying to solve?

e [s the company’s investigation a census or a survey?

e What are the variables?

o Are the variables categorical or quantitative?

e What are the categories of the categorical variables?

e Can you explain why the construction company is interested in these categories?
e [s the data being collected in an unbiased way?
e Why were the names, addresses and phone numbers of respondents asked for?

e Can you make sense of the data in its present form?

e How could you reorganise the data so that it can be summarised and displayed?
e What methods of display are appropriate here?

e Can you make a conclusion regarding the data and write a report of your findings?
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Statistics is the art of solving problems and answering questions by collecting
and analysing data.
The facts or pieces of information we collect are called data.

One piece of information is known as one piece of datum (singular), whereas lots of pieces
of information are known as data (plural).

A list of information is called a data set. If it is not in organised form it is called raw data.

' CATEGORICAL DATA

VARIABLES

There are two types of variables that we commonly deal with:

e A categorical variable describes a particular quality or characteristic. The data is
divided into categories, and the information collected is called categorical data.
Examples of categorical variables are:

Getting to school: the categories could be train, bus, car and walking.
Colour of eyes: the categories could be blue, brown, hazel, green, grey.

e A quantitative variable has a numerical value and is often called a numerical
variable. The information collected is called numerical data.

Quantitative variables can be either discrete or continuous.

A quantitative discrete variable takes exact number values and is often a result of
counting.

Examples of discrete quantitative variables are:

The number of people in a household:  the variable could take the values

The score out of 30 for a test: the variable could take the values

A quantitative continuous variable takes numerical values within a certain
continuous range. It is usually a result of measuring.

Examples of quantitative continuous variables are:

The weight of newborn babies: the variable could take any positive value
on the number line but is likely to be in the
range 0.5 kg to 8 kg.

The heights of 14 year old students: ~ the variable would be measured in
centimetres. A student whose height is
recorded as 145 cm could have exact height
anywhere between 144.5 cm and 145.5 cm.
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CENSUS OR SAMPLE

The two methods of data collection are by census or sample.
A census involves collecting data about every individual in a whole population.

The individuals in a population may be people or objects. A census is detailed and accurate
but is expensive, time consuming, and often impractical.

A sample involves collecting data about a part of the population only.

A sample is cheaper and quicker than a census but
is not as detailed or as accurate. Conclusions drawn
from samples always involve some error.

A sample must truly reflect the characteristics of the
whole population. To ensure this it must be unbiased
and large enough.

Just how large a sample needs to be is discussed in
future courses.

In a biased sample, the data has been unfairly influenced by the collection process.
It is not truly representative of the whole population.

STATISTICAL GRAPHS

Two variables under consideration are usually linked by one being dependent on the other.

For example: The fotal cost of a dinner depends on the number of guests present.
The fotal cost of a dinner is the dependent variable.
The number of guests present is the independent variable.

When drawing graphs involving two variables,
the independent variable is usually placed on the
horizontal axis and the dependent variable is
placed on the vertical axis. An exception to this
is when we draw a horizontal bar chart.

dependent variable

l independent variable

Acceptable graphs which display categorical data are:

Vertical column graph Horizontal bar chart Pie chart Segment bar chart

—_
NhEONKO

—— 1 B

246810

The mode of a set of categorical data is the category which occurs most frequently.
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THE STATISTICAL METHOD

The process of statistical enquiry or investigation includes the following steps:

Step 1: Examine the problem which may be solved using data. Pose the correct
questions.

Step 2:  Collect unbiased data.

Step 3: Organise the data.

Step 4:  Summarise and display the data.

Step 5: Analyse the data and make a conclusion in the form of a conjecture.

Step 6: Write a report.

GRAPHING USING A COMPUTER PACKAGE

Click on the icon to obtain a computer package which can be used to draw: ‘i’iﬁwgf
e graphs of a single set of categorical data using: -3 W’

» a vertical column graph
» a horizontal bar chart
» a pie chart
» a segment bar chart
e comparative graphs of categorical data using:
» a side-by-side column graph
» a back-to-back bar chart.

EXERCISE 18A

1 Classify the following variables as either categorical or numerical:
a the number of text messages you send in a day

the places where you access the internet

the brands of breakfast cereal

the heights of students in your class

the daily maximum temperature for your city

the number of road fatalities each day

the breeds of horses

T W - 0 O A O

the number of hours you sleep each night.

2 Write down possible categories for the following categorical variables:
a brands of cars b methods of transport
¢ types of instruments in a band d methods of advertising.
3 For each of the following possible investigations, classify the variable as categorical,
quantitative discrete, or quantitative continuous:

a the types of flowers available from a florist
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the numbers on playing cards in a pack of cards

the heights of trees that were planted one year ago
the masses of oranges in a 5 kg bag

the times for runners in a 400 metre race

- 0 O aAn O

the number of oranges in the 5 kg bags at a
supermarket

the varieties of peaches

h the amount of rain each day for a month

the speeds of cars passing through an intersection
the types of fiction

A -

the pulse rates of horses at the end of a race

the weekly cost of groceries for your family
m the number of passengers for a taxi driver each day for a month
n the number of students absent from school each day for a term.

4 State whether a census or a sample would be used for these investigations:

a the country of origin of the parents of students in
your class

b the number of people in your country who are
concerned about global warming

¢ people’s opinions about the public transport system
in your capital city
d the favourite desserts in your local restaurant

e the most popular candidate for the next election in
your state or county.

5 Comment on any possible bias in the following situations:
a Members of a dog club are asked if dogs make the best pets.
b School students are asked about the benefits of homework.
¢ Commuters at peak hour are asked about crowding in buses.

6 Guests of a hotel in Paris were asked 10,

) . . frequency
which country they lived in. The results .
are shown in the vertical column graph. ] -
a What are the variables in this 6
investigation? A
b What is the dependent variable?
¢ What is the sample size? 2 H ’—‘
d Find the mode of the data. 0 -
. . : t
e Constr}lct a pie chart for the data. (b&&b %%ob%&&@ &3,@ %Qf&‘\ %\q;\?*% %\@\@ county
If possible, use a spreadsheet. S g _ {\@6 W
0&\
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7 Fifty households of one street were asked which brand of
television they owned. The data alongside was collected.

a What are the dependent and independent variables in

this investigation?

b If we are trying to determine the buying patterns of
a whole city, is the sample unbiased? Explain your

answer.

¢ Find the mode of the data.
d Construct a horizontal bar chart for the data.

8 Find the sector angle of a pie chart if the frequency of the category is:
a 23 in a sample of 180 b 128 in a sample of 720

¢ 238 in a sample of 1250.

9 A sample of many people was taken, asking them their

favourite fruit.

On a pie chart a sector angle of 68°

represented 277 people whose favourite fruit was an

orange.

Find, to the nearest 10, the size of the sample used.

1| EXAMINING CATEGORICAL DATA

TV Brand

Frequency

o g0 w >

9
4
12

oranges

For the Opening Problem data, the statistical SYlT 2 |si1 11/1so1 261 39
officer first extracts the data for single people SY2 7 |SI2 9 |so2 1531
responding to the survey. Her findings are:
Sys 2 |SI3 3 |SO3 3 | 8
11 23 44 | 78
In order to make a report to Age of single respondent
the construction company, she 7 Total
displays this data in the form 81035 | 36t0 59 | 60+ | Totals
of a two way table: Number 1 2 11 26 39
of 2 7 9 15 31
bedrooms 3 2 3 3 8
Totals 11 23 44 78
She then uses a spreadsheet to create a series of graphs. Here are two of them:
Housing b
30 ‘ ousing by age group
25
A 5 T S D 0| B2 eedooms
1 18t0 35 36to59 60+
2 1bedroom 2 11 26 15 03 bedrooms
3 2 bedrooms 7 9 15 10
4 3 bedrooms 2 3 3
5
o LI 1 1 1,
18to 35 36 to 59 60+
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If we transpose the data by interchanging the rows and columns, we also get an interesting

comparison.
Housing by dwelling type

A B c D 30

1 1 bedroom 2 bedrooms 3 bedrooms 25

2 18to3 2 7 2 0 018 to 35

3 3%to59 1 9 3 036 to 59

4 60+ 26 15 3 15 060+

10

) 5
Find out how to transpose your o L= —i T 1.
table without having to retype 1 bedroom 2 bedrooms 3 bedrooms

the data into new cells.

From the table of counts and from graphs, various questions can be answered. In many cases
tables containing percentages may be more appropriate to use.

|_Example 1 ) Self Tutor

A survey was conducted to determine Marital status
willingness to be an organ donor. The Single | Married | Totals
results are shown alongside: Organ| Yes 63 9
a Complete the table to find the total donor | No 25 o7
of each row and column.
Totals

b How many people surveyed were
married but not willing to be an organ donor?

¢ What percentage of single people surveyed were willing to be organ donors?
d What percentage of people surveyed were married?

a Marital status b From the table, 27 people were
Single | Married | Totals married but were not willing to
be an organ donor.

Organ| Yes 63 79 142
donor | No 25 27 52
Totals | 88 106 194

¢ Percentage of single people who
were willing to be organ donors

__ 63
~ 71.6%

d Percentage of people surveyed who were married = %2 x 100% ~ 54.6%

EXERCISE 18B

1 Residents of a suburb were sent Gender
a survey in the mail. It asked Male
them to indicate their gender and
whether they would prefer a tennis ~ Preference
court or a basketball court built in
their suburb. The results are given Totals
alongside.

Female | Totals
Basketball | 21 20
Tennis 9 35

a Complete the table to find the total of each row and column.
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b Did more males or females respond to the survey?
¢ What percentage of people responding to the survey preferred a basketball court?

d What percentage of people responding to the survey who preferred a tennis court
were female?

2 To determine where the need for public Position
transport is greatest, residents of a city were North | South | Totals
asked to indicate whether they lived to the ;
P 4 14
north or south of the city centre, and the Transport | Public| 85 6 J
method of transport they used to go to work. method Car 71 57 128
Totals | 156 | 121 | 277

a What percentage of people living north
of the city centre take public transport to work?

b What percentage of people surveyed live south of the city centre and drive their car
to work?

¢ Is the percentage of people using public transport greater to the north or the south
of the city centre?

3 A survey was conducted in 1997, and another Year
in 2007, to investigate how many people had a 19971 2007 | Totals
computer in their home. The results are given Y 113 | 281
in the table alongside: Home “
computer| No | 159 | 23
a Complete the table to find the total of Totals
each row and column.

b What percentage of people surveyed in 1997 had a computer in their home?
¢ What percentage of people surveyed in 2007 did not have a computer in their home?

d Find the increase in computer ownership percentage from 1997 to 2007, according
to the survey.

4 A country town in England Age group
is organising a food festival. Under 301 Over 301 Totals
Residents interested in attending ;
were asked to indicate their age Food [talian 29 38 67
group and whether they preferred preference | Greck 55 24 9
Italian or Greek food. Totals 84 62 146

a How many people responding to the survey expressed a preference for Greek food?
b What percentage of people who indicated they preferred Italian food were under 30?
¢ What percentage of people over 30 preferred Greek food?

d Which age group showed the most interest in the festival, and which type of food
did that group prefer?

5 For the Singles’ data from the Opening Problem:
a create your own tally on a spreadsheet and obtain the side-by-side column graph
b transpose the data on the spreadsheet and draw the new side-by-side column graph
¢ answer the following questions:
i How many singles responded to the survey?
ii  What percentage of the total respondents were single?
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iii  Which singles’ age group showed the most interest in the new development and
what form of housing interested them most?

iv. What percentage of the 36 to 59 singles age group were interested in 3 bedroom
apartments?

v What percentage of the single respondents were interested in buying a 2
bedroom apartment?
d True or false?

i The 18 to 35 singles group has shown little interest in the new apartments.

il There is much interest amongst the single respondents in one bedroom
apartments.

ili The 60+ singles age group has shown most interest in the new apartments and
the vast majority of them want them with 2 or 3 bedrooms.

I THE OPENING PROBLEM
e

Jd Your task now is to organise the data from the married respondents for
"\’N the Opening Problem. You could do this without using a spreadsheet and
"'\“\& simply count from the raw data originally given. However, you could use

the spreadsheet found on your CD. Click on the icon to find it.

It contains all 272 responses so the singles data should first be eliminated. SPREADSHEET

- >
What to do: 1'%

1 Follow these steps to analyse the apartment size by age group:
Step 1: Open the spreadsheet by clicking on the icon.

Step 2:  Enter the formula =COUNTIF(SA:$A, “M”&D$3&$C4)” into cell D4.

~——
t t t
the formula to count the data in constructs “MY1” from
number of times “MY1” column A the table row and
appears in the data column headings
A B C D E E G
1 my1
20 sY1 Married people
3 MI3 Y ] [ | © Total
4 s01 1 =COUNTIF($A:$A,"M"&D$3&$C4)
5 Mo2 2
6 s01 3
7 Mo2 Total | |
8 so01
9 moz2
10 so1

Step 3: Fill the formula in D4 down and across to cell F6.

Step 4: Highlight the cell range D4:G7 and click the sum button X on the
toolbar.

Step 5: Highlight the cell range C3:F6 and click on the Chart Wizard button
[l on the toolbar. Choose the first type of column graph and click the
Finish button. A column graph of your tabulated data should appear.
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The next task is to suitably graph the married respondents’ data so that it can be
compared:

e in categories
o with the singles’ data to find similarities and differences.

Produce similar graphs for the singles’ data.

Construct your own report for the construction company. It should include:

e tabulation of the data in summarised form
e graphical representation of the data
e discussion and conclusion.

What conclusions can you draw from the data?

ARING AND REPORTING
CATEGORICAL DATA

DISPLAY

To display categorical data sets for comparison we could use:

o a side-by-side column graph

e a back-to-back bar chart.

value
12 b frequency [ | Oa
10 — CFE@
8 [ E |
6 | D |
[ C |
4
[ B ]
2 0 =
0 1,
A B C D E F G 15 10 0 5 10
value frequency
Example 2 ) Self Tutor
In order to compare the popularity of Colour
car colours in London and Paris, a Red | Biue | Black | white
sample 1i)fdl‘iO'pefz‘ople ff[om eac}i city City London | 35 2% 33 21
were asked their favourite car colour. Pais 127 | 19 34 0

a Draw a side-by-side column graph

b Which colour is most popular in London?
In which city are blue cars more popular?

comparing the data from London and Paris.

d  Which colour shows the largest difference in popularity between the two cities?
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b Black is the most popular colour in
Car colours

%50 London, with 38 people preferring

E a5 O London black.

© O Paris

230 ¢ From the graph, blue cars are more
20 popular in London.
10 d The largest difference in popularity
B occurs in white cars, with 21 people in

weltoun London compared to 40 people in Paris.

EXERCISE 18C

1 100 boys and girls were asked Subject
to indicate their favourite Maths | Science | Geography | Art
subjects. The results were:
Boys 30 26 21 22
a Draw a back-to-back bar Gender|
chart comparing the data Girls | 20 15 40 25
for boys and girls.
b What is the most popular subject for girls?
¢ Do boys or girls show less variation in their subject preferences?
d In which subject were the boys’ and girls’ preferences closest?
2 People from two different age Movie type
groups were surveyed about their Action | Comedy | Drama | Horror
favourite type of movie.
a Draw a side-by-side column Age Under 30| 38 12 29 ik
Y . over30 | 17 | 21 25 7
movie

e

graph  comparing
preferences of the under 30s and over 30s.
Is this a sensible way to compare the groups? Give a reason for your answer.

Draw a side-by-side column graph again, this time using relative frequencies. Is this
a more sensible way of comparing the groups?

Which age group likes drama movies more?
Which type of movie is preferred equally by each age group?

3 In the lead up to an election, 100 people from the electorates of Arton and Burnley were
polled to see how they intended to vote on election day. The results are shown in the
following table:

Party
Labor | Liberal | Independent | Undecided
Electorate Arton 37 28 14 21
Burnley | 33 36 15 16

O an C o

Draw a back-to-back bar chart comparing the data from Arton and Burnley.
Which party is the most popular in Arton?
In which electorate is the Liberal Party performing the best?
In which electorate is the intended voting closest?
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D] B DATA COLLECTION

DATA COLLECTION

There are a number of ways in which data can be misleading. It is always a good idea to
check the source and method of collection of a set of data before making major decisions
based on statistics.

Before data is collected the following decisions need to be made:

1 Should data for the investigation be collected from the whole population or a sample
of the population?
In most statistical investigations surveying the whole population is impractical; it is either
too time consuming or too costly. In these cases a sample is chosen to represent the
population. Conclusions for an investigation from a sample will not provide the same
degree of accuracy as conclusions made from the population.
In this context, population means all the people or things that the conclusions of a
statistical investigation would apply to.
For example, if you want to investigate a theory related only to your school then the
population is all the students who attend your school. The population in this case would
be accessible although the investigation could also be done with a carefully selected
sample.

2 How should the sample be collected?
If data is to be collected from a sample then a sample that represents the population
must be chosen so that reliable conclusions about the population can be made.
Samples must be chosen so that the results will not show bias towards a particular
outcome. For example, if the purpose of a survey is to get an accurate indication of how
the population of a city is going to vote at the next election then surveying a sample
of voters from only one suburb would not provide information that represents all of the
city. It would give a biased sample.
One way of choosing an unbiased sample is to use simple random sampling where
every member of the population has an equal chance of being chosen.

3 What should the sample size be?
The sample size is an important feature to be
considered if conclusions about the population
are to be made from the sample.
For example, measuring a group of three fifteen-
year-olds would be insufficient to give a very
reliable estimate of the height of fifteen-year-
olds.
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Decide on a worthwhile project of a statistical nature.
The data collected should be categorical in nature.

e Discuss the project with your teacher who will judge if it is appropriate.
e Make sure that your sample is sufficiently large to accurately reflect the population.
e Make sure that your sample is not biased.

e Write a detailed, factual report including your data and your conclusions.

EXERCISE 18D

1 A school has 820 students. An investigation concerning the school uniform is being
conducted. 40 students from the school are randomly selected to complete the survey on
their school uniform.

a What is the population size?
b What is the size of the sample?
¢ Explain why data collected in the following ways would not produce a sample
representative of the population.
i The surveyor’s ten best friends are asked to complete the survey.
il All the students in one class are surveyed.
iii Volunteers are asked to complete the survey.

A research company wants to know
peoples’ opinions on whether smoking
should be banned in all public places.

They ask people standing outside
buildings in the city during office hours.
Explain why the data collected is likely
to be biased.

3 A polling agency is employed to survey the voting intention of residents of a particular
electorate in the coming election. From the data collected they are to predict the election
result in that electorate.

Explain why each of the following situations would produce a biased sample:
a A random selection of people in the local large shopping complex is surveyed
between 1 pm and 3 pm on a weekday.
b All the members of the local golf club are surveyed.
¢ A random sample of people on the local train station between 7 am and 9 am are
surveyed.

d A doorknock is undertaken, surveying every voter in a particular street.
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03 MISLEADING GRAPHS

Graphs can also be misleading. There are two ways this usually happens:

USING A ‘CUT-OFF’ SCALE ON THE VERTICAL AXIS

For example, consider the graph shown:

A close look at the graph reveals that the vertical
scale does not start at zero and so has exaggerated
the increase in profits.

4 profit ($1000’s
18 profit ( )

15 ]
12

month

Jan  Feb Mar Apr

4 profit ($1000°s)

The graph should look like that on the left,
which gives a better picture of the profit
3 increases. It probably should be labelled
‘A slow but steady increase in profits’.

MISREPRESENTING THE ‘BARS’ ON A BAR CHART OR COLUMN

GRAPH

Sometimes the ‘bars’ on a bar chart or column graph are shown with misleading area or

volume.

For example, consider the graph below comparing sales of different flavours of drink.

4 sales ($m’s)

\ flavour of drink

Lime Lemon Orange

However, on a bar chart the frequency is
proportional to the height of the bar only, and so
the graph should look like this:

The sales of lemon are
just over twice the sales
of lime.

By giving the ‘bars’ the appearance of
volume, the sales of lemon drinks look
to be about eight times the sales of lime
drinks.

4 sales

($m’s)

H flavour of drinlf

Lime Lemon Orange
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EXERCISE 18E

1 Describe the misleading or poor features of each of the following graphs:

a b
Fish sold at markets Milk production
4 cases (100’s) 4 ('000s L)
20
30
20
10
10 A B
0 weel< 0 -
1 2 factory
c d
Interstate bus fares Exports
b dollars 4 tonnes (millions)
70 40
65 30 -
60
20
55
69
50
ear year
45 T T T y > O o
2004 2005 2006 2007 2005 2006 2007
2
Graph A Graph B
26004 cates of chocolatés sales of chocolates
2500 2500 _//‘—"
2400 2000
2300 1500
2200 1000
2100 500
eat ear
2000 i 0 i
03 04 05 06 07 08 09 03 04 05 06 07 08 09

a Which graph gives the impression of rapidly increasing sales?
b Have sales in fact rapidly increased over this 6 year period?

¢ According to graph A, the sales for 2006 appear to be double those of 2005. Is this
true?

REVIEW SET 18A

1 For each of the following investigations, classify the variable as categorical,
quantitative discrete, or quantitative continuous:

a the favourite television programs watched by class members
b the number of visitors to an art gallery each week.
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2 To find out which foods at a school canteen the

Bpe of food | Frequenc
students eat most, 80 year 12 students were asked P ff ey
to nominate the item they purchased most often. Pie 20
The following data was collected: Hot dog 16

a What are the variables in the investigation? Pasta 9
b What are the dependent and independent Sandwich 17
variables? Apple 13
¢ In what way is the sample biased? Chips 5
d Construct a vertical column graph to illustrate
the data.

3 A sample of people were asked Radio type
Whethe'r t'hey owped an analogue Analogue | Digital | Totals
or a digital radio. The results Zor 30 5 5
were sorted by the age of the Age Under 30s 3 3
people surveyed, and are shown Over 30s 38 21
in the table alongside: Totals

a Complete the table to find
the total of each row and column.

b How many people surveyed were over
30?

¢ What percentage of under 30s surveyed
own an analogue radio?

d What percentage of people surveyed
were over 30s who have a digital radio?

Ticket Group

4 The ticket sales for a movie theatre

over a two day period are given in Adult | Concession | Children
the table alongside: Friday | 121 71 63
a Draw a side-by-side column Saturd 139 34 82
graph comparing the ticket oy

sales from Friday and Saturday
for each ticket group.

b Which day is more popular with adults?
¢ Which ticket group was least popular on Friday?
d Which ticket group was most influenced by the day of the week?

5 To compare the sporting preferences of Hillsvale and Greensdale High Schools, 100
students from each school were asked to indicate their favourite sports:

Sport
Gridiron | Ice Hockey | Basketball | Baseball | Football
Hillsvale 24 28 17 22 9
Greensdale 18 30 14 12 26
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a Draw a back-to-back bar graph comparing the results for Hillsvale and
Greensdale High Schools.

b Which is the most favoured sport at Hillsvale?
¢ Basketball is more popular in which school?

d  Which sport is best described as “a mainly Greensdale School Sport™?

6 To investigate the public’s opinion
on whether money should be spent
upgrading the local
questionnaire form is placed in the
library for members of the public to

fill out.

Explain why this sample is likely to

be biased.

REVIEW SET 18B

library,

a

1 For each of the following investigations, classify the variable as categorical,

quantitative discrete, or quantitative continuous:

a the area of each block of land on a street
b the marital status of people in a particular suburb.

2 State whether a census or a sample would be used for these investigations:
a finding the percentage of people who own a dog
b finding the number of pets that students in a particular class own
¢ finding the amount of rain a city receives each month.

3 To investigate whether being left or right
handed has any effect on eyesight, a sample of
people were asked whether they were left or
right handed and whether they required glasses
for driving. The results are given in the table

alongside:

a How many people were surveyed?
b What percentage of people surveyed were left handed?

¢ What percentage of right handed people required glasses for driving?
d

Was there a significant difference between the percentages of right handed and
left handed people who required glasses for driving?

L A newspaper surveys
150 people aged under
30 and 150 people over
30 about an upcoming
election. They want to
find out which issues

are most important to each age group.

Require glasses

Yes No
Left handed 39 56
Right handed | 229 311

Election Issues

Unemployment | Inflation | Health | Education
Under 30 68 20 23 39
Over 30 52 27 50 21
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a Draw a back-to-back bar graph comparing the results for the under 30s and the
over 30s.
b Which issue is most important to the people aged under 30?
¢ Which issue is the least important to the people aged over 30?
d Which issue is mainly an “over 30s issue”?
5 A council is considering whether to occupy Preference
a block of land with a hotel, a shopping Hotel | Shopping | Park
centre, or a park. To find the local
residents’ opinions, the council surveys 200 Male 83 39 48
spectators at the local football match. The Female 4 16 10
results are shown alongside:
a Which option was most preferred by the people surveyed?
b Would it be reasonable for the council to make a decision based on the answer
given in a? Give a reason for your answer.
¢ Draw a side-by-side column graph comparing the preferences of males and
females, using relative frequencies.
d Is the option of a park preferred more by males or females?

6 The Government releases the following 35,
graph showing the increase in employment
in the tourism industry over recent years.

a
b

employment (*000)
34

Explain why the graph is misleading. 33

Redraw the graph in a way that more 3,

accurately indicates the increase in

employment. 31
30 >

2005 2006 2007 2008
year
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Equations of the form ax?+bx+c =0 where a # 0 are called quadratic equations.

For example, 222 -3z +5=0 and 2?43z =0 are quadratic equations

1 )
whereas z2+5+ = =0 is not.
T

Consider the equation 2% = 4z.

One might be tempted to divide both sides by x to get = = 4. However, in doing this the
obvious solution = =0 is lost.

We therefore need another method of solution to ensure that no solutions are lost.

USIE THE NULL FACTOR LAW

The Null Factor law is an essential part of the process for solving quadratic equations.

THE NULL FACTOR LAW

When the product of two or more numbers is zero, then at least one of them must be zero.
So, if ab=0 then a=0 or b=0.

For example: e if 2zy=0 then =0 or y=0
o if z(x—2)=0 then z=0 or z—2=0
o if zyz=0 then z=0, y=0, or z=0.

| Example 1 | =) Self Tutor

Solve for x: a Szx(z+2)=0 b (z+4)(z—-1)=0
a 5a(z+2) =0
520=0 or z+2=0 {Null Factor law}
x=0 or x=-2 {solving linear equations}
So, x=0o0r —2
b (x+4)(z—1)=0
x+4=0 or z—1=0 {Null Factor law}
xr=—4 or r=1 {solving linear equations}
So, x=—-4orl

EXERCISE 19A

1 Explain what can be deduced from:
a ac=0 b bd=0 ¢ abc=0 d 3z=0
e z(r—3)=0 f 22=0 g (x—5y=0 h z2y=0
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2 Solve for z:

a 2zx(z—1)=0 b z(z+5)=0 ¢ 3zx(x+2)=0
d (z-1)2=0 e —x(z—4)=0 f —22(x+3)=0
g z(2x+1)=0 h 3z(4x—-3)=0

3 Solve for z:
a (z—1)(z—-5)=0 b (z+2)(z—4)=0 ¢ (x+3)(x+7)=0
d (z+7)(x—11)=0 e 2zx(zx—8)=0 f (x+12)(x—5)=0
g —3z(z+7)=0 h 2z+1)(z—-3)=0 i (x+6)(3z—1)=0
i 2z+1)(x+6)=0 k z(3z+5)=0 I (z—=31)(z+11)=0
m (z+4)(4dz—1)=0 n —3z(z+3)=0 o 2—-2)8z+4)=0

IONS OF THE FORM
ar’® +bx =0

To solve quadratic equations of the form ax? +bxr =0 where a # 0 we first of all take
out z as a common factor. We can then use the Null Factor law.

|_Example 2

Solve for x: x? =4z

z? =4z
2% —4x =0  {subtracting 4z from both sides to make RHS = 0}
x(xr —4) =0  {factorising the LHS}

z=0 or z—4=0 {using the Null Factor law} 22 A
=0 or r=4 - - 7 &S
xz =4 only. We need

the Null Factor law to
ensure the solution
x = 0 is not lost.

EXERCISE 19B

1 Solve for z:

a 22—z=0 b 22-13z=0 ¢ 22482 =0
d 224+3z=0 e 2x+22=0 f 5x—22=0
g 122 —22=0 h 224+72=0 i 22—4x=0
j 222 -7z =0 k 322 -152 =0 I 222 +82=0
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2 Solve for z:

a z2=32

d 22 =—6x
g 8r =22

j Te+2?=2x

~ T 0 O

z2 =10z

32 = 18z

202 +7x =0

- =m A

2 —4=92r—4 |

22+zx=0
bx = x2
5x2 = 6z

222 +x = 3z

QUATIONS USING THE
ERENCE OF SQUARES’

Equations like 2?2 —9 =0 and 422 —1 =0 have the ‘difference of squares’ on the

LHS of the equals sign.

We can use a? —b?>=(a+b)(a—0b) to convert the difference into a product.
Solve for x: a z2-4=0 b 22=9
a 2 —4=0
(z+2)(z—2)=0
z+2=0 or z—2=0
S, o x=-2 or 2
So, =42
b z2=9
. 22-9=0
(z+3)(x—3)=0
z+3=0 or x—3=0
. o rx=-3 or 3
So, =43
EXERCISE 19C
1 Solve for x:
a 22-16=0 b 22-49=0 c 22-1=0
d z2=25 e x2 =144 f z2=281
g 222 -8=0 h 322 -27=0 i 522 -20=0
i —322+12=0 k —2224+8=0 Il 224+4=0
2 Solve for x:
a 2-8z22=0 b 1-922=0 ¢ 4-2522=0 d 422 -1=0
e 422 -9=0 f 922 -4=0 g 3224+12=0 h 1622 -25=0
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ATIONS OF THE FORM
x>+bxr+c=0

To solve 22 —5x+6 =0 we must first factorise 2 — 5z + 6.

To do this we have to find two numbers with a sum of —5 and a product of 6.

The numbers required are —2 and —3, so 2% — 5z +6 = (z — 2)(z — 3).

Solve for x:

a 22-3z+2=0 b z2=2z+12 ¢ 224+4=4x

zt—1=0 or z—2=0

z—4=0 or z+3=0

o x> —4x+4=0 {We need two numbers with sum —4 and product +4.
(x—2)(x—2)=0 These are —2 and —2.}

22 -3z +2=0 {We need two numbers with sum —3
(x—1)(x—2)=0 and product 2. These are —1 and —2.}

z=1or2

2?2 =2 +12 {Make RHS =0 by subtracting z + 12
from both sides}
?—z-12=0 {We need two numbers with sum —1
(x—4)(z+3)=0 and product —12. These are —4 and +3.}

z =4 or —3

22 +4 =42 {Make RHS =0 by subtracting 4z from both sides}

7%=

Sometimes each term in an equation contains a constant common factor. We can simplify
these equations by dividing each term by the constant.

For example, consider 32 + 21z + 30 = 0.
If we divide each term by 3 then 22 + 7z + 10 = 0.

EXERCISE 19D

1 Solve for z:

a 22+7r+10=0
22 —8x+12=0
22 4+10x+25=0
2?2 —222+121=0
22+ 11z —60=0

3 . 0 o

b 224+6x+8=0 ¢ 22+1lz+10=0
e 22—-5x+4=0 f 22-11x+24=0
h 22—-32—-18=0 i 224+72-18=0
k 22—-62+9=0 I 22 -52-6=0

n 224+182-63=0 o 22122 -64=0



394 QUADRATIC EQUATIONS

(Chapter 19)

2 Solve for x:
a 322+4+21lz+30=0
d 322 -21z+36=0

3 Solve for z:

20% 4+ 42 —30=0
502 — 5z —210 =0

202 —24x +72=0
422 + 322 +48 =0

a 22— 14z =15 b 22+2=3z ¢ 22=32+28

d 22=20+2x e 8=22+Tz f 22=5x+24

g 222 +2x =24 h 22 =4z +45 i 322 =30z —48

j 22+1=2x k 22 =19z +20 I 522 =20(z +8)
L Solve for z:

a z(z+2)=15 b z(zx—2)=5(x+12) ¢ 2x—6=x(xr—>5)

d 22—4=2+2 2 +5) =22+ 11 f 5-—22=22-3
(L =ilcicl SOLUTIONS OF A QUADRATIC EQUATION

i . . .
w How many solutions can a quadratic equation have?

>

>
o™

1 Showthat (x—1)2=4, (x—1)2=0 and (z—1)>=—4 canall be put into
quadratic form az? + bx + ¢ = 0.

This investigation should help to answer this question.
What to do:

2 a Showthat (z—1)2=4 has two different solutions.
b Show that (z —1)2 =0 has one solution.

¢ Explain why (z —1)2 = —4 has no solutions.

3 Use the graphing package to graph y = (z — 1)2. GRAPHING

a Now graph y=4. (PACKAGE)
The graphs meet when (x — 1)% = 4. 1 '|
Use this to solve the equation (z —1)? = 4.

b Erase the graph of y =4 and replace it with y = 0.
Use this to solve the equation (x —1)? = 0.

¢ FErase the graph of y =0 and replace it with y = —4.
Use this to solve the equation (x —1)% = —4.

PROBLEM SOLVING
DRATIC EQUATIONS

Many problems when converted to algebraic form result in a quadratic equation.

We use factorisation and the Null Factor law to solve these equations.
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PROBLEM SOLVING METHOD

e Carefully read the question until you understand it. A rough sketch may be useful.
e Decide on the unknown quantity. Label it with a variable such as x.

e Find an equation which connects x and the information you are given.

e Solve the equation using factorisation and the Null Factor law.

e Check that any solutions satisfy the original problem.

e Write your answer to the question in sentence form.

|_Example 5

The sum of a number and its square is 30. Find the number.

Let the number be x.

So, =+ =30 {the number plus its square is 30}
z? + 2 =30 {rearranging}
2 +2-30=0 {subtracting 30 from both sides}
(x+6)(z—5)=0 {factorising}
r=-6 or x=25

the numbers are —6 and 5.

Check: 1f == -6, we have —6+ (—6)2=-6+36=30 v
If =5, wehave 54+52=5+25=30 v

) Self Tutor

Two numbers have a sum of 10 and the sum of their squares is 58. Find the numbers.

Let one of the numbers be .
the other number is 10 —z.  {their sum is 10}

So, 2?4 (10 —z)2 =58 {insert brackets around 10 — x}
. 2% 4100 — 20z + 2* = 58 {expand the brackets}
222 — 20z 4 100 — 58 = 0 {subtract 58 from both sides}
222 — 202 4+42=0 {collect like terms}

22 10z +21=0 {divide each term by the common factor 2}
(x=3)(z—7)=0 {factorise}
r=3 or 7

If =3, 10—x=T.
If x=7 10—z =3.

the numbers are 3 and 7.
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EXERCISE 19E

1

= WN

W N O uwn

10

11

12

13

The sum of a number and its square is 42. Find the number.
When a number is squared, the result is five times the original number. Find the number.
When a number is subtracted from its square, the result is 56. Find the number.

Find two consecutive integers such that the square of the smaller plus twice the larger is
50.

Two numbers have a sum of 9 and the sum of their squares is 153. Find the numbers.
The product of two consecutive integers is 156. Find the integers.
The sum of the squares of two consecutive odd numbers is 290. Find the numbers.

When the square of a number is added to the number trebled the result is 108. What is
the number?

Two numbers differ by 4. The product of the two numbers is 221. What are the numbers?

) Self Tutor

A rectangle has length 3 cm greater than its width. If it has an area
of 28 cm?, find the dimensions of the rectangle.

If  cm is the width, then (z 4 3) cm is the length.

z(x+3) =28 {width x length = area}
x? + 3z =28 {expanding}
2 +32c-28=0 {writing with RHS = 0}
(x+T)(xr—4)=0 {factorising LHS}
zr+7=0 or z—4=0 {Null Factor law}
x=—T7or4
p = Al {lengths must be positive}

rectangle is 4 cm X 7 cm.

The length of a rectangle is 4 cm more than the width. If the area is 96 cm?, find the
width of the rectangle.

a Write down an expression for the rectangle’s:
i area il perimeter.

b If the perimeter is 21.6 cm, what is the rectangle’s
area?

(x+5)cem ¢ If the area is 176 cm?, what is the rectangle’s
perimeter?

A triangle has altitude 4 cm less than its base. If the area is 38% cm?, find the base of
the triangle.

A rectangle has sides which differ in length by 3 cm. If the area is 154 cm?, find the
perimeter of the rectangle.
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14

15

16

17

18

19

20

21

22

A rectangle has length 4 cm longer than its width. It has an area numerically equal to
its perimeter.

a Find the width of the rectangle. b Check your answer to a.

A floor is 18 m by 16 m. A carpet is placed in its centre
so that an equal width of uncovered floor remains all the
way around the carpet. The area of the floor remaining is
120 m?. Find the dimensions of the carpet.

Hint: Let the remaining strip of floor have width x m.

The shaded region has area 337 cm?.

Find the radius of the outer circle.

a Kelly claims that the equation 22 + ax +b = 0 has solutions z = 2 and
x = —5 but has forgotten the values of a and b. Find a and b to help Kelly.

b Fredrik knows that x2+az+b=0 has only one solution and this is = = —1%.
What are the values of a and b?

The sum of the squares of three consecutive integers is 110.

a Let the smallest integer be x and find a quadratic equation involving .

b Solve the quadratic equation and hence write down the three integers.

¢ This time let the middle integer be x and find the quadratic equation involving x.
d Solve the equation in ¢ and hence write down the three integers.
e

Which method is better, starting with the smallest being x or the middle number
being z? Why?

The sum of the squares of three consecutive odd numbers is 371. What are the numbers?

Three numbers are of the foom x —1, =z and = + 1.
The square of the middle number is twice the product of the other two numbers.
What are the numbers given that each of them is positive?

The sum of the squares of five consecutive integers is 15. What are the integers?

Alongside are the dimensions of two
flower beds of equal area.

a Find their dimensions.

(x+12)m : b What is the total length of border
needed to enclose both of them?

+ 2x
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ULTANEOUS EQUATIONS
QUADRATIC EQUATIONS

Often the solution of simultaneous equations involves a quadratic equation. To solve these
problems we use substitution of one equation into the other.

) Self Tutor

Solve simultaneously: y=2x2 and y=2x+3.

We substitute 22 for y in the second equation.

So, 22=2z+3
. 2 —22-3=0
(—=3)(z+1)=0
x—3=0 or z+1=0
r=3 or w ==l

When z=3, y=32=09.

When z= -1, y=(-1)>*=1

Thus the solutionsare =3, y=9 or x=-1, y=1.

o) Self Tutor

Solve simultaneously: zy=—6 and y=xz-5

We substitute (z —5) for y in the first equation.

So, z(zx—05)=—6
? —5x+6=0
(x—2)(x—3)=0
r—2=0 or z—3=0
T=2 or B =3

When =2, y=2-5=-3.

When z=3, y=3—-5=-2.

Thus the solutions are =2, y=-3 or =3, y=—2.

EXERCISE 19F

1 Solve simultaneously:

a y=x+6 and y=2? b y=x+12 and y=2?

¢ y=22 and y=2x-1 d y=22 and z+y=12
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e y=8—x and zy=7 f zy=-5 and y=2-6
g zy=4 and y=4-—=x h 2zy+6=0 and z+y=1

2 Two numbers have a product of 24 and one of them is five more than the other. What
are the numbers?

3 One number is the square of another number and is also 8 more than twice that number.
What are the numbers?

=1

25 | HOW FAR WILL A CAR TRAVEL WHEN BRAKING?

LINKS Areas of interaction:

click here Community and service, Health and social education

REVIEW SET 19A

1 Solve for z:
a —5z=0 b 2(z+2)(z—-8)=0 ¢ 22x-1)%2=0
d 42° +8x =0 e 22 —5r—24=0 f 22 ="Tr+18
2 Solve for x:
a 2-9=2+3 b z(z+4)=8z-3
3 Solve simultaneously:
a y=22 and y=x+2 b z2+9y>=25 and y=x+7.
& If a number is subtracted from its square, the result is 56. What is the number?

5 A rectangle has length 6 cm larger than its width and has area 72 cm?. What is the
width of the rectangle?

6 The height of a triangle is 4 cm more than its base. Find the length of its base given
that its area is 58.5 cm?.

7 A square has sides of length 3z cm. A rectangle is 2z cm by (z+7) cm.
The area of the square is twice that of the rectangle. Find the dimensions of each
figure.

8 Two numbers have a product of —6 and one of them is 5 more than the other. Find
the numbers.

REVIEW SET 19B

1 Solve for z:

a —4x=0 b 3z(2x—1)=0 ¢ 2 =14z - 33

d (1-32)2=0 e 5z—1022=0 f 22+72+12=0
2 Solve for z:

a z(x—3)=10 b (z+2)(z—3)=2z(x—3)—2
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3 Solve simultaneously:
a rzy=-8 and y=2-= b 224+y=10 and y=2z—5.

4 The square of a number is subtracted from the original number and the result is
—110. Find the number.

5 A rectangular plot has length 5 m more than its width. If its area is 84 m?, find the
dimensions of the plot.

6 A rectangle has one side 4 m longer and the other side 2 m shorter than a square.
The rectangle’s area is 14 m? more than that of the square. What is the area of the
rectangle?

7 The sum of the squares of three consecutive even numbers is 308. What are the
integers?

8 The sum of the squares of two numbers is 5 and one of the numbers is 3 more than
the other. Find the numbers.

ADA BYRON LOVELACE
(1815 - 1852)

Ada Byron Lovelace was born in England. She was
the daughter of the famous poet, Lord Byron. However,
most of her basic mathematical knowledge was taught to
her by her mother who was very interested and capable
in the subject.

When friends of her parents recognised her ability they
suggested that she should go and see Charles Babbage
who was one of the notable mathematicians of that era.
At that time Babbage was using inventions of his own
which were actually very basic mechanical computers.
He called two of these machines the Difference Engine
and the Analytic Engine.

At the age of 18, Lovelace had easily grasped the concepts involved in these machines and
was greatly motivated to pursue a study of mathematics. Babbage was so impressed by her
insight into the workings of his equipment that he readily agreed when she asked if she could
work with him.

Later she published several essays explaining how and why the machines worked. Simultane-
ously, she developed a language for “communicating with machines”. This language served
the same purpose as does present day computer programming.

Like most people, Ada enjoyed mathematical games, and she was delighted when she discov-
ered winning strategies. Soon after Ada purchased the game of “Solitaire” from a toy shop
she was able to complete it successfully every time. Not satisfied with this achievement she
asked Babbage if it were possible to find a formula for achieving a successful solution to this
game.
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OPENING PROBLEM

Jamima is investigating whether
non-smokers are generally healthier
people than those who smoke.

She selected 100 smokers and 100
non-smokers, each of whom were middle-aged
males. She asked each of them how many sick
days they had taken from work in the last 12
months. The results were:

Non-smokers

24102334521 120341213213€6 4
5213132032125310612273212
4 230131428320113241325¢013
274311265 42345024125 30¢6 4 2
Smokers

3245 2145536487312 5 64014714
59124367465 3125307 15362475
2465 43743594237 46133642150
5836 7245163427305 41823634

Thing to think about:

Can you clearly state the problem Jamima wants to solve?
How has Jamima tried to make a fair comparison?

What is the best way of organising this data?

What are suitable methods of displaying the data?

How can we best indicate the most typical response?

Can a satisfactory conclusion be made?

"N QUANTITATIVE DATA

A quantitative variable has a numerical value and is often called a numerical variable.
The information collected is called numerical data.

There are two types of quantitative variables:

A quantitative discrete variable takes exact number values and is often a result of
counting.

For example:
o The number of telephone the variable could have values: 0, 1, 2, 3, 4, ......
calls received each day:

o Shoe size: the variable could take the values of
3,33, 4,44, 5,54, ...
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A quantitative continuous variable takes numerical values within a certain continuous
range. It is usually a result of measuring.

For example:

o The time taken to the variable could take any value from about 10 seconds to
text a message: 2 minutes.

o The speed of cars on the variable can take any value from 0 km per hour to the
a stretch of highway: fastest speed that a car can travel but is most likely to be in

the range 50 km per hour to 180 km per hour.
ORGANISATION AND DISPLAY OF DISCRETE DATA

In the Opening Problem, the number of sick days is a discrete quantitative variable.

To organise the data a tally-frequency table could be used. We count the data systematically
and use | to indicate one data value, or [Hf to represent 5.

Below is the tally-frequency table for non-smokers:

Number of sick days Tally Frequency
0 W I 9
1 Wit M 21
2 Wit T M W 25
3 BBl 19
4 Wit | 12
5 il 7
6 1l 4
7 Il 2
8 | 1
We could use a dot plot or a column graph to display the results.
Column graph of Non-smokers Dot plot of Non-smokers
2(5) frequency :
20 ™ -
s
ol T e
s L
LI e 3 I I I O I
0O 1 2 3 4 5 6 7 8 9 o 1 2 3 4 5 6 7 8 9

number of sick days number of sick days

What are the advantages and disadvantages of using a dot plot as opposed
to a column graph?
From both graphs we can make observations and calculations such as:

e 2 sick days is the mode of the Non-smokers data, since it is the most
frequently occurring value

e 74% of non-smokers had fewer than 4 sick days.
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DESCRIBING THE DISTRIBUTION OF THE DATA SET

Many data sets show symmetry or partial 1

symmetry about the centre of the distribution.
We can see this by drawing a curve of a column
graph or dot plot. For example, if we place a
curve over the column graph opposite, we see
the curve is symmetric. We say we have a
symmetrical distribution of data.

For the Non-smokers data we draw the curve
alongside.  This distribution is said to be
positively skewed since it is ‘stretched’ on the
right or positive side of the centre.

So we have:

L negative side
positive side \

| i is stretched
is stretched fﬂ,
-~
SymmetricaI distribution positively skewed distribution negatively skewed distribution

OUTLIERS

Outliers are data values that are either much larger or much smaller than the general
body of data. Outliers appear separated from the body of data on a frequency graph.

For example, in the Non-smokers data

. 30 frequency
from the Opening Problem, suppose one 25

non-smoker had taken 12 sick days. 20
. 15 .
The data value 12 would be considered | outlier
an outlier since it is much larger than 5 H HI—I
the other data. On the column graph it [ =
01 2 3 4 5 6 7 8 9 1011 12

would appear separated:

EXERCISE 20A

1 A randomly selected sample of teenagers were asked ‘How many times per week do you
eat red meat?” A column graph has been constructed from the results.

number of sick days

a How many teenagers gave data in the

survey? }é frequency
b How many of the teenagers ate red meat 8
at least once per week? 2
¢ What percentage of the teenagers ate red 2 I_I H
meat more than twice per week? 0 [l — =
01 2 3 4 5 6 7 8 9

d Describe the distribution of the data. times red meat is eaten per week
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2 As part of a Health Survey, a class Visits to the doctor

of 25 students was asked how many
times they had been to the doctor in
the past year.

—10 000 @000

o
(]
@
. (] ]
The following dot plot was o e o
constructed from the data: . PO o o
a What is the variable in this 0 2 3 4 5 6 71 8
investigation? number of visits
b Explain why the data is discrete numerical data.
¢ What percentage of the students did not go to the doctor in the past year?
d What percentage of the students made more than one visit to the doctor in the past
year?
e Copy and complete: “The mode or most frequent number of visits made was ...... ”
f Describe the distribution of the data.
g How would you describe the data values 6 and 7?

3 Alfred has 15 hens. He records the number of eggs that are laid each day for 1 month.

W -n ® O A T o

12 13 12 14 14 12 11 8 10 14 15 13 13 14 13
14 15 14 12 13 14 13 13 11 12 14 13 15 13 13

What is the variable in this investigation?

Is the data continuous or discrete numerical data?
Construct a frequency table for this data.

Display the data using a bar chart.

Describe the distribution of the data.

On what percentage of days were 14 or more eggs laid?

\,
©iStockphoto

List any outliers in this data.

4 25 customers in a newsagency were asked how many magazines they bought each week.
The following data was collected:

e
f

101122132431200110221Q01Q01
What is the variable in this investigation?
Is the data discrete or continuous? Why?

Construct a dot plot to display the data. Include a heading for the graph and a scale,
and label the axes.

Describe the distribution of the data. Is it symmetrical, positively skewed or
negatively skewed? Are there any outliers?

What percentage of the customers bought no magazines?
What percentage of the customers bought two or more magazines?

5 Consider the Smokers data in the Opening Problem.

a
(4
e

Organise the data in a tally-frequency table. b Draw a column graph of the data.
Are there any outliers? d Is the data skewed?
What evidence is there that the smokers take more sick days than the non-smokers?
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1" GROUPED DISCRETE DATA

In situations where there are large numbers of different data values, it is not sensible to
organise the data in a frequency table. It is also often inappropriate to display the data by dot
plot or column graph.

For example, a local kindergarten was concerned about the number of vehicles passing by
between 8.45 am and 9.00 am. Over 30 consecutive week days they recorded data.

The results were: 27, 30, 17, 13, 46, 23, 40, 28, 38, 24, 23, 22, 18, 29, 16,
35, 24, 18, 24, 44, 32, 52, 31, 39, 32, 9, 41, 38, 24, 32

In situations like this, it is appropriate to group Number of cars | Tally | Frequency
the data into class intervals. In this case we 0to9 | 1
use class intervals of length 10. 10 to 19 M 5
. 20 to 29 W W 10
The tally-frequency table is: 30 to 39 T 111 9
40 to 49 ] 4
50 to 59 | 1
Total 30

STEM-AND-LEAF PLOTS

A stem-and-leaf plot or stemplot is a way of recording the data in groups. It is used for
small data sets. It shows actual data values and gives a visual comparison of frequencies.

For numbers with two digits, the first digit forms part of the stem and the second digit forms
a leaf. For example, for the data value 18, 1 is recorded on the stem and 8 is a leaf value.

Two different stem-and-leaf plots are shown for the traffic data.

The ordered stem-and-leaf plot arranges all data from smallest to largest.

The stem-and-leaf plot is: The ordered stem-and-leaf plot is:
Stem | Leaf Stem | Leaf

019 019
173868 1136788
217384329444 212334444789
31085219282 31012225889
416041 410146
512 Note: 1|7 means 17 512

Notice the following features:

e all the actual data is shown
e the minimum or smallest data value is 9
e the maximum or largest data value is 52

e the ‘twenties’ interval (20 to 29) occurred most often.
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o) Self Tutor

The ages of guests at a 21st birthday party were:

22 20 18 27 35 21 48 19 21 47 17 26 49
16 21 48 19 22 31 20 18 21 19 45 22
a Draw a stem-and-leaf plot for the data.
b Redraw the stem-and-leaf plot so that it is ordered.
¢ How many guests attended the party? d How old was the youngest guest?
e How many guests were at least 30 years old?
f What percentage of guests were in their twenties?
a The stem-and-leaf plot is: b The ordered stem-and-leaf plot is:
Stem | Leaf Stem | Leaf
118976989 116788999
2120711612012 2100111122267
3151 3|15
4187985 1|8 means 18 457889

¢ 25 guests attended the party. d The youngest guest was 16 years old.

7 guests were at least 30 years old.
f 11 guests were in their twenties.

percentage of guests who were in their twenties

= x 100%
= 44%

EXERCISE 20B

1 Dave plays golf almost every day. The data set
shown are his scores for his last 40 rounds of
golf.

72 81 78 77T 82 78 89 82
8 76 75 81 T4 87 84 77
80 8 79 82 T5 T4 74 71
779 72 76 71 75 82 78
76 76 81 77T 72 84 87 83

Construct a tally and frequency table for this data using class intervals 70 - 74,
75 -79, 80 -84, 85 - 89.

What percentage of Dave’s scores were more than 847

¢ What percentage of Dave’s scores were less than 75?

Copy and complete the following:

More scores were in the interval than in any other interval.

Draw a stem-and-leaf plot for the following data using stems 1, 2, 3, 4, and 5:
27, 34, 19, 36, 52, 34, 42, 51, 18, 48, 29, 27, 33, 30, 46, 19, 35, 24, 21, 56
Redraw the stem-and-leaf plot from a so that it is ordered.
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3 For the ordered stem-and-leaf plot given, find:

Stem | Leaf a the minimum value
113467899 b the maximum value
210011233556788 ¢ the number of data with values greater than
3111244589 25
41237 :
5 the number of data with values of at least 40
6|2 210 means 20 e the percentage of the data with values less than

15.

4 The number of students absent from City Bay High School is recorded for 40 days during
winter:

- 0 & A O o

5 Jason obtains statistics on the winners of an
80-player professional tennis tournament. The
data which follows is the number of points
needed to win a first round match. This variable
is a discrete numerical variable that can take
values of 48, 49, 50, 51, ......

(-3

W =-n ® & A

21 16 23 24 18 29 35 37 41 38 33 28 29 31 25 23 17 26 34 33
49 52 43 41 32 34 27 24 20 25 23 19 22 17 15 14 14 10 12 16

Construct a stem-and-leaf plot for this data using 1, 2, 3, 4, and 5 as the stems.
Redraw the stem-and-leaf plot so that it is ordered.

What advantage does a stem-and-leaf plot have over a frequency table?

What was the i highest ii lowest number of absences for the period?
On what percentage of the days were there 40 or more students absent?

Attendance is described as ‘good’ if there are less than 25 absences per day in winter.
On what percentage of the days was the attendance ‘good’?

Describe the distribution of the data.

74 136 134 111 109 114 132 120 83 119 62 150 90 91
96 140 78 86 167 129 145 68 98 103 93 110 125 119
105 134 106 121 104 84 117 102 86 142 90 108
Construct a stem-and-leaf plot for the data using the stems 06, 07, 08, 09, ...., 16.
Order the stem-and-leaf plot and find the:
i maximum il minimum points won.
Which class interval has the most number of points won?
How many matches were won in less than 80 points?
What percentage of the matches were won after 130 points or more?
Describe the distribution of the data.
Are there any outliers in this data set?



QUANTITATIVE STATISTICS (Chapter 20) 409

"o/l MEASURING THE CENTRE

We can gain a better understanding of a data set by locating the middle or centre of the data
and by measuring its spread. Knowing one of these without the other is often of little use.

There are three statistics that are used to measure the centre of a data set. These are the
mean, the median and the mode.

THE MEAN

The mean of a data set is the statistical name for the arithmetic average.

sum of all data values
mean —

the number of data values

The mean gives us a single number which indicates a centre of the data set. It is not necessarily
a member of the data set.

For example, suppose the mean success rate of a basketball team from the free throw line is
78%, then several of the players scored less than 78% and several scored above it. It does
not necessarily mean that a player scored 78%.

THE MEDIAN

The median is the middle value of an ordered data set.

An ordered data set is obtained by listing the data, usually from smallest to largest.

The median splits the data in two halves. Half of the data are less than or equal to the median
and half are greater than or equal to it.

For example, if the median success rate of a basketball team from the free throw line is 78%,
then half of the team has scored less than or equal to 78% and half has scored greater than
or equal to 78%.

For an odd number of data, the median is one of the data.

For an even number of data, the median is the average of the two middle values and may
not be one of the original data.

Here is a rule for finding the median:

If there are n data values, find the value of nT-I-l .

The median is the (HTH)th data value.

For example:

1
When n =9, 9% =5, so the median = 5th ordered data value.

12+1

When n =12, 5

= 6.5, so the median = average of 6th and 7th ordered data values.
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THE MODE

The mode is the most frequently occurring value in the data set.

|_Example 2 ) Self Tutor

The number of games won by a football team over 9 seasonsis 5 7 3 6 5 9 8 7 5.
For this data set, find:

a the mean b the median ¢ the mode.

547+3+6+5+9+8+7+5 -— sum of the data
9 9 data values

a mean =

~ 6.11 wins
b The ordered data set is: 3555 6 7789 {n=9, 2fl—>5}
median = 6 wins

¢ 5 is the score which occurs the most often
mode = 5 wins

How are the measures of the middle affected if the team in Example 2 wins 7 games in the
next season?

We expect the mean to increase because the new data value is greater than the old mean.
95 + 7
10
_ 62
10

= 6.2 wins

In fact, new mean =

The new ordered data set would be: 35556 7 7F—789

two middle scores

median = 6%7 = 6.5 wins

This new data set has two modes. The modes are 5 and 7 wins.

|_Example 3

The weights of the fish caught on a one Weight in kg

day fishing trip are displayed in the stem- 0l 78
and-leaf plot shown. Find the median 111466789
weight. 2115556
3111249
413 4|3 means 43
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0|78 Crossing off in pairs from the top and bottom,
1| 466789 21 and 25 remain

2115556 median = 23 kg

3| 1249

4|3 {the average of these two scores}

EXERCISE 20C.1

1 Findthe i mean ii median fii mode for each of the following data sets:
a 2,3,3,3,4,4,4,5,5,5,5,6,6,6,6,6,7,7,8,8,8,9,9
b 10, 12, 12, 15, 15, 16, 16, 17, 18, 18, 18, 18, 19, 20, 21
¢ 22.4,24.6, 21.8, 26.4, 24.9, 25.0, 23.5, 26.1, 25.3, 29.5, 23.5
d 127, 123, 115, 105, 145, 133, 142, 115, 135, 148, 129, 127, 103, 130, 146, 140,
125, 124, 119, 128, 141
2 The annual salaries of ten €33 000, €56000, €52000, €48000, €38000,
office workers are: €45000, €33000, €48000, €33000, €42000
a Find the mean, median and modal salaries of this group.
b Explain why the mode is an unsatisfactory measure of the middle in this case.

3 For each of the following stem-and-leaf plots, find the median and mode.

a 2|25 b 4]06 ¢ 1]|237
310137 51123339 2100216
4122459 614456778 312445558
51048 71125 410177
61 2|2 means 22 410 means 40 516 1|2 means 120

& The ages of the employees of International Sports Coaching
Clinics are given below:
23, 18, 29, 31, 25, 24, 17, 33, 22, 20, 21, 25, 16, 34
21, 23, 22, 27, 28, 30, 28, 19, 20, 22, 22, 21, 27, 26
a Draw a stem-and-leaf plot for the data.
b Find the: i median age ii mean age.

5 It started raining on Sunday October 1st and 11 mm of rain fell. On the next 5 days
24 mm, 28 mm, 22 mm, 16 mm and 13 mm of rain fell.

a Find the mean rainfall from Sunday to Friday.

b How much rain would need to fall on Saturday for the mean to remain the same?
¢ If 10 mm of rain fell on Saturday, calculate the mean rainfall for the week.

d If no more rain fell for the month, find the mean rainfall for October.

6 Huang does casual work at a petrol outlet. On average, he has earned $214.50 per week
for the last 6 weeks. How much has he earned in total?

7 Magda calculates that she spends, on average, a total of 1 hour 40 minutes per day
travelling to and from work. How long will she spend travelling if she works 5 days?
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MEASURES OF THE CENTRE FROM OTHER SOURCES

When the same data appear several times we
often summarise the data in table form.

Consider the data of the given table:

We can find the measures of the centre

directly from the table.

THE MODE

There are 15 of data value 7 which is more

than any other data value.
The mode is therefore 7.

THE MEAN

Adding a ‘Product’ column to the table helps to add all scores.

For example, there are 15 data of value 7 and these add to 15 x 7 = 105.

So, the mean = — = 6.95

278
40

THE MEDIAN

Data value | Frequency Product
3 1 Ixl=3
4 1 4x1=4
5 3 5x3=15
6 7 6 x 7=142
7 15 7x15=105
8 8 8 x 8 =064
9 5 9 x5 =45

Total 40 278

There are 40 data values, an even number, so there are two middle data values.

As the sample size n = 40,

the median is the average of the 20th and 21st data values.

n+1_41_

> 20.5

In the table, the blue numbers show us accumulated values.

Data value | Frequency
3 1 1
4 1 2 -
5 3 5
6 7 12 -
7 15 27 -
8 8
9 5
Total 40

one number is 3

two numbers are 4 or less
five numbers are 5 or less
12 numbers are 6 or less
27 numbers are 7 or less

Remember that the
median is the middle of
the ordered data set.

We can see that the 20th and 21st data values (in order) are both 7s,

median =

T+7
T 7
2
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~WELL, IF YoU
COMPARE THE
AVERAGE

~HE FEELS PRETTY GOOD~
~ON THE AVERAGE #

Example 4

Calculate the:
a mean
b median
¢ mode

of the scores.

A class of 20 students all take a spelling test. Their
results out of 10 are shown in the table.

Score | Number of students
5 1
6 2
7 4
8 7
9 4
10 2
Total 20

a | Score | Number of students | sum of scores

5 1 5x1=5

6 2 6 x2=12
7 4 7x4=28
8 7 8 X7 =056
9 4 9x4=236
10 2 10x2=20

Total 20 157

b There are 20 scores, and so th

—— 1st student

~—— 2nd and 3rd student
——— 4th, 5th, 6th and 7th student
~— — 8th, 9th, 10th, 11th, 12th, 13th, 14th student

Score | Number of students
5 1
6 2
7 4
8 7
9 4
10 2
Total 20

The 10th and 11th students both scored 8
¢ The highest frequency is 7 when the score is 8, so the mode = 8.

e median is the average of the 10th and 11th.

The mean score
total of scores

20
157

20
=785

median = 8.
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EXERCISE 20C.2

1 A class of 30 students were asked how many pets

they owned. The following data was obtained:

Number of pets | Frequency
0 4
1 12
2 11
3 3
Total 30
Calculate the:
a mode b median ¢ mean.

2 Sarah recorded the number of occupants in each 10 frequency
A

car that drove down her street one day. The
results are shown in the frequency column graph.

a Construct a frequency table from the graph. ¢
b How many cars did Sarah record data for?

[ee)

4
¢ Find the:
i mode ii median iii mean. 2
O 472 3 1 5

no. of occupants

3 50 people were asked how many times they had moved house. The results are given in
the frequency table:

No. of house moves | Frequency a For this data, find the:
0 5 i mode ii median iii mean.
1 9 b Construct a column graph for the data and
9 13 show the position of the measures of centre
3 3 on the horizontal axis.
4 6 ¢ Describe the distribution of the data.
5 3 d Why is the mean larger than the median for
6 3 this data?
7 9 e Which measure of centre would be the most
3 1 suitable for this data set?

4 Revisit the Opening Problem.

Use the frequency table for the Non-smokers data on page 403 to find the:
i mode ii median iii mean number of sick days.

Use the frequency table for the Smokers data from Exercise 20A, question 5 to find
the:

i mode il median iii mean number of sick days.
Which measure of the centre is appropriate to use in a report on this data?

Is there a significant difference in the number of sick days taken by the smokers
and the non-smokers?
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RING AND REPORTING
DISCRETE DATA

Sometimes we may be asked to compare two sets of data. STATISTICS

. ) PACKAGE
To display discrete ungrouped data sets for comparison, < >
we usually use a back-to-back stem-and-leaf plot. 15

For example,

Leaf Stem Leaf
2 7
8 3 018
95330 4 256779
964422211 5 0123335778
98764420 6 4559
9988665 7 08
8553 | 8 |1 where 4 |2 means 42
‘Data set A Data set B

PREPARING A REPORT

If you are required to gather and interpret statistics, an acceptable way to report your
observations and findings is to base your argument around these steps.

To properly compare two sets of data, you should:

Step 1: Display both sets of data.

Step 2:  Look for any outliers. If you are sure they are data which have been recorded
wrongly, you should discard them.

Step 3: Examine and describe the shape of each distribution. Is it symmetric,
negatively skewed, positively skewed, or something else?

Step 4:  Compare the middle of each distribution usually using the mean and median.
Step 5:  Make a conclusion, but be careful not to exaggerate your case.

|_Example 5 <) Self Tutor

Two football teams, Northfield and Southbeach, are due to play against each other in
the grand final. To determine if either team has a height advantage, the following data
was collected. It shows the heights of the players from each team in cm.

Northfield: 182 193 187 177 195 190 184 187 182 198
201 185 175 192 183 182 202 198 184 192

Southbeach: 184 187 172 194 188 168 189 201 180 178
190 182 182 175 167 187 196 188 177 186
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a Construct a back-to-back stem-and-leaf plot for this data using 16, 17, 18, 19, and
20 as the stems.
b Describe the shape of each distribution.
¢ Compare the mean and median heights of the teams.
d Copy and complete: “In general, the players from Southbeach are ...... than the
players from Northfield.”
a Northfield Southbeach
16 | 78
75 |17 | 2578
775443222 |18 0224677889
8853220 (19| 046
21120 |1 20 |1 means 201 cm
b Both distributions are reasonably symmetrical.
¢ Northfield has a higher mean height than Southbeach (188.5 cm compared to
183.6 cm) and a higher median height (187 cm compared to 185 cm).
d “In general, the players from Southbeach are shorter than the players from
Northfield.”

EXERCISE 20D

1 Pedro operates a Mexican restaurant. He wants to see how effective his new advertising
will be on the number of customers he has at his restaurant. He records his numbers of
customers for thirty days before he starts advertising, and then for thirty days after he
starts advertising. He collects the following data:

Before 74 82 63 77 89 91 74 T1 57 62 83 79 75 62 59
advertising: 84 93 78 68 94 73 77 84 66 72 61 56 76 88 64

After 93 98 108 84 89 76 92 69 93 8 101 78 47 99 90

advertising: 88 70 93 104 108 95 80 103 79 92 98 84 106 98 101

0O O an O

Construct a back-to-back stem-and-leaf plot for
this data.

Are there any outliers in the data?
Describe the shape of each distribution.
Compare the mean and median of each data set.

Copy and complete:  “The number of customers
coming to the restaurant appears to have ........
as a result of the advertising.”

2 Two professional tennis players, Andre and Andrew, want to find out who has the faster
serve. To decide, each player serves 25 times. The speeds are recorded in km per hour,
as shown below:

Andre: 192 201 199 212 182 191 203 194 187 195 206 215 197

217 208 187 222 195 208 192 204 218 206 188 213
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Andrew: 209 213 198 219 223 197 205 217 216 203 188 224 211
219 206 192 215 200 220 217 206 224 191 207 219

Construct a back-to-back stem-and-leafplot for this data.
Are there any outliers in the data?

Describe the shape of each distribution.

Compare the mean and median of each data set.

® O A O o

Copy and complete:

13

E3]

...... generally serves the ball faster than ......”.

3 Mary drives her car to and from work each day. She wants to know if she takes longer
getting to work in the mornings, or getting home in the evenings. Every work day for a
month she records how long it takes her to get to and from work. The results, in minutes,
are shown below:

Going to work: 16.7 189 173 17.7 16.5 158 17.2 182 17.3 17.8 16.6
15.7 169 17.8 16.7 15.7 17.1 185 17.1 16.6 174 16.3

Returning from 18.8 17.6 16.5 187 19.2 189 179 17.6 185 17.7 18.5
work: 17.2 182 19.7 189 179 16.8 17.6 22.3 18.8 174 16.6

a Construct a back-to-back stem-and-leaf plot for
this data using 15, 16, 17, ...... and so on as the
stems.

Are there any outliers in the data?
Describe the shape of each distribution.

Compare the mean and median value of each data set.

® O n O

Copy and complete: “In general it takes Mary ...... time to get to work than it does
to return home from work.”

5B | AT WHAT RATE SHOULD YOU BREATHE?

LINKS Areas of interaction:
click here Health and social education

REVIEW SET 20A

1 A class of 20 students was asked “How many children are there in your household?”
The following data was collected:
123 3 2 45 4238121321212
a What is the variable in the investigation?
Is the data discrete or continuous? Why?

¢ Construct a dot plot to display the data. Include a heading for the graph, a scale,
and clearly labelled axes.

d How would you describe the distribution of the data? Is it symmetrical,
positively or negatively skewed? Are there any outliers?
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2 Find the a mode b median ¢ mean for the following data set:

34.4, 36.6, 33.8, 384, 36.9, 37.0, 35.5, 381, 37.3, 41.5, 35.5

3 For the following sample of weights (in kg) of year 8 students, find:

b
<
d

4 Us
a
b
c

5 Th

® O n O o

6 A

the minimum weight Stem | Leaf

the maximum weight 31248

the median weight 410447999

the number of students with a weight 2 8 (1) ; i i g i g 5688

of at least 70 kg 71026

the percentage of students with a weight 8|4

less than 48 kg. 91 9|1 represents 91

ing the frequency column graph alongside: T T o B BT

construct a frequency table

> 10
determine the total number of assists § 3
for the assists given, find the: E 6
i mode il median {ii mean. 4
iRl
0 >
1 2 3 4 5 6

assists

e test scores out of 40 marks were recorded for a group of 30 students:

25 18 35 32 34 28 24 39 29 33 22 34 39 31 36

35 36 33 35 40 26 25 20 18 9 40 32 23 28 27
Construct a stem-and-leaf plot for this data using 0, 1, 2, 3 and 4 as the stems.
Redraw the stem-and-leaf plot so that it is ordered.
What advantage does the stem-and-leaf plot have over a frequency table?
What is the i highest i lowest mark scored for the test?

If an ‘A’ was awarded to students who scored 36 or more for the test, what
percentage of students scored an ‘A’?

survey is carried out to determine the number of motor vehicles passing through

two suburban intersections in a given time period during peak hour traffic.

0 n O o

Intersection A Intersection B
49 37 47 42 51 54 46 59 48 25 29 48 47 40 53 58
59 48 64 53 57 46 62 65 62 66 51 64 37 43 51 47
54 45 47 51 62 59 43 55 41 64 46 55 37 52 57 37

Construct a back-to-back stem-and-leaf plot comparing the two data sets.
Find the median of each data set.

Find the mean of each data set.

Comment on the shape of each distribution.
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REVIEW SET 20B

1 The numbers of goals scored by a hockey team in their games during a season were:
12503450312 4351020

3574 1312523343242 3
What is the variable in this data set?
Is the data discrete or continuous? Why?

a

b

¢ Construct a frequency table for this data.

d Display the data using a horizontal bar chart.
e

In what percentage of the games did the team score 4 or more goals?

2 The data set below is the scores out of 100 of 45 students in a Maths examination.

58 31 80 69 70 71 82 91 94 60 68 58 90 83 T2
75 65 76 69 66 64 57 58 77 92 94 49 61 66 91
64 53 89 91 78 61 74 82 97 T0 82 66 55 45 63

a Construct a stem-and-leaf plot for this data using 3, 4, 5, 6, 7, 8 and 9 as the
stems.

b Redraw the stem-and-leaf plot so that it is ordered.

¢ Whatis the i highest i lowest mark scored for the examination?

d If a distinction was awarded to students who scored 75 or more for the
examination, what percentage of students scored a distinction?

e Would you describe this distribution as:
A symmetric B skewed C neither symmetric nor skewed?

3 Find the a mode b median ¢ mean for the following data set:
69 72 75 82 65 8 75 81 79 83 65 65 80 63 61 80 68 85

& The given table shows the distribution of scores in a fitness [ Score | Frequency

test for 13 year olds. 6 2
a Calculate the: i mode ii median ifi mean. 7 4
b The average score for all 13 year olds in China was 7.2. 8 7
How does this class compare to the national average? 9 12
¢ The data set is skewed. Is the skewness positive or 10 0
. Total 30
negative?
5 Stem | Leaf For the data displayed in the stem-and-leaf
3189 plot, find the:
41225 a mode b median ¢ mean.
5101179
6134
710 710 represents 70
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6 In order to find out whether doctors or lawyers work longer hours, 20 doctors and

20 lawyers were each asked how many hours they worked in an average month.

The following data was collected:

Doctors 212 203 228 215 200 194
211 225 209 217 217 199

Lawyers 227 216 238 221 206 228
220 210 197 238 224 226

a Draw a back-to-back stemplot comparing the two
data sets.

Are there any outliers in the data?
Describe the shape of each distribution.
Compare the mean and median of each data set.

® O n O

Copy and complete:
“From the samples above, it appears that ..........
generally work longer hours than .......... .

LEONHARD EULER
(1707 - 1783)

Leonhard Euler (pronounced ‘oiler’) was born in 1707
in Switzerland.

e Euler has been described as the most productive
mathematician of the eighteenth century - if not of
all time. His complete works would fill 16 000
pages.

e Euler was a brilliant calculator. He could mentally
determine products of many digit numbers with great
accuracy.

e He was awarded a Masters Degree at the age of 17
and won the Paris Academy prize 12 times.

e He was married twice and had 13 children.

216
213

233
219

222
235

214
171

210
219

229
225

232
207

232
236

e FEuler was totally blind at age 59 but this did not interrupt his enormous productivity.
Due to his incredible memory he continued to make great progress and he dictated his
discoveries to a servant. At death he had published 560 books and papers on nearly
every field of mathematics which exists in his day.
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Algebraic fractions are fractions which contain at least one variable or unknown.

The variable may be in the numerator, the denominator, or in both of these places.
-3

g, % and 7Y areall algebraic fractions.
b” x+2

For example,

Algebraic fractions are sometimes called rational expressions.

"N|| EVALUATING ALGEBRAIC FRACTIONS

To evaluate an algebraic expression we replace the variables with their known values. We
simplify the expression so we can give our answer in simplest form.

) Self Tutor

20 — — =
If =3, y=-2 and z=4 evaluate: a ¥ p 22 27972
z Y z—x
; y b 2r — 2 . T—Yy—2
z Y z—
_ (=2 _2(3)—4 _3-(-2)—4
4 (—2) 4-—3
_ 1 T2 - 4-3
’ 2 _L
=1 =1
EXERCISE 21A
1 If a=2, b=3, c¢=5, evaluate:
2 @ b 9 . b+1 d a4+ 2b . c—b
2 6 a c a
3c—a a? ab . 2a? . ac
f g h i J
b b—1 —-1-c b+1 b2 +1
2 If xr=-1, y=2, z=-3, evaluate:
2 _
a b 2 « 2 d L e 2 Y
T T +1 —4 T
f r—vy g Y h T +vy i xr+z i x2y
z x4z T—y y? z—1
x? + 92 I 22 + 22 m T — 22 n y? — 2?2 o 3z — 2y
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i1 | SIMPLIFYING ALGEBRAIC FRACTIONS

Simplification of algebraic fractions is sometimes, but not always, possible.

We have observed that number fractions can be simplified by cancelling common factors.

16 2 2
For example, 1= 3 iﬁ =3 where we cancel the common factor of 8.

If the numerator and denominator of an algebraic fraction are both written in factored form
and common factors are found, we can simplify by cancelling the common factors.
1 1 1
dr 2 X2 X
S8ry 2Zx2x2xaEXy
1 1 1

For example, {fully factorised}

1
E— {after cancellation}

2y

Always check the numerator
and denominator to see if they
can be expressed as the
product of factors, then look
for common factors which can
be cancelled.

|_Example 2

a? 6a®
Simplify if ible: — —
implify if possible a g 3.2
a? 6a>
a — b —
2a 3a?
_ ax,eri _2)6/>< a X
2 X d = B xaxa
. 1
=§ . 2 X a
1
= 2a
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| Example 3 | ) Self Tutor
3a* —6t2
Simplify: — b
implify a = >
3at —6t2
— b
. —a? —2t3
1
_3xax a—>eele—>ee,- _ B bt
=il Rt 2 xt bt
= —3a? _3
ot
Example 4 ) Self Tutor
2 —4 2
Simplify if possible:  a 32)° (4B
a8 2b
(3z)° (—4b)*
b
. T 2b
_ 3z X3z _ —4bx —4b
- ) - 2x%xb
:3><:c><3><,x1 S x b x K
12 T 2x K1
=9z = 8b
EXERCISE 21B
1 Simplify:

a 7_.7,‘ b @ c % d 8_p
14 5 r 16p
3a f 8b3 13¢? h 7d3

¢z m $ = a2

2 Simplify:
a2 —a —a3 4a2
2 ° 2= Sy d ==
—6t P 4d? —ab? h —4ab?
312 2d S 2 6a2b
3 Simplify if possible:
2 2 24)2

5 (5a) b (5a) . 5a d (2a)

a 5 —a)? —a
(-3b)’ (40’ (34 ()
¢ 76 = S h =5
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PLYING AND DIVIDING
LGEBRAIC FRACTIONS

The rules for multiplying and dividing algebraic fractions are identical to those for numerical
fractions.

To multiply two or more fractions, we multiply
the numerators to form the new numerator, and
we multiply the denominators to form the new a
denominator. b

To divide by a fraction we multiply by its

reciprocal.
a c _ a « d ad
b 'd b ¢ be
MULTIPLICATION
Step 1: Multiply numerators and multiply denominators.
Step 2:  Separate the factors.
Step 3: Cancel any common factors.
Step 4:  Write in simplest form.
x 3 X3
F 1 —X—==— 1
or example, 5 X2 T 52 {Step 1}
1
2 X 3
=272 2
Sz X {Step 2 and 3}
3
= — Step 4
5 {Step 4}
| Example 5 | =) Self Tutor
Simplify:
a 2 3
Zx = b n2x=
a e % n® x -
. 0.2 ax2' b p2y 3 X3
47 3a 2x2x3xd’ non
_1 mxXnx3
= = % 1
_3n
1
=3n
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DIVISION
Step 1: To divide by a fraction, multiply by its reciprocal.
Step 2:  Multiply numerators and multiply denominators.
Step 3: Cancel any common factors.
Step 4:  Write in simplest form.
z 2r x 9
F 1 - — ==X — Step 1
or example, 379 -3 %%, {Step 1}
1 l
aXF X3
=—"—— {Step 2 and 3
1,3’><2><z’1{ ep 2 and 3}
3
== {Step 4}
2
Example 6 ) Self Tutor
Simplify:
3 6 4x
— = — b — =2
e T 3 *
a % - 9 b 4_x =+ 2 The reciprocal
T T 3 a b
B i x B 4_32 i of — is —.
2276 37 22
1
| Bx ! A xx1
X T X B2 _3><1}Z><zs’1
1 2
oz x 2 3
_ 1
2

EXERCISE 21C
1 Multiply each of the following by g :

ag b 2 < i d z
3 T 3z 3
2 Simplify:
a b a 2 b b 4
22 b - x = Z d - x —
P35 5732 ¢ Zxb 6" 3b
a 1 7 4, 3\?
e gX; fgxb s EXC h (3)
2
. (Y\3 3a 2 2
; IR T
|(3> l<b> z x|\~ 2a x )
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3 Divide each of the following by g :

3 a 3 5a

? 3 ° 3 - vy

& Simplify:

A 2 3 5 2 Y

a —+ - b -+ — € — - d =3
5°3 37z y oy 6
T T T 6 4
- = f 2+-= 2+ — h —+-—

¢ 37 Ty s Yy x  x?

NG AND SUBTRACTING
LGEBRAIC FRACTIONS

Variables are used in algebraic fractions to represent unknown numbers. We can treat algebraic
fractions in the same way that we treat numerical fractions since they are in fact representing
numerical fractions.

The rules for addition and subtraction of algebraic fractions are identical to those used with
numerical fractions.

To add two or more fractions we obtain Since % + % = 1%3,

the lowest common denominator then add

the resulting numerators. e, b _a+bd
c ¢ ¢

To subtract two or more fractions we Since %— % = 5;72,

obtain the lowest common denominator

and then subtract the resulting numerators. a g _a—d
c c c

To find the lowest common denominator, we look for the lowest common multiple of
the denominators.

For example, when adding % + %, the lowest common denominator is 6,
when adding % + %, the lowest common denominator is 12,
when adding % + %, the lowest common denominator is 18.

The same method is used when there are variables in the denominator.

. 2 ) .
For example, when adding 3 + —,  the lowest common denominator is 3z,
T
. 2 3 . .
when adding — + —, the lowest common denominator is 2a,
a a
. 3 5 . .
when adding Ta + o the lowest common denominator is 12ab.
a
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2 3

To find 3a + 20 we find the LCD and then proceed in the same way as for ordinary
a a

fractions.

The LCM of 3a and 2a is 6a, so the LCD is 6a.
2 3 2% 2 3x3

32 %4 3ax2 2ax3

4.9
"~ 6a  6a
13
~ 6a
Example 7 ) Self Tutor
Simplify:
20 a 3a
T3t ® 377
2m a 3a
a Y 4 5 {LCD =6} b 5~ {LCD = 14}
_2:c><2+x><3 _a><7_3a><2
 3x2  2x3 C2xT7  Tx2
iz 3 _Ta_Ga
6 6 14 14
4z + 3z _ Ta—6a
6 14
I o
-y 14
EXERCISE 21D
1 Add ; to each of the following:
xr xr X X
*3 ° 1 3 4%
2 Subtract % from each of the following:
a 2 b 2_CL c 3_& d 5_(1
2 3 4 6
3 Simplify by writing as a single fraction:
a T42 b Y_Y ¢ a3 g 2.2
7T 2 2 3 5 10 3 5
c c d 3d e 2e 3f  f
— a4 - f —_ 2= it h 2L _ L
¢ 773 138 S 573 7 14
n 3n p  2p 2k 3k 3s s
42 £_ 2 Kk == 422 | 2 _Z2
5 * 2 7 3 3 * 4 8 2
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Example 8 «) Self Tutor
3 2 2 1
implify: -+ - b ———
Simplify a x+y 30 2a
3 2 2 1
-+ - LCD = — - — LCD =6
2 { zy} 3 "5, L a}
33Xy  2Xxzw _2x2  1x3
T rxy yxzx T 3ax2 2ax3
3y 2z :i_i
=% @ 6a  6a
_ 3y+2 :i
Ty 6a
4 Simplify:
2 3 1 3 1 1 1 1
2.2 b —+ Z 4= d ——=
. x+x x+2x ¢ 2+az T 2
5 Simplify
5 2 4 2
a —+- b 142 ¢ 243 a 2_1L
P q r s P q s 2s
e 4.2 ¢ 0_1 a3 h .5
773 b 2 375 b3
6 Simplify:
a b c d
a g+1 b ?*2 C CJrg d 4*5
e 4+2 t 7-2 g 841 hoa—3
3 2 r ]
7 Simplify:
v,z b %Y _ 2% e 2.3 da L _4
4 3 2 3 2p  2p 2 3q
2 5 4 2 a T
2.2 f — 2 bt h _Z
¢ x+y 3 = g 6+3a = 2
8 Simplify:
3 2 5 1 6 1 5 4
242 b — + = Z_ - d — =
a+a2 b2+b ¢ d d? 2 =z
x? 1 2
a? 2 x? 1
i 5—— i 6—— k — I z——
i 5 1 ] 6 12 T+ 3 T 2
2 1 3r 1 1
m 4x + — n 6x— — o — — — p —+x
T T 4 x 2x
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SIMPLIFYING
PLICATED FRACTIONS

In this section we try to simplify more complicated algebraic fractions. This is not always
possible to do.

ILLEGAL CANCELLATION

. . z—6
Take care with fractions such as .

The expression in the numerator, x — 6, cannot be written as the product of factors other
than 1 x (z —6). z and —6 are terms of the expression, not factors.

1
- -1
A typical error in illegal cancellation is: v 8 _ =z—1
You can check that this cancellation of terms is incorrect by substituting a value for x.
-6 12—-6 6
For example, if z =12, LHS = z 5 = 5 = 5 =1,

whereas RHS=x-1=12—-1=11.

=) Self Tutor

Simplify if possible:

10(2z + 3) b 4(z+2)(x—1)

5 2(x —1)
210(2z + 3) p Azt !
/5/1 IZM !

— 2(2 +3) 2w +2)
==
=2(x+2)

) Self Tutor

6 6 6
Simplify if possible:  a % b x;r
2
@ b sl cannot be simplified because the coefficient
1
— 2(z + 6) of x is not. a multiple of 3, and so we cannot cancel
the denominator.
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EXERCISE 21E.1
1 Simplify if possible:

3(x —2) p 2at3)
3 4
6(d+1) d 3(c—3) Remember that
2 6 (z +9)* = (2 +y)(z+y)
_8 ¢ 9
2(z+3) 6(1+ x)
6(a+2) 5(z + 2)
AT h T2
2(a+2) 10(z — 2)
(e + )~ ) | (a+2)?
o+ 7) 2at2)
3(b—4) , 8p+a)’
6(b—4)2 12(p+q)
2 Simplify if possible:
5 d(z+1) b 2(x—1) . x+4
2 4 2
d x—9 . 3(a+2) ¢ 2x 43
3 6(a —2) 9
20 — 4 h 20 —4 i 20 —4
g 2 4 T —2
i 20 — 4 k 9 I 9
T 43 3z +6

FACTORISATION THEN SIMPLIFICATION

Given an algebraic fraction, we factorise both the numerator and denominator. If they have
a common factor then we can cancel it.

If there are common factors,

. simplify by cancelling.
. . Factorise the numerator
Algebraic fraction

and denominator.
If there are no common

factors, you cannot simplify.

3z + 3y
6z + 6y
denominator separately using the distributive law, and then cancelling common factors:
3z +3y ! ! iy
T zml {factorising separately}
6x + 6y ,Blx+7)
1

=3 {simplifying by cancelling}

For example, the fraction can be simplified by factorising the numerator and
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b—a

WHAT DOES SIMPLIFY TO?
a —_—
>
XN\ . z—5 N . S
%4 Consider o Can we simplify this expression?
What to do:
1 Copy and complete the table alongside: alblb—ala—b b—a
a—b>
2 What do you notice about the value for 512
b—a in every case? 1
a—2b 121 5
. 37
3 Copy and complete: >To

b—a=..(a—b) and a—b=...(b—a)
From the investigation above, you should have discovered the rule:

b—a=—1(a —b)

3a—9 4+ 6

Simplify: a 3 b 3 (Factorise first and then
see if you can cancel
30 —9 Az 22 (3 common factors.
b
3 3
13(a—3) 22z +3)
13 3
=a—3 which cannot be simplified as
there are no common factors.
EXERCISE 21E.2
1 Simplify if possible:
4r 4+ 6 4r +6 2r — 6 2r — 6
b < d
T 5 3 2
6a + 2 6a + 2 50— 10 56— 10
e f g h
2 3 2 5
i 3z — 15 . 3z —15 k 4y +12 I 4y +12
3 ' 3 1
4z + 16 4z + 16 4z + 16 z? + 2
m n o P

2 4 8 T
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| Example 12 | «) Self Tutor
. . .. 4+ 8 ab — ac
Simplify by fact : b
implify by factorising a 52710 —
4r +8 ~—— HCF is 4 b ab—ac —— HCF is a
5x + 10 —— HCF is 5 b—rc
Az +2) _a(b—c)
 5(z+2) 1(b—c)
1 1
4 a(b .
= Uz A7) {cancelling} = (b—) . {cancelling}
5(z+-2) ! 1(b—7)
_ 4 =a
=5
2 Simplify by factorising:
2¢ +4 2x — 10 4r + 12 5x — 20
a b C d
3r+6 3z — 15 2x +6 3r—12
. Tx — 14 f z+4 g zy + 3z h &
x—2 2z 48 y-+3 T—y
; 12 — 3z . ab—+bc k ab + be I ab+bec+b
i—z I atec b
Example 13 ) Self Tutor
2 — 3z 22 + 4z
Simplify by factorising: b ————
implify by factorising a - PN
22 -3z — HCFis x b 2x2 + 4z —— HCF is 2z
x z2+2z — HCFisz
_ M B 2x(x + 2)
z - z(z+2)
1z(x — 3) . 1 1
_ 2
X {cancelling} = —Ml {cancelling}
| Zl2+2)
=x—3
=9
3 Simplify by factorising:
2 + 3z 422 — 8z 322 + 9z 522 — 10z
a b — ¢C — d ———
T 4 T +3 T —2
. 422 — 12z f 722 + 14z 422 — 20z % + 2z
z2 — 3z 202 4 4z s 2z — 10 x4+ 2
- R R ab® — cb? 3zy + o2

T 2 -1 a—c 6x + 2y



434

ALGEBRAIC FRACTIONS

(Chapter 21)

Simplify:
6a — 6b b zy? — xy
b—a 1—-y Use the rule
b—a=—1(a —b).
6a — 6b b xy? — a2y
b—a . 1—y
_ GM _xywl
—1M1 __1M1
= —6 = =y
4 Simplify if possible:
— 20 — 2 da — 4
g m—n b a+b ¢ 2% g la—4c
n—m b—a y— 3¢ —3a
o p—2q f 2a — 3b 1—7r h zy? —y
6qg — 3p 12b — 8a r2 —r 2 — 2xy

HARDER SIMPLIFICATIONS (EXTENSION)

Look for the ‘difference of two squares’
2?2 —a? = (z+a)(z —a)

Look at the

. Look for ‘perfect squares’
expression to ——

2?4 2ax + a® = (z + a)?

Remove any
common factors

be factorised

Look for ‘sum and product’ type
2?2+ [a +blz + ab= (z + a)(x + b)

Example 15

Simplify by factorising and cancelling common factors:
z?—4 2a + 2b
a b ——
T —2 a? — b2
z2 — 4 2a + 2b
a b ——
T —2 a? — b2
_ (@ +2) e~ _ 2atb)
(z—27, | la+b)(a—10)
=42 2
a-—b

Make sure that both the
numerator and
denominator are fully
factorised before you
attempt cancellation.

‘s
1
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) Self Tutor

T .. . z2+x—6
Simplify by factorising and cancelling common factors: 213
s
22+1x—6 2% +bx +c type where we need two numbers
z+3 which multiply to give —6 and add to give +1.
1
(243)(z — 2) These are +3 and —2.
(=243 S22tz —6=(z+3)(z—2)
=m=2
EXERCISE 21E.3
1 Simplify:
2_q 2 _ 2 _ .2
s T a 1 . 24+ m d T —y
z—1 a+1 4 —m? x4y
2 _ 2 _ 2 _ 12 2 _
. T 1 i 2 16 g a®—b h Z 2xy
3x+3 4—x ab — b? 292 — xy
2 Simplify by factorising and cancelling common factors:
(2 + 1)z —2) L, @9 +y) L =3t
x —2 y—2x (x+2)(3—1x)
22 —5z+6 z+2 @ +6x—7
d ———— e ——— f —
x—3 2 —3x—10 z—1
2%+ 8z +12 h > —2-6 i 2?2 —6x+9
S T s+ 22— Tx+ 12 22— 3z
1 — x? K 222 — 18 I 2%+ Tz +12
' 27 a+3 22 +50+6 22—z 12
n 2?43z —10 N 2?2 — 8z + 16 o 2% + 10z + 25
x2 — 10z + 16 dr — x? 25 — x2

REVIEW SET 21A

1 If a=3 and b= -2, evaluate:

a — b 32 ¢ 220
2b a a+b
2 Simplify:
3a3 b 423y c —(2x2)2

6a 8xy? (—x)?
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3 Simplify:
a7 a7 3a 10
a —+2 b 2— - € — X —
37" 3 5 " a2
3a 10 5 2 5 2
d — - — —— = f — - —
5 " a? ¢ 2r =z 2t
4 Simplify by factorising and then cancelling common factors:
4z 4 20 b 3y +12 ¢ I- 2
4 y+4 2—x
522 — 25z . z? -2z —15 p z2 + 3z — 10
2z — 10 z+3 212 — Ag
z? — 11z + 10 h x? — 20z + 100 i 2 +x— 172
3z — 32 100 — z2 z2 — 20z + 96

REVIEW SET 21B

1 If 2=—-4 and y=2, evaluate:

a = b L «
y a y—x
2 Simplify:
8_1174 $2y3 c (_21,)2
2x 5zy? T3
3 Simplify:
5 2 z = x2 26 a
3a 8 2 3 4
d —— e —+— f — x—
5 ¢ % + a2 2b  a
4 Simplify by factorising and then cancelling common factors:
12 — 3z Ty — 21 4z 4+ 12
b c
3 y—3 2 4 3z
d 2?2+ 4z +4 . xz2 —5x+4 f 2r — 6
z2 —4 22— —12 x2 —6x+9
x? + 3z — 28 36 — 422 z? — 14z + 45

22 — 10z + 24 2 —6z+9 x2 — 120 + 27
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OPENING PROBLEM

Dieter has noticed that when he is driving, he is stopped by one in every
] | l two sets of traffic lights. We say the probability that Dieter has to stop at

. . . . . 1
traffic lights at any given intersection is 3.

Things to think about:

e If Dieter has to pass through two consecutive intersections with traffic lights, can
you calculate the probability that he will have to stop?

e What do you think will be the probability that Dieter has to stop if he passes through
four consecutive intersections with traffic lights?

e Do you think that this is realistic? What other factors should you consider?

. SAMPLE SPACE

The outcomes of an experiment are the different possible results we could obtain in one
trial.

The sample space of an experiment is the set of its possible outcomes.
Suppose we have 10 cards with the numbers 1 to 10 written on them. If we take a card at
random, it could have any of the numbers from 1 to 10 on it.
The outcomes are the numbers 1, 2, 3,4, 5,6, 7, 8, 9 or 10.
So, the sample space is {1, 2, 3,4, 5,6, 7, 8,9, 10}.
The number of elements in the sample space is 10.

An event is one or more of the outcomes of an experiment that have a particular
characteristic.

In the example above, an event E could be ‘getting a prime number’.

The outcomes in the event are 2, 3, 5 and 7. The number of outcomes in the event is 4.

EXERCISE 22A

1 List the sample space for:
a taking a ticket at random from a box containing red and blue tickets
rolling a 6 sided die
taking a card at random from a pack of playing cards and looking at its suit
twirling a spinner with 6 segments marked A, B, C, D, E, and F.
choosing at random a day of the week

the results of a student sitting a test.

2 We have 12 cards which have the numbers from 1 to 12 written on them. A card is taken
at random.

a Find the number of elements in the sample space.
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b Event A is ‘getting an even number’.

i List the outcomes in the event.

ii Give the number of outcomes in the event.
¢ Event B is ‘getting a number less than 5.

i List the outcomes in the event.

ii  Give the number of outcomes in the event.
d Event C is ‘getting a multiple of 4’.

i List the outcomes in the event.

ii Give the number of outcomes in the event.

3 List the sample space for the genders of a litter of two puppies. Let MF represent ‘the
first is male and the second is female’.

:J]I' THEORETICAL PROBABILITY

Consider the octagonal spinner shown.

Since the spinner is symmetrical, when it is spun the arrowed marker o/l
could finish with equal likelihood on each of the sections marked 1 to 8. %\;‘
12\\

We therefore say that the likelihood of obtaining a particular number, for
example 4, is

1 chance in 8§, %, 12%% or 0.125.

This is a mathematical or theoretical probability and is based on what we theoretically
expect to occur.

The theoretical probability of a particular event is the theoretical chance of that event
occurring in any trial of the experiment.

We read % as ‘3

Consider the event of getting ‘6 or more’ from one spin of the octagonal X
chances in 8’.

spinner. There are three favourable outcomes (6, 7 or 8) out of the eight
possible outcomes, and each of these is equally likely to occur.

So, P(6 or more) = %

In general, for an event E containing equally likely possible results:

the number of outcomes in the event F
P(E) =

the total number of possible outcomes

|_Example 1

A ticket is randomly selected from a basket containing 3 green, 4 yellow and 5 blue
tickets. Determine the probability of getting:

a a green ticket b a green or yellow ticket

¢ an orange ticket d a green, yellow or blue ticket
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The sample Space 18 {Gl, G2, G3, Yl, Yg, Y3, Y4, Bl, BQ, Bg, B4, B5}
which has 3 + 4 + 5 = 12 outcomes.
a P(green) b P(a green or a yellow)
_3 _ 344
12 12
=1 _ 7
4 12
c P(orange) d P(green, yellow or blue)
_ 0 _ 3+445
12 12
—(0) = %
=1l

In Example 1 notice that:

e in ¢ an orange result cannot occur. The calculated probability is 0, which fits the fact
that it has no chance of occurring.

e in d that a green, yellow or blue result is certain to occur. It is 100% likely or certain
which is perfectly described using a 1.

For any event E, 0<P(E)<L1

COMPLEMENTARY EVENTS

If E is an event, then E’ is the complementary event of F, and

P(E) + P(E') = 1.

A useful rearrangement is: P(E not occurring) = 1 — P(E occurring)

=) Self Tutor

An ordinary 6-sided die is rolled once. Determine the chance of:
a gettinga 6 b not getting a 6
¢ getting a 1 or 2 d not getting a 1 or 2

The sample space of possible outcomes is {1, 2, 3, 4, 5, 6}.

a P(6) b P(not getting a 6)
—1 =P(1, 2,3, 4 or 5)
=3
6
< P(1 or 2) d P(not getting a 1 or 2)
:% =P(3,4, 5 or6)

4

-6




THEORETICAL PROBABILITY  (Chapter 22) 441

In Example 2, notice that P(6) + P(not gettinga 6) = 1
and that P(1 or 2) 4 P(not getting a 1 or 2) = 1.

This is no surprise as getting a 6 and not getting a 6 are complementary events where one
of them must occur.

EXERCISE 22B
1 A marble is randomly selected from a box containing 5 green, 3 red and 7 blue marbles.
Determine the probability that the marble is:
a red b green ¢ blue
d not red e neither green nor blue f green or red.
2 A carton contains eight brown and four white eggs.

Find the probability that an egg selected at random
is:

a brown b white.

3 In a class of 32 students, eight have one first name, nineteen have two first names, and
five have three first names. A student is selected at random. Determine the probability
that the student has:

a no first name b one first name ¢ two first names d three first names.

& An ordinary six-sided die is rolled once. Determine the chance of getting:

a ab b an odd number

¢ a number greater than 1 d a multiple of 2.
5 In a club newsletter, 8 pages contain reports, 3 pages contain articles, and 5 pages contain

advertising. The newsletter is opened to a page at random.
a Determine the probability that it is:
i areport il advertising
il not advertising iv a report or articles.
b Which of the events listed in a are complementary?

6 A disc is randomly selected from a box containing two discs marked 1, three discs
marked 2, and five discs marked 3.
a Determine the probability that the chosen disc will be marked:
i1 ii with an odd number.

b State the event that is complementary to ‘a disc with an odd number’, and determine
its probability.

7 A tennis club has 18 adult members, 13 teenage
members and 19 junior members. The name of each
member is written on a small card and placed in a box.
One card is randomly chosen from the box. What is
the probability that the member is:

a a teenager b an adult

¢ a junior or a teenager d a teenager and a junior?
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"o/ | USING GRIDS TO FIND PROBABILITIES

When an experiment involves more than one operation we can still list the sample space.

If we have two operations we can use a two-dimensional grid to illustrate the sample space
efficiently.

We can use the grid to count favourable outcomes and so calculate probabilities.
This grid shows the outcomes when two coins A and B are tossed.

4 coin B This point represents ‘a tail from coin A’ and ‘a tail from coin B’.

T This point represents ‘a tail from coin A’ and ‘a head from coin B’.

There are four members of the sample space.

H T coina Theyare: HH, HT, TH, and TT.

" Example 3 | ) Self Tutor

Use a two-dimensional grid to illustrate the sample space for tossing a coin and rolling
a die simultaneously. From this grid determine the probability of:

a tossing a head b rolling a 2
¢ getting a tail and a 5 d getting a tail or a 5.

There are 12 members in the sample space.
a P(head) =5=1

coin

)= %=1

P(2
P(tall anda ‘5’) = 15
(

d P(tail or a °5’) = L {the enclosed points}

(o]

T 2 3 4 5 ¢ de

) Self Tutor

Two square spinners, each with 1, 2, 3 and 4 on their edges, are twirled simultaneously.
Draw a two-dimensional grid of the possible outcomes.
Use your grid to determine the probability of getting:

a a 3 with each spinner b a3andal ¢ an even result with each spinner.

spinner 2 The sample space has 16 members.
A
4 SR a P(a 3 with each spinner) = = o
3 b P@a3andal)=2 {crossed points}
| 8
¢ P(an even result for each spinner)

» spinner 1

1 23 4 =i =1  {circled points}
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EXERCISE 22C

1 Draw the grid of the sample space when a $1 and a $2 coin are tossed simultaneously.
Hence determine the probability of getting:

a two heads b two tails

¢ exactly one head d at least one head.

2 Bag A contains one red disc and one blue disc. Bag B
contains one red, one blue, and one white disc. Draw a grid

of the sample space when one disc is taken at random from
each bag. Hence determine the probabilities of getting:

a two red discs b two discs the same colour
¢ a white disc d two discs that are different colours.
3 a Use a grid to illustrate the sample space when a coin is tossed
and a spinner with 3 equal sectors A, B, and C is twirled.

b 1 List the sample space. B
ii How many outcomes are possible?

¢ Use your grid to determine the chance of getting:
i an A and a head ii a head and not an A
iii an A iv an A or a B and a tail.

4 a Draw a grid to represent the sample space when
two spinners each with 3 equal sectors 1, 2, and 3 g
are twirled simultaneously. g

b List the sample space. 2 J

How many outcomes are possible?

(o]

d Use your grid to determine the chance of getting:

i two 2s ii  two odd numbers
ili a2anda3 iv two numbers with a sum of 3
v two numbers the same vi two numbers with a sum of 3 or 5.

5 A coin is tossed and a spinner with six equal sectors marked
1,2, 3,4, 5 and 6 is twirled.

a Draw a grid of the sample space. . 9 &
b How many outcomes are possible? o A
¢ Use your grid to determine the chance of getting: € 3 ¢

i atailanda 3

ii ahead and an even number
iii a tail and a number greater than 4
iv a6

vV no 6s

vi any number except 5 and a head
vii a head or a 6.
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][ MULTIPLYING PROBABILITIES

In the previous section we used two-dimensional grids to represent sample spaces and hence
find answers to certain types of probability problems.

coin
Consider tossing a coin and rolling a die simultaneously.

What is the probability of getting a head and a 57 T

From the grid there are 12 possible outcomes but only

one with the property that we want. So, the probability > die
1

is

ﬁ.
But P(ahead) =1 and P(a‘5’) =1 and 3 x 1=
This suggests that P(a head and a ‘5’) = P(a head) x P(‘5’), so we multiply the separate
probabilities.

In general: If A and B are two events then P(A and B) = P(A) x P(B).

Example 5 o) Self Tutor

Every Sunday morning Dagma and Karl go fishing. Karl says that he catches fish 9
mornings out of 10, and Dagma says she catches fish 4 mornings out of 5. If you can
believe what they say, determine the probability that:

a Dagma and Karl both caught fish last Sunday
b only Dagma caught fish last Sunday ¢ neither of them caught fish last Sunday.

P(Karl catches fish) = 1%

P(Karl does not catch fish) = 1 — 1% =
P(Dagma catches fish) = 2

P(Dagma does not catch fish) = 1 — % _1

5
a P(both caught fish)
= P(Dagma and Karl caught fish)
P

(Dagma caught fish) x P(Karl caught fish)

9 _ 18
X156 = 25

b P(only Dagma caught fish)

L
10

(S

c P(neither caught fish)
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EXERCISE 22D

1

Irena and Natasha are young ice skaters. They are learning to do a triple loop. Irena falls
on average half the time when she attempts this jump, while Natasha falls on average
once in every three times. If they each have one attempt at the triple loop, determine the
probability that:

a they are both successful b they both fall ¢ Natasha succeeds but Irena falls.

Carlos does his shopping at the same time each Friday. He estimates that the probability

that he has to queue at the supermarket checkout is %, and the probability that he has
to queue at the post office is %. When he does his shopping next Friday, what is the

probability that he will queue at: a both places b neither place?
Helena has an 80% chance and Rodriquez has a 50% chance of obtaining ‘A’ grades in
their History examination. Find the probability that:
a both will obtain ‘A’ grades b Rodriquez will get an ‘A’ and Helena will not
¢ neither will obtain ‘A’ grades.
Nigel fires 500 arrows at a target and hits the target on 475 occasions. Use this
information to estimate the probability that he will hit the target with every shot when
he fires: a one arrow b two arrows ¢ three arrows.
The probability of a woman giving birth to identical twins is approximately ﬁ.

Find the probability that a woman will have two sets of identical twins with her first
two births.

U3 USING TREE DIAGRAMS

Tree diagrams can be used to illustrate sample spaces provided that the alternatives are not
too numerous.

Once the sample space is illustrated, the tree diagram can be used for determining probabilities.

Consider Example 5 again. The tree diagram for this information is:

F' = caught fish

N = did not catch fish Karl’s Dagma’s

Notice that:

result result

3l
X
L= @l
Il
u.lu.n
(=] (=}

|_.
X

A
w|~/\/.|.x.~. u.|—/\u1|4s
=z = =

s sle

X X
wul—  wls

Il Il

g|4> ‘é‘,lo

S}

the probabilities for catching and not catching fish are marked on the branches

there are four alternative paths and each path shows a particular outcome

all outcomes are represented and the probabilities are obtained by multiplying the
probabilities along each branch

the probability of an event containing two or more outcomes is obtained by adding the
probabilities of each of the outcomes.
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) Self Tutor

. . g . . . 5
During the summer holidays, the probability that Hiroko plays tennis on any day is 2,

and the probability that she swims on any day is %
a Draw a tree diagram to illustrate this situation.
b Use the tree diagram to determine the chance that on any day Hiroko:
i plays tennis and swims il swims but does not play tennis.

a Let T represent the event ‘Hiroko plays tennis’ and .S represent the event ‘Hiroko

swims’.
P(T)=2 and P(T")=2, also P(S)=% and P(9)=2.
tenmis | SVimming Outcome Probability
5 T<%/S T and S Exi=L v
<7/ I~ g T and S’ Sxg=1
%\T’<%/S T' and S Zxd=F5 «
I~ g T and S’ Z2x2=2
b i P(plays tennis and swims) i P(swims but does not play tennis)
=P(T and S) Vv =P(Sand T") =«
_3 — 6
=7 35

) Self Tutor

Bag A contains three red and two yellow tickets. Bag B contains one red and four
yellow tickets. A bag is randomly selected by tossing a coin, and one ticket is removed
from it. Determine the probability that it is yellow.

ticket outcome

Bag A Bag B bag % R Aand R ( To get a yellow
L A < we take either the
% Y AandY v first branch
1 marked with a tick
1 B 5< R BandR or the second one
3 Y BandY v marked with a tick
5 and add the
P(yellow) = P(A and Y) + P(B and Y) _ probabilities.
=ix2+1xi {branches marked with a v}
6
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EXERCISE 22E

1 Suppose this spinner is spun twice.

. 2nd spin
Ist spin

B E

a < i Copy and complete the branches on the

} tree diagram shown.

—

b Find the probability that blue appears on both spins.
¢ Find the probability that white appears on both spins.
d Find the probability that different colours appear on the two spins.
e Find the probability that the same colour appears on the two spins.
f Find the probability that red appears on exactly one of the spins.
2 A die has four faces marked A and two faces Istroll  2ndroll
marked B. A is the event ‘the uppermost face is
A’, and B is the event ‘the uppermost face is B’. A <
a Determine: i P(A) ii P(B). <
b Copy and complete the tree diagram for two B

rolls of the die.
¢ Using the tree diagram, determine the probability that:
i both results are A
ii  both results are the same letter
iii the first roll is B and the second roll is A
iv the result is two different letters.

3 The weather forecast gives a 20% chance of
rain tomorrow. If it is fine, the probability that
Bernard will go sailing is 80%, but if it rains, the
probability that he will go sailing is only 10%.
Display the sample space of possible outcomes
on a tree diagram.

Determine the probability that tomorrow:

goes

sailing
b is wet and Bernard does not go sailing fine <

a is fine and Bernard goes sailing

¢ Bernard goes sailing.

< doesn’t go

sailing
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4 When Dieter passes through an intersection with traffic lights, the probability that he has
to stop is % If he has to pass through two consecutive intersections with traffic lights,
draw a tree diagram to illustrate the possible outcomes.

Determine the probability that Dieter: 2nd intersection

. Ist intersection
a will not have to stop stops

b will have to stop at both sets of lights stops

¢ will have to stop at exactly one set of

lights does
d will have to stop. not stop <

5 Luke and Gaston are chefs. Luke cooks 60% of the time and burns 4% of what he cooks.
Gaston cooks the remainder of the time and burns 3% of his cooking.
Determine the probability that the next s00d

meal: Luke <
< burnt

a is cooked by Gaston and is burnt
b is cooked by Luke and is good
¢ is burnt.

6 Moira has two cartons each containing a dozen eggs.
Carton A has three white and nine brown eggs, and
carton B has eight white and four brown eggs. Moira
chooses a carton at random and randomly selects an
egg. Determine the probability that it is white.

7 Box X contains three green and two orange tickets. Box Y contains four green and six
orange tickets. A box is chosen at random by flipping a coin and one ticket is taken
from it. Determine the probability that the ticket is orange.

8 Three buckets A, B, and C, each contain some old and some new tennis balls. Bucket A
has three new and three old balls, bucket B has four new and five old balls, and bucket
C has two new and four old balls.
A bucket is selected using a triangular spinner with three equal sides marked A, B, and
C. One tennis ball is selected at random from the bucket. Determine the probability that
it is new.

HE EXPECTATION

Suppose a die is rolled 120 times. On how many occasions would you expect the result to
be a “six”?

The possible outcomes when rolling a die are 1, 2, 3, 4, 5 and 6, 7l

and each of these is equally likely to occur. T '
[y [

So, we would expect % of them to be a “six”. —

Since % of 120 is 20, we expect 20 of the 120 rolls of the die to yield a “six”.
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In general:

If there are n trials of an experiment and the probability of an event
occurring is p for each trial, then the expectation of the
occurrence of that event is n x p.

) Self Tutor

Every box of Bran-Plus cereal has a 1 in 3 chance of containing a prize. In one month
Stan buys 6 boxes of Bran-Plus. How many prizes would you expect him to win?

p =P(box contains a prize) = %

For a sample of m =6 boxes, the expected
number of prizesis n X p
=6 x %
=72

EXERCISE 22F

1 A pair of dice is rolled.
a What is the probability of rolling a pair of ones?

If the dice are rolled 540 times, how many times would you expect a pair of ones
to appear?

2 a If 3 coins are tossed, what is the chance that they all fall heads?

If the 3 coins are tossed 200 times, on how many occasions would you expect them
all to fall heads?

3 A library found that the probability of a borrowed book being returned on time is 0.68.
In one day the library lent 837 books. How many of those books can the library expect
to be returned on time?

4 In a money wheel game, the wheel shown alongside is fn%

spun, and the player wins the amount in euros indicated by
the marker. H H
a What are your chances of spinning the wheel once and Q @
winning: an
i €9 ii €6 il €3 iv €1?

b Your expected return from spinning a 9 is % x €9. What is your expected return
from spinning:

i a6 ii a3 iii al?

"

Use b to find the total expected return from one spin of the wheel.
d The game costs €4 to play. What is your expected profit or loss after one game?
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In the horse and dog racing industries, the chances
of winning (coming first) or running a place (coming
first, second or third) are quoted as odds.

Odds are usually given against a particular event occurring
and are expressed as the ratio
number of ways you can lose : number of ways you can win.

For example, if the odds of Rogue winning are 3 : 1, thensince 3+ 1 =4,
P(Rogue loses) = 3 and P(Rogue wins) = 1.

n

In general, if the odds are m :n, then P(losing) = L, P(winning) =

m+n m+n’

1

Odds quoted as evens means 1:1 andso P(losing) = P(winning) = 3.

Betting also uses odds.

For example, if Rogue’s odds are 3 : 1 and Rogue wins, the bookmaker pays out $3 for
every $1 bet.
So, if a punter bets $20 on Rogue to win and Rogue does win, the punter wins
$60. The bookmaker makes a payment of $80 to the punter, the $20 original
bet plus the $60 won.

=) Self Tutor

Rogue is at his peak in fitness and is quoted at odds of 3 : 5.

a Determine the bookmaker’s estimated probability that Rogue will:
i lose il win.

b If a punter bets $20 on Rogue to win, what is the punter’s situation if Rogue:
i loses il wins?

a Foroddsof 3:5 3+5=28

i . P(loses) =3 i P(wins) = 2

b i If Rogue loses, the punter is down $20.
ii If Rogue wins, for every $5 bet the punter wins $3.
the punter wins $3 x 4 = $12.
As the punter gets back the original bet, he or she is up $12.
The return is  $20 + $12 = $32.
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EXERCISE 22G

1

Determine the bookmaker’s estimated probability of i winning ii losing when the
odds are:

a 2:1 b 5:1 c 50:1 d 1:1 e 2:3.

Calculate the amount won by a punter who places a bet of:
a $10 on a horse at 4 : 1 and the horse wins
b $80 on a horse at 2 : 3 and the horse wins.

A punter goes to a race meeting with $100. He has planned which horses to bet on in
each race, and will keep betting until he runs out of money or there are no more races.
There are 5 races at the meeting.

a Copy and complete the following table, which is the punter’s dream scenario:

Race | Odds * | Bet ($) | Result | Win/Lose ($) | Money remaining ($)
100
1 2:1 20 w
2 5:4 20 w
3 10:1 5 w
4 Evens 30 w
5 1:4 60 w

* (Odds for his chosen horse

b At the end of the last race, what is the punter’s “dream” situation?

¢ In reality, the results of the punter’s horses are: Lose, Win, Win, Lose, Lose.
At the end of the last race, what is the punter’s “reality” situation?

d Assuming the odds given accurately reflect the probability of each horse winning,
work out the punter’s expectation for the bet of $20 on one of the horses. Interpret
the meaning of this answer.

e Is it then reasonable to assume that the bookmaker also has zero expectation for the
bet? If so, where does his profit come from?

REVIEW SET 22A

1 Draw a two-dimensional grid representing the sample space when an octahedral or
8-sided die is rolled and a coin is tossed simultaneously. Hence, determine the
likelihood of:

a a head and an 8 b an even number and a tail

¢ an even number or a tail

2 A bag of mixed lollies contains 10 mints and 6 chocolate caramels. A second bag
contains 8 mints and 8 chocolate caramels. A bag is randomly chosen by tossing a
coin, and a lolly is then taken from it. Construct a tree diagram to show the sample
space and hence determine the probability that:

a a chocolate caramel will be selected b a mint will be selected.
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3 When Sam plays Joe at squash, Sam has a probability of % of winning any
set they play. If they play two sets, determine the likelihood that Sam wins:

a the first set b both sets ¢ neither set.

& Display the possible 4-child families on a tree diagram. Determine the probability
that a randomly selected 4-child family consists of two girls and two boys.

5 Sarah has developed a new gambling game in which you roll a die. The following
payouts are made depending on the result:
1-%1, 2-9%2, 3-83, 4-85 5-8$10, 6 - $25.
a If you play one game, what is your expected return?

b If you play 100 games paying $10 to play each game, how much would you
expect to win or lose?

REVIEW SET 22B

1 a Illustrate on a 2-dimensional grid the sample space when a spinner with faces
A, B, C and D is spun and a die is rolled.
b Use this grid to determine the probability of getting:
i an A and a six ii an A or a six iii a B and an even number.
2 Peter has a 3 in 4 chance of successfully hitting a target and Bill has a 4 in 5 chance

of hitting the target. If they both fire simultaneously at the target, determine the
probability that:

a both hit b both miss ¢ Peter hits and Bill misses.

3 Alec Smart and Joe Slow sit for an examination in Chemistry. Alec has a 95%
chance of passing and Joe has a 25% chance of passing. Determine the probability

that:
a both pass b both fail
¢ Joe passes and Alec fails d Alec passes and Joe fails

4 a Display the possible 3-child families on a tree diagram. Determine the probability
that a randomly selected 3-child family consists of two boys and a girl.

b In a survey of 200 randomly selected families with 3 children, how many would
you expect to have two boys and a girl?

5 a A punter places a bet of £20 on a horse at 5 : 1 and the horse wins. How much
does the punter win?

b What is the estimated probability that the horse wins?
6 A die has 3 red, 2 blue and one white face. When the die is rolled, a red result wins

€1, a blue result €2, and a white result €5. What is the “expected return” for one
roll of this die?
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OPENING PROBLEM

Sometimes it is difficult or even
impossible to measure angles,
heights and distances directly.

Consider trying to find the height
of the mountain illustrated, where the angles J

of elevation to the top of the mountain are

taken from two points A and B on the sea. 37.1° /41.9°
A 32Im B

Things to think about:

e Heights of mountains are generally determined ‘above sea level’. Are the facts given
sufficient to find the height of this mountain?

e How can we find a good estimate of the mountain’s height?

e How accurate would you expect your final answer to be?

e [s there a mathematical method for determining an answer to greater accuracy?

SING SCALE DIAGRAMS
IN GEOMETRY

Scale diagrams can be used to find the lengths of sides and angles of geometrical figures.

=) Self Tutor

A

@

From a drain, Jake measured the angle between Oom
the horizontal ground and the line of sight to the
top of a building to be 50°. The drain is 36.5 m OO
from the base of the building. How high is the OOl
building?

ooo

50° A
B 3¢5m  drain

We choose a suitable scale, in this case
lem=10m or 1 mm=1m.

We draw a horizontal line [BA] 36.5 mm long,
and at the left end draw a vertical line using a
set square.

We then use a protractor to draw a 50° angle at
A. Where the two lines meet is C.

Measure [BC] in mm and use the scale to
convert back to metres.
BC ~ 43.5 mm / \
50 A

the building is approximately 43.5 metres high. B —l, 365 mum R
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What factors could cause errors to be made in scale diagrams?
How accurate are the answers when using scale diagrams?

EXERCISE 23A ¢

1 Convert this rough sketch into an accurate scale
diagram using a scale of 1 mm = 1 m.
Use the scale diagram to find as accurately as
you can the length of: a [BC] b [AC] A 37° B

8 m

2 Use a scale diagram to find the
height of the tree. Use a scale of
lem =10 m.
31°
e——82m—*
3 The triangular garden ABC has AB=8 m, BC=72m and AC = 5.9 m.
Use a compass and ruler to draw an accurate scale diagram of the garden with scale
1 cm = 1 m. Hence find the measures of the garden’s angles.

4 Use a scale diagram to estimate the height of the mountain in the Opening Problem.

LA TRIGONOMETRY

Trigonometry is an important branch of mathematics which enables us to find lengths
and angles to greater accuracy than is possible using scale diagrams. Loosely translated,
trigonometry means triangle measure.

In this course we will consider only right angled triangles.

LABELLING RIGHT ANGLED TRIANGLES

To label the angles of the triangle, we often use the
Greek letters @ or ‘theta’ and ¢ or ‘phi’.

hypotenuse

The hypotenuse is the longest side of the triangle and is opposite the right angle.
For a given angle 6 in a triangle, the opposite side is opposite the angle 6.

For example:
'= & %""%'5 o

opposite
The third side is alongside the angle 6 and so is called the adjacent side.

ew ve\
% /[
NG 2

opposite

For example:

A

adjacent

acent

adj
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" Example 2 | ) Self Tutor

In the diagram alongside, what is the:
a hypotenuse

Q
side opposite angle P
side adjacent to angle P
P R

side opposite angle R

® O an O

side adjacent to angle R?

The hypotenuse is [PR]. Q

b [QR] is the side opposite angle P. adjacent opposite
¢ [PQ] is the side adjacent to angle P. §(

hypotenuse

d [PQ] is the side opposite angle R.

e [QR] is the side adjacent to angle R. i adjacent

—{>

EXERCISE 23B.1

1 In the diagrams below, name the:
i hypotenuse il side opposite the angle marked 6
ili side adjacent to the angle marked 6.

a b C
A

0

0 or ‘theta’ and ¢ or
‘phi” are Greek letters.

2 The right angled triangle alongside has hypotenuse of length
a units and other sides of length b units and ¢ units. 6 and ¢
are the two acute angles. Find the length of the side: a

a opposite 0 b opposite ¢
¢ adjacent to 0 d adjacent to ¢.
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THE UNIT CIRCLE (SINE AND COSINE)

0, 1)4Y The circle of radius 1 unit with its centre at O
I is called the unit circle.

s P Suppose [OP] can rotate about O in the first
quadrant and [OP] makes an angle 6 with the
x-axis as shown.

- 0 = ) > For any sized angle # we could use an accurate

Y s

scale diagram to find the coordinates of P.

We give the coordinates of P special names.

e The y-coordinate is called the sine of angle & or sin@.

e The x-coordinate is called the cosine of angle § or cos®.

0.1 0.2 03 04 05 06 07 08 09 1

" Example 3 | ) Self Tutor

Use the unit circle to find:
a sinb0° b cos20° ¢ the coordinates of P if 8 = 40°

a The y-coordinate at 50° is about 0.77, so sin50° ~ 0.77.
b The x-coordinate at 20° is about 0.94, so cos20° ~ 0.94 .
¢ For # =40°, P is (cos40°, sin40°) ~ (0.77, 0.64)
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EXERCISE 23B.2
1 Use the unit circle to find the value of:
a sin0° b sin10° ¢ sin25°
e sin4h° f sin60° g sin70°

2 To find sin50° on a calculator, press 50

The answer 0.766 044 443 can be rounded to whatever accuracy you

require. Use your calculator to check your answers to question 1.

3 Use the unit circle diagram to find the value of:

a cos0° b cos10° ¢ cos25°
e cos4h° f cos60° g cos70°

4 To find cos20° on a calculator, press 20

Use your calculator to check your answers to question 3.

d sin 30°
h sin90°

or 5OE.

d cos30°
h cos90°

or [cos| 20 [5] .

5 Use the unit circle diagram to find the coordinates of the point on the unit circle where
[OP] makes an angle of 35° with the z-axis. Use your calculator to check this answer.

6 Use your results from 1 and 3 to complete the following table:

0 0% | 30° | 45° | 60°

90°

sin 6

cos

THE UNIT CIRCLE AND TANGENTS

Consider extending [OP] to meet the tangent at

1 called the tangent at (1, 0) N(1, 0). We call the point of intersection T.
1 The length of the tangent [NT] is called
T the tangent of angle & or tané.
P
length of tangent
& 0
e——]—— N (1, 0) X

The diagram at the top of the next page shows how the tangent of an angle is found. Notice

that tan40° ~ 0.84 and tanb5° ~ 1.43.

EXERCISE 23B.3

1 Use the unit circle diagram to find the value of:

a tan0° b tan10° ¢ tan15°
e tan35° f tan40° g tan4b5°

d tan25°
h tanb0°



TRIGONOMETRY (Chapter 23) 459

1.7

1.6

1.5

1.4

1.3

1.2

1.1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

<

609

509

40°

302

tan 55°~ 1.43

tan 40° ~ 0.84

209

0.1 0.2 0.3 0.4 0.5

0.6

0.7

0.8

0.9

2 To find tan25° on a calculator, press 25

Use your calculator to check your answers to question 1.

or QSE.

3 Why have you not been asked to find tan 90° using the unit circle diagram?

Find tan 90° using your calculator.
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4 Explain why tan45° =1 exactly.

5 4y a Find the coordinates of P in terms of 6.
! b Find the length of:
P T i [OM] ii [PM] iii [TN].
' ¢ Use similarity to show that:
-\ || tan 0 sin 6
tan ¥ = cosd
0 s .
© M N X
{471%‘

opPp

cosf M X ADJ
Consider a right angled triangle which is similar to AOMP. We label its sides OPP for
opposite, ADJ for adjacent, and HYP for hypotenuse.

sing  OPP cos®  ADJ sinfd  OPP

Notice that = = d = —.
otiee tha 1 HYP 1 HYP M s6 ADJ
. . . sin 6
We saw in Exercise 23B.3 question 5¢ that tanf = 7
cos

) OPP ADJ OPP
So, sin@ = ——, cosf = ——, and tanf = —.
HYP HYP ADJ

These three formulae are called the trigonometric ratios. They are the tools we use for
finding sides and angles of right angled triangles.

FINDING SIDES

In a right angled triangle, if we are given another angle and a side, we can find:

e the third angle using the ‘angle sum of a triangle is 180°’
e the other sides using trigonometry.

Step 1: Redraw the figure and mark on it HYP, OPP, ADJ relative to the angle given.

Step 2:  For the given angle, choose the correct trigonometric ratio which can be used
to set up an equation.

Step 3:  Set up the equation.
Step 4:  Solve to find the unknown.
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Find the unknown length in the following correct to 2 decimal places:
a b
67° 12.8 cm 89m xm
39°
X cm
. o Z ., OPP
a Now sin67° = 198 {sinf = P
67°\12.8cm .. sin67° x 12.8 ==z {multiplying both sides by 12.8}
ADJ HYP N o N
L s @=1018 {[si] 67 [1] [x] 12.8 [ENTER] )
X cm
OPP o
8.9 PP
b N t o_— % tanf = ——
ow tan39 . {tan D]
z X tan39° = 8.9 {multiplying both sides by x}
x = ta181‘§90 {dividing both sides by tan39°}
z=10.99  {8.9[+] [tan] 39 }

EXERCISE 23C.1

1 Set up a trigonometric equation connecting the angle with the sides given:

a b

C

37°

682~ ¢ b

58°

X

d e f
d 51°
e X
420 x 710
X

2 Find, to 2 decimal places, the unknown length in:
a b

X cm X cm

37°

68° 9 cm 10 cm

58°
3.82m
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d e f
51° 82.7 cm
13.82 km
8.67m
42° rm X cm
71°
x km
g h i
28°
m +km X mm
48.6 m 93.6 km 59° 32°
21 mm
i k |
23.9 km
34°
7.23 cm
5 xm 26.8m x km
66 490
X cm
3 Find, to one decimal place, a// the unknown angles and sides of:
a b c
acm 18.9m
38° 0°
239 cm tcm
bcm bm
90 14.2 cm am 63° 38° 0°
s cm
FINDING ANGLES
In the right angled triangle, sinf = 2.
HYP g g g 5
OPP . .
S em 3em How do we find 6 from this equation?
0° ——
We need to find an angle 6 with a sine of %
If sin"!(.....) reads “the angle with a sine of ......”, we can write # =sin~! (%)

We say that 6 is the inverse sine of %

We can calculate 6 using our calculator. The keys you will need depend on the calculator
you are using. You will probably need one of the following combinations:

nd 7] [sin] [ 3 [] 5[] [ENTER]
Nl [sin] [ 3[] 5 D]
[shiFT] [sin] [ 3[=] 5[]

The answer should be 0 ~ 36.87°.

R

m
x
m

We can find an inverse cosine or inverse tangent using a similar method.
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Find, to one decimal place, the measure of the angle marked 6 in:
a b
5m 2.67 km
5.92 km
0 0
7m
OPP
a tanf = —
ADIJ HYP OPP
Sm
tanf = % f /
1 7m
0 = tan™" (%) ADJ
0~ 355 { [z0d] [l [ 5 ] 7 (1] [Eem] }
So, the angle measure is 35.5° .
ADJ
b = —
cos VP
2.67 k
cosf = w 5.92 km ADJm
~5.92 HYP 0
2.67
6 =cos! ==
o8 <5.92>
0 ~ 63.2 { [2nd] [tan] [(] 2-67 = 5.92 )| [ENTER] }
So, the angle measure is 63.2° .
EXERCISE 23C.2
1 Find, to one decimal place, the measure of the angle marked 6 in:
a b <
S cm
0
4m
3cm 3cm 3m
6 cm
0 0
d e f
2.1m 6
1.6 cm
42 km 32km 2.7 cm ;

4.1m
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g h i
7.9 m 8.62m
0 0
5.20 km
11.2m 12.40 m
0
7.67 km
i k |
13.9 km
14.2 mm
am
0 8.7 km
17.8 mm O 0
3am
2 Find, to one decimal place, all the unknown sides and angles of the following:
a b c
X cm
0° ¢ xm
4.6 m
4 cm
7 cm S
¢° d
7.2m 8.92 km

3 Check your answer for = in each part of question 2 using Pythagoras’ theorem.

4 1034 m Find 0 using trigonometry.
What conclusion can you draw?

8.67m

BLEM SOLVING WITH
TRIGONOMETRY

When solving problems involving trigonometry, you should follow these steps:

e Draw a diagram to illustrate the situation.

e Mark on the diagram the unknown angle or side that needs to be calculated. We often
use x for a length and 6 for an angle.

e Check any assumptions about horizontal lines, vertical lines or right angles.

e Write a relationship between an angle and two sides of the triangle using one of the
trigonometric ratios.

e Solve for the unknown.
e Write your answer in sentence form.
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A ladder leaning against a vertical wall reaches
3.5 m up the wall and makes an angle of 55° /

with the ground. T

Find the length of the ladder.

Let the ladder be x m long.

5 OPP
S Ay
3.5
.. sin55° = 22
X m 35m .. S11 -
x X sin55° = 3.5 {multiplying both sides by =}
[}
3.5 o . . ®
B=—— {dividing both sides by sin 55°}
T =~ 4.273

{Calculator: 3.5 [<] 55 }
the ladder is about 4.27 m long.

|_Example 7

Determine the length of the roofing
beam required to support the roof
shown alongside: 82 m

14° beam

g ADJ
5= Hyp
T
14° = =
cos 8.2
T = 8.2 x cos 14°
T ~ 7.956

{Calculator: 8.2 14 }

the length of the beam = 2 x 7.956 m
~ 15.9 m
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EXERCISE 23D

1 A see-saw has length 5.2 m. When one end is

resting on the ground it makes an angle of 23° 52m
with the ground. Find the height of the other end
above ground level. 23°

The shadow of a tree is 40 m in length. The
angle from the end of the shadow to the top of
the tree is 33°. Find the height of the tree to the

33° nearest 10 cm.

40 m

3 At the point 25 metres from the base of a
flagpole, the angle of elevation of the top of the

pole is 35°. Find the height of the flagpole. S50

25 m

4 An isosceles triangle has sides 7 cm, 7 cm and 8 cm in length. Find the measure of the
base angles correct to 4 significant figures.

5 Lucas starts at the base of a hill. He walks up a
steep path at an angle of 22° to the ground for
100 metres. Find his height above ground level.

6 ﬁ An aeroplane takes off at a constant angle of
20°. At the time it has flown 1000 m, what is its
altitude? Give your answer correct to the nearest

200 metre.

32
7 0 - The metal frame of a rectangular gate has height

2 m and length 3.2 m. A diagonal strut is welded

2m in place to support the frame. Find the measure
of the angle 6 between this diagonal strut and the
top of the frame.

8 A driver travels 2 km up a long steady incline
which is angled at 15° to the horizontal. How
far has the driver moved horizontally?

9 A boat has an anchor rope of length 55 m.
The boat drifts with the ocean current so
that the rope makes an angle of 63° with
the surface of the water. Find the depth of
the water at the position where the anchor
lies on the bottom.
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10

1

12

13

14

15

16

17

S5m

A ladder is 5 m long and makes an angle of 75
with the ground. How far from the wall is the
base of the ladder? Give your answer correct to
the nearest cm.

75°

A beam of length 4.8 metres supports a garage
roof. The pitch of the roof is 12°.

. S 12°
Find the length of the sloping sides. L .
A parasailer is towed behind a boat. The
Q towing cable is 40 metres long and makes an
angle of 50° with the deck of the boat. How
40 m high is the parasailer above the water?
¥ 502
Im

? 1

An isosceles triangle has equal sides of length 13 cm and base angles of 40°. Find the

length of the base.

A flagpole is supported by four metal braces.
Each brace makes an angle of 55° with the
ground and meets the pole 6.2 m above ground
level. Find the total length of the metal braces.

55¢

6.2m

A rthombus has sides of length 15 cm and one diagonal of length 20 cm. Find the measure

of the angles of the rhombus.

An aeroplane flying at an altitude of 10000 m
is directly overhead. 2 minutes later it is at an
angle of 38° to the horizontal. How fast is the
aeroplane flying in km per hour?

A 7 m long ladder leaning against a vertical wall
makes an angle of 50° to the horizontal. If the
foot of the ladder is pushed towards the wall until
an angle of 65° is obtained, how much further up
the wall will the ladder reach?

50°

7m

65°
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18 F From a point A that is 40 m from the base of a
T - g
T bu}ldmg B, the angle to the top of the bglldlng
(1T} T is 41°, and to the top of the flagpole F is 47°.

AL Find the height of the flagpole [FT].
47° |nnm
41°
A 40m B
19 Use trigonometry to find the height of the mountain in the Opening Problem on page
454.
20 A cube has sides of length 10 cm. Find the angle c

between the diagonal [AB] of the cube and [AC].

5B | MEASURING INACCESSIBLE DISTANCES

LINKS Areas of interaction:
click here Human ingenuity, Approaches to learning

REVIEW SET 23A

1 For the triangle alongside, state the length of the side:

a opposite 0 b opposite ¢ 7 ¢ q
¢ adjacent to 0 d adjacent to ¢. 5
P
2 Find:
a sinfd
b cosd 2
¢ tand 4
7

3 Find z in the following figures, giving answers correct to 1 decimal place:
a b [

25¢ Sm
30 m

12.5 km

4 The shadow of a tree is 17.5 m in length.
The angle from the end of the shadow to
the tree top is 38°. Find the height of the
tree.

f—17.5 m—>l
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5 A ramp with an incline of 15° is needed
30 cm to climb a step of height 30 cm. What is
the length of the ramp?
15° .
6 A building is 100 m tall, and the angle o000 000
from the top of the building to the foot of ﬁﬁﬁ%ﬁ ﬁﬁ%
s .
the building across .the'z street 1s 9°. How HHH%HHHE of
far apart are the buildings? 100 m|gH0aTHH oo
000000 000
00000000
000000 000
000000 000
000000 Loo -

7 A cyclist travels for 5 km up a steady incline, and in that time she climbs a vertical
distance of 800 m. What is the angle of the incline?

8 Two kayakers Greg and Tim, starting at

point S, cross a river 400 m wide. Greg E f
kayaks directly across the river to point
A, while Tim travels at an angle of 32° to 32°/ 400 m
[SA] to get to point B. How much further
does Tim travel than Greg? S
REVIEW SET 23B
1 Find the value of y, correct to 1 decimal place:
a b £ 28 cm
63° O
ym
105 km 34 km ycm
L 52° u
35m
2 Find the value of 6, correct to 1 decimal place:
a sinf = 0.3642 b cosf = 0.8157 ¢ tanf = 2.134

3 Determine the height of a man who casts a 1.2 m shadow when the sun is 55° above
the horizon.

& A farmer is fencing an isosceles triangle shaped paddock which has equal angles of
55° and a base of length 240 m. Determine the total length of wire required if the
fence has five strands of wire.
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For the angle 6 shown in the diagram alongside,
name:

a the adjacent side
b the opposite side
¢ find: i sind ii cosé iii tand.

Find x in the following, correct to 1 decimal place:

a
X m

b <
25° [3
10 k
S Sm x km m
30 m
]

A The pitch of the roof of a house is the angle

24°

<« 10m

An archer standing 30 m away from a target
fires an arrow at the bullseye, but misses to
the right by 20 cm. By what angle was the

archer off target?

between the ceiling and the roof. The pitch
of the roof alongside is 24°. How high is the
highest point A above the ceiling?




Introduction

to networks

Contents:

OoNnw>

Network diagrams
Constructing networks
Precedence networks
Counting pathways



472  INTRODUCTION TO NETWORKS (Chapter 24)

Networks can be used to show the connections between objects. They have been used to
solve problems of:

e mail delivery o traffic flow on roads e scheduling of trains
e bed occupancy in hospitals e the management of projects

OPENING PROBLEM

If you can only move from left to right, how many
' | ' different paths are possible starting at A and
finishing at B? How many paths would there be if: A B
e the path must pass through point X
e the path must not pass through point X?

 NETWORK DIAGRAMS

A network diagram or finite graph is a structure where things of interest are linked by
physical connections or relationships.

TERMINOLOGY

e A graph or network is a set of points, some or all of
which are connected by a set of lines.

vertex
e The points are known as vertices (singular vertex). J

e In a graph, we can move from vertex to vertex along .
the lines. If we are allowed to move in either adla?ent
direction along the lines, the lines are called edges vertices

and the graph is undirected. Pairs of vertices that are
directly connected by edges are said to be adjacent.
arc «—edge
e [fwe are only allowed to move

in one direction along the lines,
the lines are called arcs.

The graph is then known as
a digraph or directed graph.

e An edge or arc may sometimes be assigned a number called its weight. This may
represent the cost, time, or distance required to travel along that line.

The lengths of the arcs and edges are not drawn to scale. They are not in proportion to
their weight.

E D
e A path is a connected sequence of edges or arcs
showing a route that starts at one vertex and ends A
at another.
For example: A-B-E-D B C
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EXERCISE 24A

1 a For the network shown:

i state the number of vertices y B
il list the edges
iii state the number of edges.
b Is the network directed or undirected? D A
¢ What vertices are adjacent to:
i A ii F?
E

d Name all paths which go from:
i A to F without passing through C or D
il D to A without passing through E.

2 a For the given network:
i state the vertices
ii state the number of arcs.

b Is the network directed or undirected?

¢ What vertices are adjacent to:

AN

i B ii E?
d Name the paths which could be taken to get from:
i BtoC ii AtoC.

3 Consider the network showing which people are friends in a table tennis club.

Mark
Alan Sarah
\ /
Paula Michael
Sally Gerry

What do the vertices of this graph represent?

What do the edges represent?

Who is Michael friendly with?

Who has the most friends?

How could we indicate that while Alan really likes Paula, Paula does not like Alan?

® O n O o

& The best four tennis players at school played a round-robin set of matches. The graph is

shown alongside.
John Rupesh

a What are the vertices of the graph?
What do the edges represent?

b Klaus Frederik
¢ How many matches must be played?
d

How could you indicate who beat whom on the network diagram?
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5 Jon constructed a network model of his morning activities from waking up to leaving for

school.

shower

dre

eat cereal

SS

make toast

eat toast

clean teeth

wake up
—_—

listen to the radio

Write a brief account of Jon’s morning activities indicating the order in which events

occur.

6 The network alongside represents the
possible ways for travelling to school from
home. The weights on the arcs represent
time in minutes. Y3 ' o
Which route is the quickest to get from
home to school?

home 6 A

s'chool

Il CONSTRUCTING NETWORKS

Often we are given data in the form of a table, a list of jobs, or a verbal description. We
need to use this information to construct a network that accurately displays the situation.

Draw a network diagram to SRS il
model a Local Area Network one

(LAN) of three computers cor?vsgter

connected through a server to a server

printer and scanner. Co?ﬁfelger scanner

Model the access to rooms on the first floor of this two-storey house as a network.

lounge )

\ dining ( kitchen
stairs hall
O~ [ >~ ~
verandah

bedroom bath ( bedroom
1 2

o) Self Tutor
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lounge dining kitchen

‘ verandah

bed 1 bath bed 2

Note: The rooms are the vertices, the doorways are the edges.

EXERCISE 24B.1

1 Draw a network diagram to represent the roads between towns P, Q, R, S and T if:
Town P is 23 km from town Q and 17 km from town T
Town Q is 20 km from town R and 38 km from town S
Town R is 31 km from town S.

2 Draw a network diagram of friendships if: A has friends B, D and F;
B has friends A, C and E;
C has friends D, E and F.

3 a Model the room access on the first floor of the house plan below as a network

diagram.
kitchen dining bedroom 3 —~
ensuite!
— hall
family bedroom 1 bedroom 2 | bathroom

plan: first floor

b Model access to rooms and the outside for the ground floor of the house plan below
as a network diagram. Consider outside as an external room represented by a single
vertex.

entry garage roller
door
living

laundry
study bathroom rumpus

plan: ground floor
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TOPOLOGICALLY EQUIVALENT NETWORKS

Networks that look different but represent the same information are said to be topologically

equivalent or isomorphic.

For example, the following networks
are topogically equivalent:

The number of vertices is the same

in each network. B

N

Check each vertex in turn to make sure it has the correct connections to the other vertices.

EXERCISE 24B.2

1 Which of the networks in the diagrams following are topologically equivalent?

> N
e <
00

2 Label corresponding vertices of the following networks to show their topological equivalence:

A <P

3 Draw a network diagram with the following specifications:

e there are five vertices
e two of the vertices each have two edges
e one vertex has three edges and one vertex has four.

Remember when comparing your solution with others that networks may appear different

but be topologically equivalent.
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"of| " PRECEDENCE NETWORKS

Networks may be used to represent the steps involved in a project.

Building a house, constructing a newsletter, and cooking an evening meal, all require many
separate tasks to be completed.

Some of the tasks may happen concurrently (at the same time) while others are dependent
upon the completion of another task.

If task B cannot begin until task A is completed, then task A is a prerequisite for task B.
For example, putting water in the kettle is a prerequisite to boiling it.

If we are given a list of tasks necessary to complete a project, we need to

e write the tasks in the order in which they must be performed
e determine any prerequisite tasks
e construct a network to accurately represent the project.
Consider the tasks involved in making a cup of tea. They are listed below, along with their

respective times (in seconds) for completion. A table like this is called a precedence table
or an activity table.

A | Retrieve the cups. 15
B | Place tea bags into cups. 10
C | Fill the kettle with water. 20
D | Boil the water in the kettle. 100
E | Pour the boiling water into the cups. | 10
F | Add the milk and sugar. 15
G | Stir the tea. 10

m ) Self Tutor

The steps involved in preparing a home-made pizza are listed below.

A | Defrost the pizza base.

Prepare the toppings.

Place the sauce and toppings on the pizza.

Heat the oven.

Mg Q| W

Cook the pizza.

Which tasks can be performed concurrently?
Which tasks are prerequisite tasks?

Draw a precedence table for the project.

QO n C o

Draw a network diagram for the project.
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a Tasks A, B and D may be performed concurrently, i.e., the pizza base could be
defrosting and the oven could be heating up while the toppings are prepared.

b The toppings cannot be placed on the pizza until after the toppings have been
prepared.
task B is a prerequisite for task C.
The pizza cannot be cooked until everything else is done.
tasks A, B, C and D are all prerequisites for task E.

¢ A precedence table shows the tasks and any —
.. Task | Prerequisite Tasks
prerequisite tasks.
A
B
C B
D
E A,B,C,D
d The network diagram may now be drawn.
start £ >Q
finish

EXERCISE 24C

1 The tasks for the following projects are not in the correct order. For each project write
the correct order in which the tasks should be completed.

a Preparing an evening meal:

1 find a recipe 2 clean up 3 prepare ingredients
4 cook casserole 5 set table 6 serve meals
b Planting a garden:
1 dig the holes 2 purchase the trees 3 water the trees
4 plant the trees 5 decide on the trees required

2 Which tasks in question 1 could be performed concurrently?

3 The activities involved in Task Prerequisite
preparing, barbecuing and
serving a meal of hamburgers
are given in the table alongside.

Gather ingredients -

Pre-heat barbecue -

Draw a network diagram to Mix and shape hamburgers A
represent this project. Cook hamburgers B, C
Prepare salad and rolls A

llesl Rl @l fieel i =

Assemble hamburgers and serve D, E
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& Your friend’s birthday is approaching and you
decide to bake a cake. The individual tasks are
listed below:

A | Mix the ingredients.

Heat the oven.
Place the cake mixture into the cake tin.
Bake the cake.
Cool the cake.
Mix the icing.

Qo gl

Ice the cake.

a Draw a precedence table for the project.
b  Which tasks may be performed concurrently?
¢ Draw a network diagram for the project.

5 The construction of a back yard shed includes the following steps:

a Draw a precedence table for the project.

Prepare the area for the shed.

Prepare the formwork for the concrete.

Lay the concrete.

Let concrete dry.

Purchase the timber and iron sheeting.

Build the timber frame.
Fix iron sheeting to frame.

T(QH| ™| g Q@ >

Add window, door and flashing.

b Which tasks may be performed concurrently?
¢ Draw a network diagram for the project.

6 The separate steps involved in hosting a party are listed below:

Decide on a date to hold the party.

Prepare invitations.

Post the invitations.
Wait for RSVPs.
Clean and tidy the house.

Organise food and drinks.

Q= OO = >

Organise entertainment.

Draw a network diagram to model the project, indicating which tasks may be performed
concurrently and any prerequisites that exist.
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][ COUNTING PATHWAYS

One of the simplest examples of a network problem is in counting the number of pathways to
get from one place to another. In these problems we assume that no backtracking is allowed.

p In the network alongside we want to get from A to
B. Only movement to the right is allowed.

3 We could take any one of these three paths:

AQSB:

APRB: P AQRB:
R
R A \/\ A
B

A B Q

B Q

S

However, drawing and counting possibilities is not
desirable for more complicated networks.
Consider the diagram alongside:

There are 70 different pathways from A to B.

How can we find this number without listing them?

" Example 4 | ) Self Tutor

How many pathways are there from A to
B if the motion is only allowed from left
to right?

We label the other vertices as shown.

There is only 1 way to get from A to C and
from A to F, so 1s are written at these vertices.

To get to J there is only 1 way as you must
come from F.

To get to G you may come from F or from C,
so there are 2 ways.

To get to D you must come from C, so there is
1 way.

To get to K you may come from J or Gin 1+ 2 =3 ways.

We continue this process until the diagram is completed.

So, there are 10 different pathways.
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In practice, we do not write out the wordy
explanation. We simply write the numbers
shown in red at appropriate vertices and
add numbers from the preceding vertices:

EXERCISE 24D
1 Find the number of different pathways from A to B in:

m ) Self Tutor

s How many pathways go from A to B if:
a we must pass through X
A b we must not pass through X?

Movement is restricted to the edges As we cannot go through X we put
for the shaded portion. a 0 at this vertex.
there are 9 different pathways. We procede to count in the usual
way.

there are 11 different pathways.
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2 For the following networks, find the number of different pathways from A to B which
pass through X:

a b
B
A A

3 For the following networks, find the number of different pathways from A to B which
do not pass through X:

%B
e

REVIEW SET 24A

1 a For the given network state the number of:

B

i vertices ii edges.
b TIs the network directed or undirected?
¢ What vertices are adjacent to:

i A ii D? %
d Name all paths which go from:

i A to D without passing through C A D

ii BtoE. 5

E
B
D

2 Is the network in 1 topologically equivalent
to the network given? Give reasons for your
answer.

3 Draw a network diagram to represent this situation:
Angelina sends text messages to Malia and Sam. Sam texts Xi and Roman. Roman
texts Malia three times and she replies twice. Xi texts Malia and Roman.
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4 In a small business the Production Manager, the Sales Manager and the Accounts
Manager report to the General Manager. The General Manager and the Sales Manager
are organised by the same secretary. The Sales Manager has a team of three, one
of whom also does work for the Accounts Manager. The Production Manager has a
team of 5. Use a network to represent the lines of communication in this business.

5 Construct a network diagram for the Task Prerequisite Tasks

project of renovating a room. Use [ A | Remove carpet -
the following tasks: B | Sand timber floor A
C | Plaster walls -
D | Electrical work -
E | Paint room A, B, C, D
F | Seal floor A,B,C D, E
6 Movement to the right only is possible.
B
a How many paths lead from A to B? / / / / /
b How many of these paths: / /[ Y/ / /

i pass through Y X // // // // //

ii do not pass through Y?

REVIEW SET 24B

1 A D a State the number of vertices in the given network.

b Is the network directed?
¢ Name all paths which could be taken to get from:
i DtoB ii BtoE
C E
2 Consider the network showing roads connecting

three towns A, B, and C. The weights on the edges
represent distance in km.

A 24

a What do the vertices of this graph represent? C
How are the roads represented on this diagram? 8

What is the shortest distance from A to C?

What is the shortest distance from A to C through B?

If the road from B to C was partly blocked by a fallen tree, how could we
indicate that traffic could only travel in the direction B to C?

"

B

o Q

3 Construct a network that T

models the access to the hallway
rooms and outside for a
house with the given floor e ew— family room )
plan — and outside

’ dining room

bedroom 2 _l
aun- .
ensuite 1 kitchen
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& The results of a darts tournament were:
Anya beat Brod,
Brod beat Anya, Con and Dave
Dave beat Brod, Con and Eva
Eva beat Anya and Con.

Draw a network diagram which shows the results of the darts matches.

5 Uri wishes to make a cake from a packet. He makes a list of his tasks:

a Draw a precedence table for the project.

b Which tasks may be performed
concurrently?

¢ Draw a network diagram for the project.

A | Read the instructions

B | Preheat the oven

C | Tip the contents of the packet
into a bowl

D | Add milk and eggs

E | Beat the mixture

F | Place in a cooking dish

G | Cook the cake

H | Ice the cake when cold

6 How many paths exist from A to B which pass through X?

A

-
~
.

-l

YY Y VY YY
YY Y VY YY

YYY Y Y Y

7 How many paths exist from P to R without passing through Q?
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OPENING PROBLEM

Plan view (above)

A goat is tethered to a pole which is

i | ' located 1 m from a shed as shown. pole rope goat
The rope is 3.8 m long, and so when :
the rope is taut the goat can eat grass ) Hl m
4 m from the pole. ”shfed” .
2lm

Can you draw an accurate scale diagram of the region that the goat can eat?

| EVERYDAY APPLICATIONS OF LOCI

The locus of a moving object is the path it takes. Loci is the plural of locus.

For example:

[ ]
\A/W could be the locus of a tennis ball hit

over the net and left to bounce.

could be the locus of an autumn leaf
which has fallen from a tree.

N

Loci can be used to describe special shapes such as a circle or an ellipse.

could be the locus of a golf ball.

They can also be used to describe regions within special shapes.

) Self Tutor

A sheep is tethered to a pole by a rope. When the rope is taut the sheep can eat grass
5 m from the pole. Illustrate and describe the region the sheep is able to eat.

Let P represent the pole.

The sheep can eat all grass within a 5 m radius
circle with centre P.
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EXERCISE 25A

1 Draw the locus or path for:
a a constant fine jet of water from a hose

b the path of a basketball thrown from the free throw line, bouncing off the back board
and going through the ring.

¢ the path of an aeroplane moving along the runway and taking off
d the path taken by a watermelon falling from the back of a moving truck.

2 The fences which border a roadway are

parallel. = fence
Draw the locus of all points which are road
equidistant from each fence.

> fence

3 Two sprinklers are situated 10 m apart. Each sprinkler sprays water in all directions to
a maximum distance of 7 m.
[lustrate the region that can be watered by the sprinklers.

4 Two small towns A and B each have their own post office. The post offices are 6 km
apart.

a Show on a sketch all points which are equidistant from both of the post offices.

b All homes and businesses in the district are serviced by whichever post office is
closer to them. Shade the region serviced by post office A.

o B
5 Triangle ABC is equilateral with sides 6 m long. Stakes are
placed at A, B and C, and a dog is tethered to each stake. Each
dog has a 3 m lead. If I am standing inside the triangle so that
no dog can reach me, illustrate the region where I could be. A°
6 Jeremy has a pet dog. He . °oC
attaches a lead to the overhead view
dog’s collar and ties the 2m
other end to a ‘running
wire’ between two points 30 m
30 m apart.
Shade the region the dog is able to wander in.
300 km B
7 A, B, C and D are radar stations at different A
airports around the country. Each station covers
a circular region of 250 km.
a Draw an accurate diagram of the situation 350 km
using the scale 1 mm = 10 km.
500 km

b Shade the locus of points in the centre of
the region which are not covered by radar.

¢ Shade differently the region(s) covered by D

more than one radar.
400 km
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8 Draw scale diagrams of the region Sam the sheep can eat in the following situations.
Use the scale 1 cm = 1 m. In each case the rope is 4 m long.

a b
pole pole
5m 5m fence fence I m
S
S
fence
¢ 4m 4m d
i H i pole
2m
pole 5 j 2m
S
3m
S

11 EXPERIMENTS IN LOCUS

ACTIVITY 1

What is the locus of all points
P given that for two fixed points

/3 A and B, the sum of the lengths
AP + BP is a constant?

What to do:

Obtain a strong piece of string about a metre

long. One student should hold the ends of the

string fixed to the whiteboard about 70 cm apart. A second student places a whiteboard
marker inside the string loop and makes the string taut.

The second student then moves the marker to all possible positions keeping the string
taut. Swapping to the other side of the string is necessary. What figure is traced out?

Experiment with the fixed points being further apart and closer together. Write a brief
report of your findings.
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ACTIVITY 2
You will need: P particle board
e two nails
AR

What to do:

e asheet of particle board | 7 Tl N
e a sheet of cardboard.

cardboard

Hammer in the nails 10 cm apart so that each
nail head is 10 mm above the board. Label
the nails N; and No.

Q

Place the cardboard as shown in the diagram so that its two adjacent sides are touching
the nails. Use a pencil to mark the exact position of point P.

Move the cardboard to a new position so that it still touches the nails. Mark the new

position of P. Repeat until you have marked at least 20 points.
DEMO

- >
What path is traced out by P as the cardboard moves through all possible @
positions with point Q remaining on the same side of the nails?

ACTIVITY 3

»

You will need:

e a piece of paper y
e a strip of card exactly 10 cm
long with midpoint M clearly B
marked.

What to do: ) (D

Draw a set of perpendicular axes in the
middle of the piece of paper. Mark on the
paper the four regions (1) to (4).

Place the strip so that corners A and B are A

on the perpendicular lines. Mark a dot on 3 @
the bottom sheet to show where M is.

Move the strip to 20 more positions, each time marking where M is located.

Repeat this process for each of the 4 regions marked (1) to (4).

What path is traced out by M as the strip moves through all possible DEMO
positions with A on the horizontal line and B on the vertical line? (IT)
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ACTIVITY 4

AR e a small set square which could

What to do:

You will need: \

e a sheet of paper ) )

be made from cardboard

Draw a set of perpendicular axes in the A
middle of the piece of paper. Mark on the
paper the four regions (1) to (4).

Place the set square with the non-right angle
vertices on the perpendicular lines as shown. 3 “4)
Mark where R is located. \

Move the set square to many more positions, keeping A on the horizontal line and
B on the vertical line. Each time mark the position of R with a dot.

Repeat this process for each of the 4 regions marked (1) to (4).
What path is traced out by R as the set square moves through every possible position?

Repeat steps 1 to 5 using an equilateral triangle.

ACTIVITY 5

AR e a 10 cm long strip of card with

What to do:

You will need:

e a sheet of paper

A marked on one end and B
marked at the other.

e a set square B

(M

Draw a set of perpendicular lines on the sheet P
of paper.

Place the strip so that points A and B are on
the perpendicular lines. Place the set square
against the strip as shown. Move it so that
the other side passes through the point O
where the perpendicular lines meet. Mark
the position of P with a dot.

set square

Y

Move the strip to many positions in region (1) with quite small changes, keeping A
on the horizontal line and B on the vertical line. Mark the new position of P for
each point.

What shape is traced out in region (1)? If this experiment is carried out in the other
three regions, what overall shape will be traced out?
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“ef " LOCUS IN GEOMETRY

Locus is used to describe mathematical lines, shapes and regions. In this section we will
examine some of these.

=) Self Tutor

Draw the locus of all points P which are:

i ANIMATION
a 3 cm away from point C (W)

b 2 cm away from line segment [AB] which is 3 cm long.

a b
As 3 cm B
2 cm
¥

P lies on a circle with centre C and P lies on an ‘athletics track’ with
radius 3 cm. straights 3 cm long and semi-circular
ends of radius 2 cm.

EXERCISE 25C

1 Draw the locus of points P that are 4 cm away from a fixed point R.

2 Draw the locus of all points P that are 2 cm away from .
the infinitely long line passing through points D and E. D E

3 Draw the locus of all points P which are 1 cm away from
segment [AB] which is 2 cm long. A 2 em B

4 Draw the locus of all points P which are equidistant (the same distance away) from points
B and C which are 4 cm apart.

5 A and B are two points which are 5 cm apart.

Accurately draw these two points.

Draw the locus of all points P that are 4 cm away from A.

Draw all points Q that are 3 cm away from B.

0 an G o

Shade the locus of all points which are within 4 cm of A and within 3 cm of B.

6 Consider a circle of radius 4 cm. Describe and illustrate the locus of all points which
are 2 cm from the circle.

7 Consider a circle of radius 3 cm. Describe and illustrate the locus of all points which
are 3 cm from the circle.
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8 a Consider a square with 4 cm long sides. Illustrate the locus of points which are
outside the square and 1 cm from it.

b Repeat a but this time replace the square with an equilateral triangle with sides 4 cm.

9 Draw the locus of all points that are:
a 3 cm from fixed point R b greater than 3 cm from fixed point R
¢ between 3 and 4 cm away from R.

10 A and B are two points which are 6 cm apart.
a Draw the locus of all points which are equidistant from A and B.
b Shade the locus of all points which are less than or equal to 4 cm from both A and B.

11 [AB] and [CD] are two line segments.
What is the locus of all points that are:

a 1 cm away from both [AB] and [CD]

3cm
2 cm
b 2 cm away from both [AB] and [CD]? c l b

A

3cm
12 Copy the diagram and:
a draw the locus of all points which are R U
3 cm from C.
b Shade the region of all points that are C
less than or equal to 3 cm from C, but T
closer to [TU] than [RS]. S
RESEARC VORONOI DIAGRAMS
Peter Dirichlet (1850) and later Voronoi (1908) considered the following

problem:

£

“For a collection of points in the two-dimensional plane, how can we
partition the plane so that the partition lines are equidistant to two or more
points?”

As Voronoi published solutions to the problem, the diagrams were named after him.

Voronoi diagrams have applications in zoology, archaeology, communications,
crystallography, and motion planning.

For example, Voronoi diagrams are useful in the solution to the problem of where to
site mobile telephone towers. Given three towers, how can we ensure that any particular
mobile call is carried by the closest tower?

Various methods or algorithms are used to construct Voronoi diagrams. However, Steve
Fortune (1985) and his plane-sweep method greatly reduced the time needed to draw
them.
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Following is a Voronoi diagram for three distinct, non-collinear points A, B and C.

The plane alongside has been partitioned into three
regions. Each partition line is equidistant from any
two of the points.

Points A, B and C are called sites.

°op>

—— This region is called the Voronoi region for site C.
Every point in this region is closer to C than to any
other site.

This is a Voronoi edge, a boundary line between
Voronoi regions. O is called a Voronoi vertex.

REVIEW SET 25

1 Sketch the locus of all points which are:
a 1 cm from a fixed line segment which is 4 cm long
b 1 cm from a fixed circle of radius 2 cm 4 cm

¢ cquidistant from two 4 cm long parallel
line segments

2 c¢m from a fixed point P
e more than 2 cm from a fixed point Q.

2 3cm B Four arcs of circles are drawn within

A quadrilateral ABCD as shown. Each
arc has radius 2 cm.

4cm 5cm Describe the shaded region.

D

5 cm c

3 a Draw an accurate scale scale diagram of the } fence sheep

fence and shed given. The view is from above.

b When the rope is fully extended, the sheep can shed |2 m
eat grass 4 m away from the pole.

Accurately draw the region that can be eaten lmT """ Dan 15 m
by the sheep. Show all important lengths on

the figure.

pole

v fence

4 A and B are two farm houses 2 km apart.
Draw the locus of all points which are:

a equidistant from A and B
b closer to A than they are from B

B ¢ no more than 3 km away from both A
and B.
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5 [AB]is a fixed line segment 3 cm long. X
is a point which can move but only such that
AXB is fixed at 90°.

Sketch the locus of X. Give reasons for your
answer. B
Hint: A set square could be used to help

answer this question. A

6 A distress signal comes from a small
oS fishing boat at sea. Two radar stations
are at A and B, 10 km apart. Due to
poor weather conditions, the stations have
10 km dlie difficulty locating the boat’s position exactly.
A B ecast  Station A reports that the boat is somewhere
\/ between 040° and 045°. Station B reports

the boat lies between 320° and 330°.

a Draw an accurate scale diagram of the possible search region.

b Estimate the area of the search region.

PYTHAGORAS
(Approximately 580 BC to 500 BC)

Pythagoras was born around 580 BC in Samos, Greece. He was
a famous mathematician and philosopher. He found the
“Pythagorean brotherhood”, a religious order, which had
considerable influence on the development of mathematics and
philosophy. As none of his original writings has survived, it is
difficult to determine which work should be credited to him and
which is a result of the work of some of his followers.

The Pythagorean school of thought was applied not only to
areas of mathematics but also to astronomy, music theory and
acoustics among other topics. In fact, it was recognised by
Copernicus that some of Pythagoras’s ideas on astronomy
helped him develop his theories on the rotation of the planets
around the sun.

The study of square numbers (1, 4, 9, 16, ...... ) and rectangular numbers (2, 6, 12, 20, ...... )
is credited to the Pythagorean school of study. However, the most well known of
Pythagoras’s mathematical ideas is
his theory relating the lengths of
the sides of a right-angled triangle, a? + b2 =c? a
i.e., for a triangle as shown in the

diagram. b

Whether or not Pythagoras was himself directly responsible for some of the ideas credited
to him is not particularly important. What is evident is that, as a result of his teaching
and motivation, people were inspired to think creatively about mathematics, philosophy and
associated areas such as music and astronomy.
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ACTIVITY 1 BERS
) ) ) )
oo e e )
&~ oo oo e
oo oo
1 2 3 4

Let T,, be the number of dots in the nth triangular number. The first four triangular
numbers are illustrated above.

What to do:

Draw the 5th, 6th and 7th triangular numbers. State the values of Ty, To, Ts, ...., T7.

2 Find To— Ty, Ts— Te, Ty— T3, and Ts— T4. Hence predict:
a Ty— T3 b T,— T,_1
3 Find Ti+ To, To+ T3, Ts+ T4, and T4+ Ts. Hence predict:
a T3+ T3 b T,+ Thi1
4 Find 2Ty +2, 2T2+3, 2T3+4, and 2T4+5. Hence predict:
a 2Ti7 +18 b 2T, + (n+1)
5 The result in 3 can be illustrated geometrically by
.o e o0
Ti+ Ty = . o = 7 To+ T3 = .. @ =32 andso on.
‘@ @ @
Illustrate the result in & geometrically.
ACTIVITY 2 MAZE

The maze below contains the following words, not necessarily in the order
given. You can move in any direction except diagonally.

£ TREE DIAGRAM EXPERIMENT SPINNER PROBABILITY
EVENT EXPECTATION LIKELIHOOD DICE
COINS CHANCE SAMPLE SPACE OUTCOME
N T E X P E R E S ——— out
E N E M I R E X N I
vV T L I K E NP C O
E E CH I L N E N O
m—— D I 0 S P I C T I PRINTABLE
E L DO MARGA T -« >
S P S E O UTA I D I;
P M A C H CC O M E
AP R N A Y T I E E
cC E OB A B I L T R
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ACTIVITY 3 OPS AND ROBBERS

Constable Ambrose (A) is walking down a city street towards an intersection.

At exactly 10:00 am he is 200 m from the intersection. He sees a man
/& carrying a bag emerge from a bank at the corner of the intersection and run
down the street at right angles to the street where he walks.

Constable Ambrose suspects that the man R
is a bank robber, so he gives chase at his top
speed of 28 km per hour.

The suspect has indeed robbed the Bank. He
sees Constable Ambrose and runs down the
street at 20 km per hour, to try to escape.

Fortunately for Constable Ambrose, there is a — O T
vacant lot on the corner of the intersection, so A 200m R —
he runs across it directly towards the robber.

After a few seconds, Constable Ambrose, who was at Ay when he saw the robber, is now
at Ay, and the robber who started at Ry is now at R;. Constable Ambrose adjusts his
direction so he can keep running directly at the robber.

What to do:

1 Convert the constable’s speed and the bank
robber’s speed to metres per second. Igz)tlllls(t):‘ble /| direction
2 Draw a scale diagram of the pursuit using Ambrose X | (f)rfo il K
1 cm = 50 m. """/'R
As accurately as possible, plot the / !
position of both men at 1 second é_‘_ g
intervals. . . . ~0om R, ;F
Hence, find the approximate time of capture.

3 Would your answer’s accuracy be improved if you plotted points at % second

intervals? Discuss the problems with plotting the paths which may occur when
the time interval is reduced, and how you could overcome them.

& Devise a ‘curve of pursuit’ problem of your own and ask a friend to solve it.

ACTIVITY 4 N A CHESSBOARD

The knight in chess can be
translated to another position
on the board by moving in an
L-shape as shown alongside.

»

Ml aa
s
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What to do:

1 If a knight is placed near the middle of the chessboard, how many squares can it
“protect”?

2 [If a knight is placed in the corner of a chessboard, how many squares can it “protect”?
Can you place 12 knights on a chessboard so that every square is “protected”?

& Can this be done with less than 12 knights?

ACTIVITY 5 RTEST DISTANCE
o
:
3 km
& &
M 6 km N pipeline

A and B are two homesteads which are 4 km and 3 km away from a water pipeline. M
and N are the nearest points (on the pipeline) to A and B respectively, and MN = 6 km.
The cost of running a spur pipeline across country from the pipe line is $3000 per km
and the cost of a pump is $8000.

Your task is to determine the most economic way of pumping the water from the pipeline
to A and B. Should you use two pumps located at M and N, or use one pump located
somewhere between M and N knowing that one pump would be satisfactory to pump
sufficient water to meet the needs of both homesteads?

What to do:

1 Find the total cost of the pumps and pipelines if two pumps are used, one at M and
the other at N.

2 Suppose one pump is used and it is A
located at P, the midpoint of [MN]. ' B
a Find AP and PB to the nearest .
metre.
b Find the total cost of the pipeline m b
and pump in this case. M P N
3 A Suppose P is x km from M.
B a Show that AP + PB is given by
o VaZ 16 + va? — 12z 1 45 km.
3 km b Use a spreadsheet to find AP + PB
o 2k i for z = 0.1, 0.2, 0.3, ..., 5.9.
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& Your spreadsheet could look like:

a For what value of z is A B C
AP + PB least? 1 x-values AP+PB
b Use your spreadsheet to calculate 2 0.1 10.620
the value of z that minimises 3 0.2 10535
4 0.3 10433

AP + BP, correct to 3 decimal
places.

5 Now, consider the following geometrical
argument:
Draw C on the opposite side of the pipeline,
the same distance from the pipeline as B
and directly opposite B.
a Explain why AP + PB = AP + PC.
b If P is anywhere on the pipeline
between M and N, where should P be
located so that AP + PC is as short
as possible?
¢ Find «.
Hint: You could equate slopes of
line segments.

pipeline

d Summarise what you have found from a, b and ¢.

ACTIVITY 6 GAGED COUPLES

Two engaged couples, John and Mary, and Dominic and Maria, went
shopping. Use the following clues to determine the number of the bus
each person caught and what they bought:

oAOne couple caught odd numbered buses and Bus Name Purchase
the other couple caught even numbered buses. 37

e Maria, who did not catch bus 37, is engaged 42
to the man who bought a video recorder. 13

e Dominic caught a bus numbered less than the )

person who bought the television.
e John, who bought the lounge suite, did not catch either bus 37 or 43.
e Mary did not catch bus 48.
e The person who caught bus 42 did not buy the bed.
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ACTIVITY 7 MBER CHAINS

In this activity we consider chains of numbers formed by repreating a
/5 procedure again and again.
N

Stop if the result is the
same as the previous
number. Otherwise go
back to the previous step.

Add the tens digit to
—» the treble of the units
digit.

Start with a two-digit
number.

If a single digit number results, such as 7, write it as 07.
For example: 43 — 13 - 10 - 01 — 03 - 09 — 27 — .....
What to do:

1 Continue the process started with 43 in the example above. Does the chain end?
Why or why not?

Start with 68 and form the number chain.
Start with 87 and form the number chain.
What is special about 87?

Find all two digit numbers which behave in the same manner as 87.

o v B W PN

Show that there are two and only two 2-digit numbers, one of which is 87, which
‘stop’.
Hint: Represent the 2-digit number ‘ab’ by 10a + b.

Stop if the result is a
Find the sum of the single digit number.
squares of the digits. Otherwise go back to the
previous step.

For example: a 12—12422 b 31—-32+1%2 —~10— 12402
—14+4 :9+j =12

Start with any number. —»

What to do:

Find the first number after 10 whose chain ends with 1.

2 Write chains for the numbers between 10 and 50 inclusive. Which stops at the
greatest number?

3 Try writing chains for 86, 129, and 912.
& Write the chain for 537.
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PAPER

In this activity we consider the size and weight of paper.

Nearly all paper used in schools has the size

A4. Occasionally we use size A3 or Ab.

A4 sheets are 297 mm x 210 mm.

A5 paper is made from A4 paper by cutting
it in two equal halves, so A5 paper is
148.5 mm x 210 mm.

148.5 mm 148.5 mm

ACTIVITY 8
PAPER SIZE
AR
210 mm 210 mm
A5
g
E --------- Acd------- - cut
N
N
A5
210 mm

Two A4 sheets are cut from an A3 sheet, two A3 sheets are cut from an A2 sheet, two
A2 sheets are cut from an Al sheet, and two Al sheets are cut from an original sheet of

size AO.
PAPER WEIGHT

The weight of paper is determined by its area and
its thickness. It is measured in grams per square

metre or gsm.

What to do:

é

1 Ask your teacher to provide you with an unused pack of photocopying paper.
a Explain how you can find the average thickness of one sheet.
b Find the average thickness of one sheet using your method.

2 Find the area of one sheet of A4 paper in m?. How many sheets are necessary to
have a total surface area of 1 m?? Copy and complete:

Sheet type

area (m?) | number of sheets to make 1 m>

Ab

A4

A3

A2

Al

A0

3 a Find the approximate mass of one A4 sheet of 80 gsm paper?
b Is 75 gsm paper thicker or thinner than 80 gsm paper? Explain your answer.

len

4 To find the ratio

gth

width
the following table. Always record measurements with length > width.

for each of the A-series sheet sizes, copy and complete



502

ACTIVITIES (Chapter 26)

length
Sheet type | length | width ei.1g (to 3 decimal places)
width
A5
A4
A3
A2
Al
A0
5 Use your calculator to find /2 to 3 decimal places.
Write a sentence which summarises what you discovered in 4.
6 C M 1part B Consider the given sheet of A4 paper cut into
: two A5 sheets.
: Let AB: MB=2x:1
AS As | xparts Using similar figures, explain why 2 = /2.
D N'cut A
7 You are given the task of creating a new paper size series. DO should be 1.2 m?,
length
and the different sized D-series sheets must be similar with er,l(ih =4/2.
wi
Find the sizes of D1, D2, D3, D4, D5 and D6 paper.
8 Research B-series paper sizes. You could consult a paper merchant, a printer, an
encyclopedia, or use the internet.

ACTIVITY 9 KEYING FOR TRUTH
A horse race has just been completed and the jockeys on the first five horses
all had differing views on the result. The photo showed that each jockey
made one true and one false claim. Using the clues below, can you determine

A the order in which the jockeys finished?
Ist 2nd 3rd 4th Sth
Darren
James
Hugo
Peter
Warren

Darren: Peter came second and I finished in third place.
James: 1 won and Hugo came second.
Hugo: 1 was third and James came last.
Peter: I finished second and Warren was fourth.
Warren: I came fourth and Darren won.

Hint: Assume Warren’s fourth place is true and attempt to complete
the table with ticks and crosses.
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ANSWERS

EXERCISE 1A "

1 a 1,39 b 1,2 3,4,6, 12 ¢ 1,19
d 1,2 3,4,5,6, 10, 12, 15, 20, 30, 60 e 1,23
f 1,2, 3,4,6,8, 12, 16, 24, 48 g 1,7,49
h 1,2 34,67 12, 14, 21, 28, 42, 84
2 a 4,8,12,16, 20 b 7,14, 21, 28, 35
c 9,18, 27, 36, 45 d 15, 30, 45, 60, 75
3 a2 b6 ¢c6 d24 e3 f4 g3 h 24
4 a 994 b 1001 ¢ 1989 d 10005
5 a 40 b 12 ¢ 40 d 90 e 12 f 60
g 180 h 108
6 60 seconds
EXERCISE 1B
1 a i yes ii yes iii no iv no vV yes
b i no ii yes iii no iv yes vV no
¢ i yes ii no iii yes iv no vV no
d i yes i yes iii no iv yes vV yes
e 1 no ii yes iii no iv no vV no
f ino i yes iii no iv no vV no
g 1 no i yes iii no iv no vV no
h i no ii yes iii no iv no vV no
2 a0,2,4,6o0r8 b 0,2,4,60r8 ¢ any digit
d no solutions
3 a250r8 b 1l,40r7 ¢€0,3,60r9 d 2 50r8
4 a 0,40r8 b 0,2,4,60r8 ¢ 0,4,8
d 0,2,4,60r8
5 aOor5 b Oorb5 ¢ anydigit d no solutions
6 alOor6 b 2o0or8 ¢ 1,40r7 d 2,58
7 996 8 61 9 128

10 X=1, Y=T7 or

X=2 Y=3 or X=4, Y=T7 or

X=5 Y=3 or X=7,Y=7 or X=8, Y=3
11 6732

EXERCISE 1C

1 a5 b5 c 21 d -5 e —21 f -5
g -5 h 21 i 41 i -9 k -9 1 41
m 9 n —41 o 9 p 9

2 a 42 b —42 ¢ —42 d 42 e 40 f —40
g —40 h 40

3 a —-25 b 25 c —1 d -1 e —30 f 30
g —30 h 18 i —18 j —16 k 16 I 36

4 a5 b -5 c -5 d5 e 3 f -3
g -3 h3 i -1 k-1 11

EXERCISE 1D.1 I

1 a 10 b0 c —6 d 4 e 4 f 25

2 a 25 b 22 c 7 d o0 e 21 f 15
g 5 h 36 i 7 j 38 k 13 I —6
m 24 n 11 o 2 p 7

3 alb b 15 c 0 d 4 e 82 f 12
g 36 h 3 i 31 il k 4 I —4
m 96 n 16 o1l

h a -3 b 8 c 2 d 39 e 25 f 18

5 a3 b3 ¢2 d4 e f5 g 57 hil1

9-3+2=8 b 9x3—-2=25
(8—6)x3=6
1204 x 2 =60
5x7—(3—1)=33
(3+2)x8—4=236
i 3+2x8-4=15

EXERCISE 1D.2

w 0 n o o

€ 9:3+2=5
b 120+ (4%x2) =15
d5x(7T—-3-1)=15
f5x(7T—3)—1=19
h 3+2x(8—4)=11

1 a362 b 600 ¢ 24 d s e —272 f 4
g -4 h —-33 i -5 j4a k —6 12
EXERCISE 1E.1 s
9 9 3 17 2 1
1 a 14 b 16 [4 1§ d 30 e 4§ f 2§
g 32 h 65
5 1 1 3 7 7
g —12 h 13
EXERCISE 1E.2 I
5 2 1 2 15 1
g 55 h 3%
9 1 7 1 2 2
3 28
85 hi
31 16 3 9 10
g 22 h 13
EXERCISE 1E.3 I
7
1 55 2 $32500 3 pants £16, top £20
4 €180.15 52 61 72 8 999leaves
EXERCISE 1E.4 N
7 1 5 1 1 10
1 a 13 b lﬁ [4 56 d —15 e 3 f 51
g = h 25 i 3% i 42 2
EXERCISE 1F.1 I
5 5 5 1
T a2+g b2+ € 24 555 + 15000
5 2 1 6
d 4"‘1000"‘10000 ¢ 100 t 10000
2 a 3.2 b 0.78 ¢ 0603 d 0.079 e 4.0001
f 5.0302
6 6 6
3 a 600 b 60 ¢ 5 d 006 ¢ T00000
4 a 19.06 b 30.05 ¢ 2.37 d 1.9
e 4.746 f 4.335 g 0.4749 h —0.7
i 0.106 j —0.579 k 2.742 1 —6.31
5 a 1370 b 0.005 ¢ 30 d 4 e 0.04
f 1800 g 2.16 h 50 i 0027 j 20
k 0.004 1 0.031
1 3 1 5 3 21
6 a3 b ¢3; d3 e 55 f 50
3 1 1 = 19 7 1
827 ho9g i35 I35 kg | m
7 a 05 b 0.75 ¢ 0.6 d 0.34 e 06
f 0.2 g 0225 h 0.83 i 0875 j 0.2125
k 0.296 1 0416 m 0.15 n 0.36 o 0.44
p 0.7 q 0.07 r 0.07 s 0.007 t 0.0007
8 a £47.30 b €13.30 ¢ $2.35
d i $217 ii ~26cents e 14000 cartons
f 5000 bread rolls g 1000 dozen bottles
h 8000 medallions
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EXERCISE 1F.2 I EXERCISE 2A I
1 a3 b 6 ¢ 20 d 201 1 a 3m b 4k c n d 12b e 2la f 5dm
2 a 3.1 b 104 ¢ 49 d 4.0 8§ 24m h 8mp i 7pg j 2pqg k abc | dhp
3 a 943 b 13.13 ¢ 9.31 d 0.19 2 aab+n b 3a+2b ¢ ab+m d ab—c
h a 499.32 b 22884 ¢ 911 d 3175 e 0.8 ed—ac  tk—d4d g actbd h 10-2ab
f 2667 g 741  h 593 i 048 i 8(m+n) J4d-2) k30b-d 1 ablct+]1)
5 $34.77 3 a2t b3n ¢ 2p+3¢g+3 d 3d+e
e r+2y+5 f 4a+2b g 3a+5 h b—2a
EXERCISE 1G.1 ib j2s+3t k 5+3d 1 2a+2b+2
1 al10:7 b 2:5 ¢ 80:50 4 a 3—(a+a)=3—2a whereas 3—a+a=3
d 200:50 e 500:2000  f 800 : 1500 b m—(n+n+n)=m—3n whereas
2 29:18 3 3700 : 800 m-n+n+n=m-+n
EXERCISE 1G.2 I 5 a axaxa b bxbxbxb ¢ 3xdxd d 4xXxnxnxn
1 ai:2 b3:1 ¢ 5:2 d3:4 e 5:3 ¢10><a><a><.b f4><a><b><bf<b g 2Xax2xa
f5:1 g 1:6 ho4:1 h 2xaxa i axa+2xbxb jaxaxa—3xbxb
2 3 2 2 3
2 5,5:4 3 a2:3 b15:8 ¢39:8 d 50:39 6 a3a ) b5l3’ ) ‘10“2 '18“3 °_5m”2
f 12pq g piqr h 20a i 6cd i ata
4 a5:3 b 1:4 c 2:5 d5:7 Ka3+a 1 5—a2 mb2+3b n —5c
EXERCISE 1G.3 I o 3ab?—5bc p 3a’+am q 4dz+2z® r 4z(2x+2)
1 ab=20 bU=9 cb=20 dO0U=9 EXERCISE 2B I
el=12 fO=15 1 a4 b-7 ¢c1 d-1e6 f-3 g-2hi
2 24 doctors 3 960 chickens 4 $1000 2 a2 b -2 c11 d -3 e -1 f-7 g3
EXERCISE 1G.4 I h —13
1 a $10,$40 b $15,$20 2 £560000 3 64 girls 3 a cxpression b 6 ¢ @5 Qi —1 iii 6 v —4
4L 3:7 5 13:47 d 6
EXERCISE 1H I h a3 b4 <5
1 as b 16 ¢ 27 d 75 e 36 5 a expression b expression ¢ equation
f 1350 g 588 h 22000 d equation e expression f equation
2 a 625 b 512 € 248832 d —262144 EXERCISE 2C
e 2401 f —27 g 481.890304 h 361 1 a7+3 by+td ct+2 datbte
3 2,3,5,7,11, 13, 17, 19, 23, 29 2 a7x3 b 4y ¢ 2pt d abe
4 a 25 b 33 ¢26 ds5t e 7 f 35 7 4 ‘ a+b
g 113 h 232 3 a — b — ¢ — d
3 Y 2p c
3 4 3 . 22 2
5 a2°x7 b 2*x3x5 €2°x3*x7 d3x5x7 743 y+4 t+2p atbte
e 3Bx11 f13x17 g 28x32x5 h 28x7x17 | % @ — b = «c— 49—
6 160 5 a7-3 by—-4 cd—y dc—(a+b)
7 a 1575.296 b 561.968 ¢ 162538.705 c b+c ) 5
d 42.253 e 0.784 f 3.773 6 ab+o b ¢ 2+2° d (2+2)
8 1 91 10 3,33 1 =4
* 7 a rts b 3(b+c¢) ¢ m+nd d (m+n)3
REVIEW SET 1A 3
_ 4 8 ab—3r bab?> ca+5b dt—3 e at+4 f 9z2
1 a 15 b —6 c[10=0,2,4,60r8 d g et
e 1:5 f 22 x3x11 g 0375 h 360 g (cd)?2 h 22+42 i p?+q2+r2 j 5
2 HCF =12, LCM =72 b 3 $20.2
a HC » LC 7 986 §20.25 9 a the sum of @ and 6 b the sum of b and 7
a 115'01 b 0.25 ¢ 0.38 ¢ the sum of ¢ and d d the sum of ¢ and three times d
5 ag b 1750 mL ¢ 2500 e three times the sum of ¢ and d f the product of b and ¢
REVIEW SET 1B g the square of the sum of p and g
h th f the f
1 a048 b32 ¢ 20 d2 e028 f -5 h the sum of the squares of p and g
i three times the square of =
g 5:1 h2°x3¥x11 i0=14o0r7 | 2700 j the square of the product of three and =
a HCF =3, LCM = 135 b 2002 3 51 minutes k the sum of a and one fifth of b
a 2% b 2.228 I one fifth of the sum of a and b
5 a 65lengths, 40cm b $34000 ¢ & m the quotient of z and y
n the square of the quotient of a and b
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o the quotient of the squares of a and b
p the sum of a and b, all divided by ¢

EXERCISE 2D |

1 a ¥1500 b ¥(300a) ¢ ¥(ac)
2 a € b €(9) ¢ €(ﬂ>
2 100
3 a 367 b $(100— 11z) ¢ $(100 — zy)

=

(14 — x) years 5 3t km

6 a2lzxcm b (35—21—z)m
100
a+

b (22
5

b st km

7 £(45c¢ + 85t)

8 a (a+b)km ) km per hour
9 a 400 km

EXERCISE 2E

1 a3 b 2 ¢ -2 ds e -1 f6
g1 h 8 i 6 ji6 k 1 27
2 a6 b1 ¢ -9 d 2 e f1
g 64 h -2 12 i—2 k4 117
3 a9 b -9 ¢33 d18 e 12 f4
g -1 h1 il j4 k 3 15
4 a2 b 3 ¢ —1 d -1 e 2 f1
g 2 h-1 i-1 ji k 3 -2
5 a-1 b-1 ¢i d2 e -4 32
sf hi P4 iz k-3 I3

EXERCISE 2F
1 ax+8 baxz+15 ¢ p+10 d 2a+12 e 2b+3
f20 g3 h2+10 i4z jaz k2 |1 22
m 7z+3 n 322 o 17z—7 p 16z q 202 r 5ab
s 3g t20—2
0 b 10n ¢ 1ln—11 d 4ab e 3zy f p?
4a+6 h 9a i 3b+7 j Txry k 5a+2b
4a> +3a m 4z n 0 o 3ab+2b%> p 10z — 10
0 r92 s2r242r ta’4+x+2 u 8y+2
11z b —5z ¢ 5z d —1lz e 6a f 4a
—4a h —6a i m2+2m j -8 k 2d
—2d m 3—-3 n -4 o —7g p 1—3m
—2a+2 rb s2b t 4b u 3z
—a—3 b 4a—0 ¢ 2ab—2 d O
—z f 3:2—-10 g —2n—5 h a—6b

i

n

. 0 0 02 0o 2 oo

w
I
w
S
a

i 222 -z k —4x? I 3z —2y
-5z — 10

3
|
8
<
I
o
<

EXERCISE 2G.1

1 axy
3

b 3zy ¢ z2y d 2ab e 2
f x g —2z2 h —a
3ab b 3ab? ¢ 6ab? d 20a2b? 16a2
9b* g 8y3 h 1063 i 5bt 12b°
— 422 I —322 m —6a? n 8z2 —23
—18z% q r —2z% s —4d® 83

iv 29 b g™ x g" =g™mt"

—5x3

4 5 7

8 T X -n0

iz i z° dii z

EXERCISE 2G.2 —

1 a 22 b z3 c a3 d z2 e 32 f 5z
g 5z2 h 2z° i 224 j 228 k 222 I %
1 n 1 o 1 P 1
2z 222 2 3z2
mm
2 a ix? i 23 i 2° iva? b Z—=gm
x’n
REVIEW SET 2A
1 a 3mn? b 1822 ¢ 3ab— 2a2
2 a6 b 7a and —5a, —4ab and 3ab c 12
d —4 e 2a+12b—ab—4
3 ay+6 bg—p ¢ $(r —pq)
L a —27 b -6 ¢49 5 a T7p—7 b a+11b
2
6 a 6m®> b 9Im* ¢ 242 —
3a
REVIEW SET 2B
1 a 12zy2 b 2023 ¢ 5a% — 5a
2 ab5 b 7yand—-5y ¢ -8 d 3 e bx+2y—8xy+3
+rs
3 az—4 b p? c € pq—)
T p°+q ( 100
H# a8 b -9 ¢ -1 5 a —2q+2 b 3d—5¢c
3 2
6 a 20z® b 623 T =
2 3x2
EXERCISE 3A.1 I
70 __ 75 1 _
1 amfln)% bm775% Cm—lﬁl%
52 __ 100 __ 400 __
d m752% e mfloo% f ﬁ—400%
3 =% =55% h 255 —271%
2 a 6% b 10% ¢ 92% d 75% e 116%
f 527% g 6.4% h 102.4%
3 a 40% b 82% ¢ 95% d 108.5%
e 516% f 101.2% g 325% h 85%
i 443% i 2625%  k 1662% 13272 %
EXERCISE 3A.2 I
17 21 21 3 12 3
1 a 30 b 0 (4 30 d 20 e 5 f )
1 33 =1 1 8 1
s hs i3 i3 k 5 I 250
2 a 0.92 b 1.06 c 1.124 d 0.882
e 0.075 f 0.01 g 2.56 h 0.0005
i 11.5 j 0.000037 k 3.428 I 0.637
3 a 80% b 60% ¢ 12.5% d 331%
e 13.79%  f 5% g 162% h 81%
4k Emma 5 a 262% b 162% ¢ 43;% d 863%

6 Science test

EXERCISE 3B

1 a $1800 b 800 kg ¢ 2.5 L d 3000 kg e $1200
f 360mL g 550L h 720kg i $1244.68

2 a 3$540 b 1152 kg ¢ 385 d 315 mL
e 8702 kg f $47.06

3 875 passengers 4 $92500 5 3200 people

6 a 700 students b 224 students
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EXERCISE 3C I

1 a 27kg b €42.50 c 2L d 30 km
e $35.10 f 475 m g £665 h $804

2 a 36 b 108 ¢ 27L d £6682.50
e $40560 f €410

3 a & 33.2million b =& 931000 people

EXERCISE 3D.1 I

1 i $240 profit il $540
i €292.50 loss ii €357.50
i £20550 profit ii £157550
d i ¥565400 ii ¥2004600

2 84.62% 3 a €125 b €625 & £39, 18.06%

5 $1080,18% 6 a £35000 b 10.94% 7 $18,6.57%
EXERCISE 3D.2 I

1 a discount €28, sale price €42

b discount £37.50, sale price £112.50
¢ discount $3, sale price $21

2 €11 3 €4224 4 ¥12210 5 15%
EXERCISE 3E.1 I
1 al4 b 1.06 ¢ 0.8 d 0.85

2 a $138 b 540 kg ¢ £3648
e 11000 hectares f 1408 tonnes
g 12317.5 m? h €125835.37

b 14.3% ¢ 17.2%
g 100% h 17.7%

n O o

6 35% 7 7.5%
e 0.58 f 1.12
d $662.40

EXERCISE 3E.2

1 a 20%
f 5.1%

2 12.0%

3 a 12.5%
f 5%

& $990, i.e., less than the original value

5 1.12 =121

d 2.8% e 16.7%

b 5.3% ¢ 33.3% d 50% e 9.7%

ie., 21% increase

EXERCISE 3E.3 I

1 €15620 2 a $255 b 41.18%
4 $11560 5 $7.60 6 €308

7 a $136 b $115.60 ¢ 44.5% d $1497.60
8 a $795.60 b 10.5% 9 €45 per week

10 a 44% increase b 36% decrease 11 $64 800
EXERCISE 3F I

1 a RM200 b $180
d €45 e 184 pesos

2 $2430 3 €512 4 $295
EXERCISE 3G
1 a $1600 b £495 ¢ €525 d $9800

2 a 3175 b €180 ¢ ¥46666.67 d £905.63
3 €1257.12 4 $248.75

5 a £2300 b £2160 ¢ £2680

6 a 38910 b 3148.50 7 €68

EXERCISE 3H.1 I

1 a €300 b €315.25 2 a £59405 b £9405
3 a €665.60 b $2292.19 ¢ £46.36

3 €386280

e 15.6%

¢ £90
f €12000

5 $380

EXERCISE 3H.2 I
a $3993 b 3993 2 €11470.39

3 a £6000 b £6050 4& a $43923 b $13923

5 €23602.32 6 a £7800 b £7935

7 a Option 1: €10160 (better), Option 2: €10077.70
b yes

8 46.41%

9 a i $7012.76 il $9835.76  iii $19348.42

b i 10 years 89 days
iii 30 years 268 days
It takes the same length of time for the investment to increase
from $10 000 to $20 000 as it does to increase from $20 000
to $40 000.
REVIEW SET 3A I
1 a 108 b 093 2 331% increase

3 a $131.20 b 132kg 4 2000kg 5 $320
6 £120000 7 a 281% b $119000 8 $16.80

9 €2400 10 £8492.93 11 $8050
REVIEW SET 3B I
1 a 0975 b 1.073 2 $297.60 3

ii 20 years 179 days

a $360 b $2640

4 18.75% 5 £3600 6 $200 7 95 kg
8 a 18.07% b €115710.84 9 a $2574 b $288.17
10 $4728.75 11 $396 000
EXERCISE 4A I—"
1 a2z+14 b 3z—-6 ¢ 4da+12 d 5a+ 5¢
e 6b— 18 f T7m+28 g 2n—2p h 4p —4q
i 1543z i by — bz k 8t—64 I 28 +4m
m 6d + 6e n 2z —22 o 2143k p 5p—5¢q
q 40 —4j r 7Ty+Tn s 2n —24 t 88 —8&d
2 a 18 +9 b 3—9z ¢ 10a+15 d 11 —22n
e 18z+6y f 5c—10y g 12b+4c h 2a—4b
i 7a — 35b j 24436d k 24— 32y I 30b+ 18a
m 22z — 11y n 4p+36g © 5a—400 p 18+ 16z
q 27z + 3y r 7c—63d s 6m+42n t 64a — 8c
3 az2+2 b 5z — z2 ¢ 222 +4a d 5b— 3b3
e ab+ 2ac f a+a g 2a®2—a® h 6z — 8z2
i 18z —3x2 j 522 —20x k 4a—4a? | 7b%2+ 14b
m 2z2 4 32 n 5z — 2z2 o a2b+ ab?
P 3a2b— a2b? q m2n — mn? r ac? — 4a3c
s 24p — 42p%q t 3k2 + 5ki2 u 7a%b — 5b2
v 22y + 9xy? w Tzy — 4xy x 3t2 — 552t
h a 2r—4 b —3r—12 ¢ —4x+8 d —25-+5z
e —a—2 f —x+3 g 5+ h —2z-1
i 1243z j —20z+8 k —15+20c | —x+2
5 a —a?>-a b —b2—4b ¢ —5c+c?
d —222 — 4z e —2x 4 222 f —3y% — 6y
g —20a + 4a? h —18b + 122
6 a sx+12 b 9z + 27 ¢ 9z — 28 d 4z — 19
e 2m+26 f3m—17 g —z+5 h —10z+5
i —5z+20 j —13z+10 k —11ln+35 1 8y+2
m O n 31t—22
7 ax—1 b —-1-3z ¢ 25—122z d 122z —2
e 1+ 10x f 8+ 2z g 9+ 21z h 42 —6
i 12z -5 j 6+2z k 9z -5 I —47 4 15z
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8 a 3227z b —2z2 —x ¢ a+7b m 36— 12z +22 n 9— 30z + 2522
d 3z3 e 323 — Tz f 9a —3b—30 o z*— 223 + 22 p z? —4ad 4 42*
9 a2y +4y+6 b 54 —20a — 10 EXERCISE 4C.3 I
¢ 622+ 9z —3 d —12b% — 8b+ 12 1 ay2—16 b b2—1 ¢ 22-81 da’_64
e 3y® —6y? + 21y f 8a® + 2% — 2a e 25— B2 f4_ g2 g 100—a? h 49 —y2
g —10z3 —22% +8z  h —6b3 — 12b% + 6b i 922—4  j 1622-9 k 1—dy? | 25 — 942
H 3 2
I -6y 2y~ 10y EXERCISE 4C.4
EXERCISE 4B 1 a224+2:-38 b 22—2—6 ¢ 2246249
1 a 2245246 b a2+ 9a+ 20 d 2— 3z + 22 e —22+6x—8 f 22— 14z + 49
¢ b2 —-3b—10 d a? —7a+12 g 22 —36 h 2242024100 i 422 —49
e az + br + ay + by f ap+aq+bp+bg j 222 —Te—15 k 422 4+44z+121 | 22 — a2
g 222 +5z+3 h 222 +2—3 m 3z2—-13z—10 n 422—362+81 o 9z2—25
i 322 — 11z —20 j 322 411z —20 p —3z2+2zx+8 q 25—10x+x2 r 10z2+13z—3
k 1022 — 19z +7 I 2® + 22 + 4244 2 b 62 ¢ 0121 i 1101 i 4201
2 aa?f6ed9 bt -Grd9 e’ eI | pyppae e s p—
d 22 — 142+ 49 e 42 +20z+25 f 422 — 20z + 25 ) 9 5
g 22 +2y+y? h a?—2zy+y® i 2°—Sx+16 1 a 2:°+10c+8 b 32°4+27x+60 ¢ 4z°—24x+20
. ) ) ) d 12— 10c+2z? e —52>-45x—70 f —3z%+3z+18
j 100 +20z+z* k 4—12z+ 9z I 14 8z + 16z g —84120—42® h 2% — 2 —6 i 22 — 32— 10
3 a ”’2+25‘52+47’+3 b 2§3+5§2+7$+10 i 63—722  k 222 —50 | —322 4 24z — 48
¢ @ e ma 6 d @t b hem 4 be 2 a 2%+ 120418 b 12— 12z + 322
e 2z° —5x°+Txr —6 f 6x° + 172 +4x -7 9 9 9
3 5 3 5 ¢ 5a“ + 10ab + 5b d -4z —8x—4
g 2z° + 5z° + 3z + 35 h z° + 7z% — 11z 4+ 63 e —u? 4z —4 f 822 4 8z 42 g 222 8z + 12
EXERCISE 4C.1 I h —3z2 — 12z —11 i —2x2 + 162 — 24
1 a pm+pn+gm+gn b ar+as+yr+ys 3 a x24T+ 7 b 22+ 14z —7 ¢ 322 4+2x+3
¢ 22 +11x+28 d 2244z +3 e y24+5y+6 d 3224+ 152+16 e 22—5 f 422 —4x +4
fa2+10a+21 g a2—14 h 22— 2z—8 g 522 — 2z +11 h —2z2 — 22z +7
i 2244z —21 j 22 -7z —18 k 22—z —12 i —22422c 427 j 222 —Tx+14
l 22 4+42—12 m 22 —7z4+12 n 22— 13z +40 k —182%2 — 36z +27 | 22+ 14z -5
°©2?—152+44 p 2e®+2-3  q 32°—102—8 | EXERCISE 4D I
rdz? -2z —12 1 a7 b5 ¢21 d19 e8 f17 g 35 h 24
2 az242c4+1 b 22+8z+16 ¢ 22 —4dz+4 2 als5 bil1d ¢ 8 d2l e 18 f 80
d 2> 10z +25 e 946y+y° f 9—6y+y° g 12 h 50 i3 j30 k24 14
g 40’ +4z+1 h 42’ —4z+1 i 1+8a+16a® 3 a9v2 b 2V3 ¢ 13v7 d 23
j 1—8a+16a%2 k a®+ 2ab+ b2 I a? — 2ab + b2 e 53 f202+3 g —/3 h 43
m 93?22+12:B+4 n 16m2724m+29 i 3v24+v3 | -3 W I 5V5
° six —90;1:+2E; [ 421995 +28x+;1 4 a35-2 b 3+v3 c Vi3  d7ro7
3 az-—4 b y*—25 ca*—49 d b*—-16 e 2E_5 f 22— VI g V612 h 4v3 44
e 9—z2 f36-—y> g 1—a? h 64 —b? i i
P 422 -1 ] 9a2—4 Kk 9—252 1 25— 1642 P6-3v2 i 6v2-4 k6510 1 9+415/3
4 With each of these, the inners and outers cancel. This suggests 5 a2-3/2 b 2-4v2 ¢ 3-V3
that (a+b)(a—b) = (a—b)(a+b) = a® — b2. d —2v3-3 e —5-2V5 f—3-v2
g 4/5-5 h —3+7 i 11 —2y11
EXERCISE 4C.2 I | 4-2v2 K 9—15V3 | —21v3— 14
1 ac24+2d+d> b r24+2rs+s2 ¢ m2+2mn+n?
da216a+9 e a2 +10z+25 f 22422z + 121 6 ad+3v2 bO+5V3 ¢ 1+v3  d10+V2
g 4 +dz+1 h 92 +12c+4 i 162+ 24z +9 e 2 £3-3V7 g -1-v5 ho+4f3
i 25+302+92% Kk 4922 +14z+1 | 42 +4zy+y? P14-TVE O f17-10VE kK —645V2 1 23416v2
m36+12z4+22 n 9+30z+2522 o ztd2z241 7 a3+2v2 b 7-4V3 ¢ T+4V3
p ot +22% 4 22 d 6+2V5 e 27— 10V2 f 22 —-8V6
2 az?2—2zy+y®> b r2—2rs+s2 ¢ d?—2dc+ 2 g 51-10v2 h 17-12v2 i 19+ 6v2
d d2—6d+9 e 16_8a+a2 f 49_14:1:_’_:132 i 73+40\/§ k 16—6\/7 I 53+12\/ﬁ
g 922 —6x+1 h 25—-10d+d> i 422 —20z+25| 8 al13 ®23 31 d2 e 2 f -1
i 9—24a+16a2 k 9a2 —12ab+4b% | z* — 422 + 4 g 17 h23 05
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REVIEW SET 4A I

1

wi =W

6

2z + 22 b 14z — 4z
4 — 3 b 17z — 22
23 4+8224+3x+24 b 22—-8zx+16 ¢ 49—28zx+4z>
—z3 — 222 4 3z b 23 —22—-b5x+42

—2V2 b 6+6 ¢ —15+2V5

7—4v3 b 14+vV2 ¢ 7 7 222-92—6

¢ 8xr—12

REVIEW SET 4B

o WD

6

3z—24 b 6z—12
4z — 22 b —z-16
224+ 120436 b 422 — 20z +25 ¢ 9z2 —49
63 + 1522 — 3z b 223 — 5x? 4 11z — 12
V3 b 4/5—-20 ¢ 7—7V7

1246v3 b —4+5v2 ¢ 15 7 322 -8z —3

c 224 — 223 + 222

EXERCISE 5A I—

1
2

© Vv ® N &

Q 0 o 0o 0 0 O A A O QO

Q a C o

concert b 1000 people ¢ 29.7%
Shows sales of Daily News figures from September 2004 to

September 2007.

i 570475 ii 581384 ¢ Sept 04 - Mar 05

i 28188 ii 12653 e 97.3%

i £350000 i £269000 b £42000 ¢ 91.4%
i €4500 million ii 22.2% b 2004/2005, 2005/2006

2005/2006, possible drought year

New Zealand b i 23.7% ii 6.2%
i 1106 ii 5467
driver b i 40 ii 22 iii 18
i 35% it 19% b i 29 1ii 10
120000 b 60% ¢ 2003 d 33.3%
2007 b i ~$13 ii ~$20.50 ¢ 26% d 20%

Dairy, Edible oils, Meat/Fish/Eggs, Veg/Fruit

Decrease of 11.8% ¢ i 14.2% ii 18.9%
23.2% e Inciyes, in ciino, ind no.

i 131 km ii 2 hrs 20 mins

i 1 hr 50 mins ii 108 km

i 78 km ii Taupo and Rotorua

i Auckland (280 km from Taupo) and
Palmerston North (263 km from Taupo)
ii Auckland (131 km from Hamilton) and
Taupo (149 km from Hamilton)
iil Winding roads take longer to travel on than straight roads.

EXERCISE 5B

2

20 distance (km)
15
10
5
time (min)
0¢ > >
0 15 30 45 60

They travelled 50 km in the first hour and 70 km in the
second. After stopping for 45 minutes, they continued at
10:45 am, and by 1 pm were at the 330 km mark. Here they
stopped for an hour for lunch, and continued on at 2 pm.
By 3:20 pm they had travelled a further 100 km, and after
stopping for 20 minutes, they drove on again, arriving at Goa
at 4:40 pm.

b iE ii between H and I i I iv G
v between A and B vi between D and E
3 a tortoise

b 4 metres from starting line
1000
800
600
400
200
} minutes
0 L >
0 5 10 15 20
¢ hare
d A metres from starting line
} minutes
0 L= >
0 5 10 15 20
4 a Route B b Route C ¢ Route A
5 a 12km b 26 minutes ¢ i 4.5km ii 8.5 km
d i 14mins i 18.8 mins e 27.7 km per hour
6 a 40mins b 390 km ¢ = 280 km
d X=3hrs, Y:4hrs e 1hour

f X : 97.5 km per hour, Y : 78 km per hour

EXERCISE 5C

1 aA bC ¢cB 2 aC bB c¢cA
EXERCISE 5D I
1 a % Other
Colour | Sector angle Green
Green 88¢
Blue 78°
Red 67° Purple
Purple 48°
Other 78° Blue
Red
2 a 188 students b 9.5° ¢ 1440 students
3 a 3000, -
income
Dafter 5 years
2000 oafter 10 years
1000
0 -
Kaylene Harry = Wei  Matthew
b o
£ Matthew F
o . =
:f Wei =
5 Harry S
= Kaylene g
2000 1000 0 . 0 1000 2000 3000
income
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¢ | Graduate | % increase d Kaylene and Wei f Start with x, subtract 4 and then divide all of this by 5.
Kaylene 252 g Start with x, divide by 7 and then add 2 to this fraction.
Henry 84.8 h Start with z, divide by 3 and then subtract 4 from this fraction.
Wei 173 i Start with =, multiply it by —2 and then add 1. Divide the
Matthew 49.8 whole of this by 3.

REVIEW SET 5A I

i $21.6 million ii $15.84 million b $5.76 million

i 25% ii $4.14 million
745 b 26.6% ¢ 82.6% d 55-64 e 20.1%
i ~$80000 ii ~ $205000 b =~ 156%

March 2002 - March 2006
The levels of ultraviolet radiation recorded from 8 am until
6 pm.

12 noon
6000 km
The flight from B to A was completed 1 hour faster.
3 hours

A to B: 857 km per hour,

¢ 6 d between 9:30 am and 3 pm

B to A: 1000 km per hour

REVIEW SET 5B

1 a
[
2 a
3 a
c
L a
b
5 a
b
c
d
1 a
<
2 a
b
d
3 a
b
e
f
4 a
d
e
5 a
[
d

production b I €500000 ii €125000
20% decrease
The total number of detections and revenue from speeding
fines for the years 2004 - 2007.
2005 ¢ £35163339
A sharp decline in speeding fines in 2007.
Shows the % cost breakdown in CD selling price.
retail margin -~ ¢ distribution d 23.8%
i $2.16 il $3.20 iii $3.77
99.9%, error due to rounding off
December 2004 b =~ 200 home sales
~ 430 (April 2005)
Sale figures were higher in the June 04 to December *04
period than in the January *05 to June ’05 period.

900 km b 1 hour

Gallelli family: 66.7 km per hour,
Ortuso family: 100 km per hour
Gallelli family: 81.8 km per hour,
Ortuso family: 75 km per hour

¢ =~ 650

EXERCISE 6A I—

1 az="7 b a=4 c x=-4 d y=1
2 aA b A c Db d A e B f C
g D h A i B jcC k E I A
EXERCISE 6B I
1 az=10 b z=13 ¢ 2z =14 d 3z=11
2 az=1 b z=-6 c 2xr=-5 d 3xz=-10
3 a3zx=-9 b lx=5 c =38 d z=-4
e z=6 f x=-40
h azrx=4 b z=-6 cx+4=0
d z—-3=28 ezr+2=-3 fz—-1=4

EXERCISE 6C

b
<
d
e

Start with =, multiply by 5, then add 2.

Start with z, multiply by —1, then add 7.

Start with z, add 6 and then multiply all of this by 5.
Start with x, subtract 3 and then multiply all of this by 8.
Start with x, add 2 and then divide all of this by 3.

£ € £ wnuwu=020T 033 _x_000a0

»

Start with , multiply by 3 and then subtract 4. Divide the
whole of this by 2.

Start with x, add 6 and then divide all of this by 3. Finally
add 5 to this fraction.

Start with z, multiply by 2 and then subtract 1. Divide all of
this by 4 and finally subtract 11 from this fraction.

Subtract 5. b Add 7. ¢ Divide by 2.
Multiply by 5. e Divide by 3. f Multiply by 4.
Add 6. h Subtract 11 and multiply or divide by —1.
Subtract 1, then divide by 2. j Add 2, then divide by 3.
Subtract 7, then divide by 5.

Subtract 1, then divide by —2.

Subtract 2, then divide by —4.

Subtract 17, then divide by —3.

Subtract 2, then multiply by 3.

Add 2, then multiply by 4.

Multiply by 2, then add 1 and then divide by 3.

Multiply by 3, then subtract 5 and then divide by 2.

Add 2, then multiply by 3 and then subtract 1.

Subtract 5, then multiply by 2 and then take 3.

Subtract 1, then multiply by %

Subtract 6, then multiply by —%.

Multiply by 2, then add 5 and then divide by 6.
Multiply by 3, then subtract 1 and then divide by 4.

EXERCISE 6D I

1 az=-3 b r=-3 cr=-2 dw:—%
e x=2 fz=21 g z=2 h z=-41
i z=-1 |$:% k z=1 Ix:—%

2 az=11 bx——3% cz=-2 d z=
e x=2 fz=9 gz=-4 ha=
iz=-2¢ ja=-1 k z=3 l z=-5

3 az=10 b z=-6 crx=-16 dz=9
e x=3 f z=-8

4 =-3; b= cz=5 dz=3
e r=3 fw:—4%

EXERCISE 6E I

1 az=3 b z=3 c r=-2 d x=-6
e z=—1 f z 5%

2 az=-2 b z=-5 cx=>5 d z=-2
e xz="7 fz=0

3 az=4 br=-31 c¢z=3 dz=1
e z=-3 fac——G%

4 azrzr=-1 b z=3 cm:2% dm—%
e r=-2 fz:l%

5 azxz=6 bw:% c =2 d z=
e r=-2 f xz= g =28 h =14
iz=2 iz:—l% k true for all

no solution; impossible equation
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EXERCISE 6F I—m—

1 az=10 baz=3F caz=1 dz=2
— _ 3 11 _ 5
e z=2 fz=q g rv=1z h z=3
2 az=3 b =38 cz=27 dax=-5%
e x=2 fx:flg gx:fli h z=1
i no solution; impossible equation
_ 96 _ _ 6
3 azx=27 b z=-5 c =28 dz=—3
_ 9 _ 18
e z=:% fz=-2¢
_ 1 __ 13 _ 7 1
_ 19 _ 415
— _ 4 _ 1
5 azxz=35 bz=g3 ¢ x=-133
dm_% e r=0 f r=11
EXERCISE 6G
1 az=10 baz=12 ¢ z=3F daz=13
_ 4 _ 2 _ 7 _ 3
e x=g3 fz=3% § T=—g h z=—3
_ 1 _ — 3 —
2 azx=-3; baz=3 cx=-13 daz=-2
e no solution; impossible equation f x= 72%

REVIEW SET 6A I

12=7 2 B
3 Start with , multiply it by 2 and then add 1. Divide the whole
of this by 3.
4 Add 7 and then divide by 5. 5 Divide by 2 and then add 3.
arz=-8 baz=21 c¢z=-1
7 az=32 baz=-2
8 ax:% b z=2 c x=11
REVIEW SET 6B
1 2=-3 2 A
3 Start with x, subtract 3 and then multiply all of this by 4.
4 Start with z, divide by 5 and then add 3 to this fraction.
5 Multiply by 4, subtract 3 and then divide by 2.
6 az=2 bor=-41 c¢z=3
7 azxz= 2% b z=1
8 am:l% bx:f6% cx:72%
EXERCISE 7A
1 a true b true c false d false e false f true
2 ab=45 b a=113 ¢ a=153 d b=180
e b=091 f a=b=90
3 a 54° b 19° ¢ (90—a)° d a°
4 a 101° b 67° ¢ (180-n)° d m® e (90 —a)°
5 a x =108 {vertically opposite angles}
b a =143 {angles on a line}
¢ b=49 {angles at a point}
d = =61 {alternate angles}
e z =331 {angles at a point}
f y =153 {cointerior angles}
g a=>51 {complementary angles}
h z =110 {cointerior angles}
i ¢=103 {corresponding angles}

£ ew=07033 - x

- T 0 - ® O n o

an O o

m = 226 {angles at a point}

g =123 {cointerior angles}

a =115 {alternate angles}

b =130 {corresponding angles}

x =39, y=39 {vertically opposite, corresponding}
a =60, b=060 {angles on a line, corresponding}

x =108, y =108 {cointerior angles}

n =140 {angles at a point}

a =90 {angles on a line}

a =155, b=>55 {angles on a line, corresponding}

x =146, y = 146 {corresponding angles}

a =120, b=120, ¢=60, d =60

{vertically opposite, corresponding, angles on a line}

d =130 {angles at a point}

g =54 {angles at a point}

e =120 {angles at a point}

h =60 {angles on a line}

n =36 {angles on a line/equal corresponding angles}
x =75 {cointerior angles}

x =45 {angles on a line}

z =5 {complementary angles}

z =42 {angles at a point}

parallel {alternate angles are equal}

not parallel {cointerior angles are not supplementary}
parallel {corresponding angles are equal}

EXERCISE 7B I

-0 O an O

A C O O w0

[}

a =52 {angles of a triangle}

b =130 {angles of a triangle}

x =61 {angles of a triangle}

x =55 {exterior angle of a triangle}
y =120 {exterior angle of a triangle}
e =154 {exterior angle of a triangle}

[AC] b [AB] ¢ [BC] d [BC] e [B(C]
[BC] g [BC] h [AB] i [BC]
true b false ¢ false d false

m = 60 {angles of a triangle}

b =36 {angles of a triangle}

x =80, y =60

{vertically opposite angles/angles of a triangle}
a =280, b=50

{equal corresponding angles/angles of a triangle}
a =50, b=120

{angles on a line/exterior angle of a triangle}

a =280, b=060, c=140, d =40

{vertically opposite/angles on a line/exterior angle of a
triangle}

5 46°, 52°, 82°
EXERCISE 7C

A o -0 O n O

x =50 {isosceles triangle/angles of a triangle}

x =50 {isosceles triangle/angles of a triangle}

xz =75 {isosceles triangle/angles of a triangle}

x =36 {isosceles triangle/angles of a triangle}

x =35 {isosceles triangle/angles of a triangle}

x =80 {isosceles triangle/exterior angle of a triangle}
x =12 {isosceles triangle}

x =8 {isosceles triangle}

x =90 {isosceles triangle/line to midpoint of base}
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3 a cquilateral b isosceles ¢ equilateral d isosceles
e isosceles f isosceles
a =56 b isosceles
az="72 b y=>54 c 108°

6 a xz=45 b y=672 ¢ 135°

EXERCISE 7D.1

1 a two, 2 x 180° = 360° b three, 3 x 180° = 540°
¢ seven, 7 X 180° = 1260°

2 a =287 b z=43 c x=365 d z=90
e =60 f x =151 g x =108 h z=110
i =120
3 13 angles 4 No such polygon exists.
5 Regular No. of | No. of | Size of each
polygon sides angles angle
equilateral triangle 3 3 60°
square 4 4 90°
pentagon 5 5 108¢
hexagon 6 6 120°
octagon 8 8 135°
decagon 10 10 144°
180(n —2)°
6 a180n—2e° b 222D 5 15 Gdes 8 No
n

EXERCISE 7D.2

1 a z=142 b z=112 ¢ =258
2 | Regular Sum of Size of each Size of each
polygon | exterior angles | exterior angle | interior angle
square 360° 90° 90°
pentagon 360° 72° 108°¢
hexagon 360° 60° 120°
octagon 360° 45° 135°

EXERCISE 7E
1 aa® b 2° ¢ z° [AE]bisects CAD
2 b 90° ¢ APB is 90°
e isosceles triangles, AO = OP and OB = OP
OPA = z°, OPB = y°, APB = z° + y°
But z+ (z+y)+y=180
2z + 2y = 180
APB is always a right angle.

z+y =90

3 ¢ The angle at the centre is double the angle at the
circumference.

e We have created two isosceles triangles as OA = OB = OC.

OCA=a° and OCB =10 . ACB=a°+0b°
Now AAOX = 2a° Likewise BOX = 2b°
AOB = 2a° + 2b° = 2(a® + b°)

~

So, AOB is always twice ACB.

4 ¢ The opposite angles of a quadrilateral add to 180°.
e We have created four isosceles triangles as
OA = 0B = OC = OD. N .
ODA = a°, OAB =1b°, OBC =c° OCD = d°
Now DAB + DCB = a® 4 b° + ¢° + d°
But the sum of the four original angles is
(a4+b)+(b+c)+(c+d)+(d+a)
=2a+2b+2c+2d

2a + 2b + 2¢ 4 2d = 360
a+b+c+d=180
So, opposite angles of a quadrilateral add to 180°.

5 Hint: Find ABC, then DAX and XDA.

EXERCISE 7F
1 a

2 a x=40 {opposite angles of a parallelogram}
x =6, y=>5 {diagonals of a parallelogram}
¢ =90, y=40
{diagonals of a rhombus/exterior angles of a triangle}

-3

a =71, b=124 {cointerior angles are supplementary}
z =50 {diagonals of a rhombus}

z =90 {diagonals of a kite}

y =120 {angles of a kite}

z =6 {diagonals of a rhombus/Pythagoras}

x = 2.5 {Pythagoras/diagonals of a rectangle}

- T 0 -0 O

3 It is a rectangle. L 1t is a square.

5 a parallelogram, use Pythagoras’ theorem,
with a diagonal strut, congruent

REVIEW SET 7A I

1 a a=110 {angles on a line}

b b=090 {angles on a line}

¢ ¢=130 {vertically opposite angles}

d a=70, b="70
{vertically opposite angles/corresponding angles}
a =60 {corresponding angles/angles of a triangle}
f a=65 b="75 c=40

{alternate, corresponding angles/angles on a line}

[

2 a x =60 {angles of a triangle}
b p =75 {exterior angle of a triangle}
¢ n =114 {exterior angle of an isosceles triangle}
d 2 =70 {base angles of an isosceles triangle}
e z =102 {angles of a pentagon}
f =60 {exterior angles of a quadrilateral}
3 atrue b true ¢ false d false

4 a acute angled isosceles
¢ right angled isosceles

b obtuse angled scalene

5 a kite b parallelogram ¢ trapezium
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REVIEW SET 7B EXERCISE 8C
1 a b=140 {angles at a point} 1 a a*? b z3y3 ¢ atct d z3y323
b a =54 {angles ata point} e 3245 f 8la? g 8m3 h 1254363
¢ =065 {vertically opposite angles} 5 3 4 5 9
d z =110 {corresponding, cointerior angles} 2 aZ b L < 2 d & e —
B - Y2 b3 P 45 22
e z=120, y=60
{opposite angles of rhombus/cointerior angles} ¢ y_3 g 16 h f
f The parallelogram is a rectangle (as one angle is 90°). 125 a* 32
?ﬁe giat%onals cr}elate4iiosceles triaggles. 3 a 445 b 25n4 ¢ 9zt d 9aS
e bottom one has angles z, x and y. 9 4 6.3 3 412
2z +y =180° and z =40 {alternate angles} e 7y i 8 12 h 9a’b
—100. i 274365 j 49a%c? k 16a8b* 1 274307
2 a x =25 {exterior angle of a triangle} a?b? 9 8m* m* 4at
4 a — b — c — d — —
b =65 y==65 4 b2c? n3 16 b2
{angles of isosceles triangle/corresponding angles} f b 16a* 16a*
¢ =060, y =45 {cointerior angles} 8d3 % o2 ]1pl2
d z =65 {alternate angles}
e a =130 {angles of a kite} EXERCISE 8D
f x =8 {isosceles triangle/Pythagoras} 1 al b1 c1 d1 e 1if y#0
3 a right angled scalene b cquilateral triangle flifa#0 g 2if z#0 h 1if 2#0
¢ obtuse angled isosceles ilifz0 jJ1ifb#0 k4 14
4 a x =280 {angles of an isosceles triangle} 2 a g b 1 ¢ d % e 1 fi
b z =130 {exterior angle of a triangle} g L h L i L : 1
B . . . 19 81 27 I 0000
¢ x =115 {exterior angle of an isosceles triangle}
d a =060 {angles of a quadrilateral} 3 a2 b 4 < % d % e9 f %
= i 9 16 i 64 11
ef a:i;o {angl(*is ott‘fiqllladrllateral} g 2 h 18 i o i
z =8 {isosceles triangles} 9 1 4 1 3 1
5 a acute angled isosceles triangle {equal base angles} 4 a a b 2% ¢ b d b e 2 902
b regular pentagon {equal sides and equal angles} 1 b 5 L o1 K Z
. . . —_— 1 —_— — —_—
¢ parallelogram {pairs of opposite sides are parallel} s 2502 2 Yy ! zy Y2
;L 2a N 0 2 o n?
I - Py — ry
EXERCISE 8A 222 b >ab P 3
1 aa? b b3 ¢t d nt e m3 f s5
a 103 b 10° ¢ 107 d 1078
g b h &° jp k k° m?* 5 5 ) 3 5
m k7 n nb o &8 pn4 6 a2 b 2 < 3 d 3 e 5 f5
g 25 h27% i3 j37% k52 12,3005
2 a at b s6 c g a?c?
e mb f 9a2b> g 4a* h 25p* EXERCISE SE.1 I
i 9a2b* i 49m*n? k 64a*c? | 27336y3 1 a 102 b 103 ¢ 10! d 10° e 101
m a? n 4a? o —27b3 p —50a3 f 102 g 1074 h 108
3 aa bm? 1 dy> ek fp 2 a 2.59 x 102 b 2.59 x 10° ¢ 2.59 x 10°
2d° 5 —1 —4 1
g 2nd h 2r i 4g3 i i K 565 | h_ d 2.59 x 10 e 2.59 x 10 f 4.07 x 10
3 3 g 4.07 x 103 h 4.07 x 102 i 4.07 x 10°
j 4.07 x 108 k 4.07 x 10~°
EXERCISE 8B I 4 5
3 a 1495 x 10" m b 3 x107* mm ¢ 1x107° mm
6 4 7 5 5 5
! : 2 : 2'7 €5 47T e fn d 14162x10~7 e 15x107°C  f 3x 10°
x
5 5 5 . . 4 a 4000 b 500 ¢ 2100 d 78000 e 380000
2 a2 b 35 €5 d1° ez fy f 86 g 43300000 h 60000000
8 a h b 5 a 0.004 b 0.05 ¢ 0.0021 d 0.00078
3 a20 b 10® 32 d25 e g2 !0 e 0.000038 f 0.86 g 0.000000433 h 0.0000006
20 21
8 a h b 6 a 0.0000009 m b 6130000000 people
4 a ab b »® c d d° e a2  f b3 ¢ 100000 light years d 0.00001 mm
g b1 h a"t3 ib im® kad 1 gt e 0.0000001 kg
5 aa? b 85 ¢ 40n%k*  d 7a® 7 a6x105 b 35x108 ¢ 3x108 d 9x10°
e 4ab? f m3n g m® h p? e 25x109 f 64x1072% g 2x 102 h 4 x 102
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EXERCISE SE.2 |

i e R =

2 a 3x10°8 b 1.36 x 1010 ¢ 4.64 x 100
d 9.87 x 10 e 3.57x 1078 f 8.74x 1076

3 a 1.64 x 100 b 412x 103 ¢ 5.27 x 10718
d 1.36 x 10? e 2.63x10°6 f 1.73 x 10°

4 a 1.30x10°km b 9.07x10°km ¢ 9.47 x 107 km
a 1.8x10%m b 259x10¥m ¢ 9.47x10% m

EXERCISE 8F

1 a 570 b 16000 ¢ 71 d 3.0 e 0.72
f 50 g 3.0 h 1800 i 0.041 j 46000
2 a 43600 b 10100 ¢ 0.667 d 0.0368 e 0.319
f 0.720 g 0.636 h 0.0637 i 19.0 | 257000
3 a 28.04 b 0.0056362 ¢ 23680 d 42370000
e 0.03879 f 0.006378 g 0.0009000 h 43.08

4 3.06 x 1024 atoms

REVIEW SET 8A

1 az! bal2 ¢® 2 a3 b 3¢
3 a 3.762 x 103 b 1.043 x 104 ¢ 8.62 x 10°
7 64
4 a 43 b 3 [4 25
5 a 6.4x103 b 7x107 ¢ 1.6 x 10%
13 8ab
6 a 8z b 3 7 a 266 b 0.000620 ¢ 3.14
8 a 3.47x 108 b ~ 1.69 x 10'* km

¢ 6.9 x 1010 km per hour

REVIEW SET 8B

1 aa® b 322 ¢4288 2 a7 b 7
3 a 315x10°3 b 4.132 x 10° ¢ 8.904 x 1071
4 2
4 a 9 b 3 ¢ —1
5 a 64x107° b 5x10° ¢ 3.6 x 10°
1622

6 a 204! b 7 a 580 b 0.00826 ¢ 2.82

y6

8 a 32x10°° b ~ €4.78 x 1010
¢ 6.25 x 1010 cm per second

EXERCISE 9A I———

1 a4 as 42=16 b 6 as 62 =36 ¢ 8 as 82 =64

d 12as122 =144 e 9as 92=81 f 1lasl11?2 =121
g 2as 22=4 h 1a 12=1 i0as 0°=0
sl 1\2 _ 1 1 1\2 _ 1
isa(3) =5 kias(3) =45
5 5\2 _ 25
|§as(§) = 64
2 a land?2 b 2and 3 ¢ 3and 4 d 5and 6
e 8and 9 f 10and 11 g 6and 7 h 7 and 8
3 a 283 b 3.87 ¢ 4.90 d 8.19
e 9.11 f 10.54 g 11.83 h 14.14
i 1.77 j 0.20 k 0.87 1 2.70

EXERCISE 9B I

1 a3 b 7 ¢c13 d24 e2 f2
g3 h V3 i8 i 45  k 98 1 28
2 a2v/2 b2v/6 ¢ 27 d2V/13 e 3v2 f 42
g 3v/3 h4/3 i6V2 j5v2 k5V/5 137
m 45 n 10v/2 o 5V3 p 4V7
EXERCISE 9C I
1 az=43 b z=46 cx=0
d z=+10 e z=+V13 f =429
g = +4/2 h z=47 i no solution
J no solution k z=+3vV2 I no solution
2 az==42 b zr=+44 ¢ x =46
d x =45 e r =242 f z=+2V2
g z =432 h z=+2V3 i z=+2/10
3 axrz=43 b x=+44 ¢ r=45
d z=42V6 e x=+45/2 fo=44V2

EXERCISE 9D

1 ab5cm b v/65m ¢ vV109cm d 10 cm
e 34 cm f 202 m

2 a6m b 2v6 cm ¢ /39 km d 3 km
e V21 cm f 4v/2 cm

3 ay=1 b y=1 cy=2 d y=3V2
e y=1 fy=2

4 az=+5 y=+6 b z=3 y=+34
¢ =10, y =226 d z=6, y=13
ez:\/iy:\/g,z:2 f z=2V51
ga::\/ﬁ h =33 i =42

EXERCISE 9E
1 ano b yes ¢ no d no e no f yes

2 a right angled at ACB b right angled at KLM

¢ right angled at Qi—"\R d not right angled

e not right angled f right angled at XZY

EXERCISE 9F

1 a yes, 1024242 =262 b no, not integers
¢ no, 1724192 # 252 d yes, 122+ 162 = 202
e yes, 1124602 =612 f no, 2324 362 # 452
2 a 32442=5% b yes € 3:4:5
d yes e 3:4:5 f =230
a xz=10 b z=20 c =24 d =25
az=2/2 bz=3/2 cz=10/2 d z=2
a k=12 b k=17 ¢ k=10 d k=60

EXERCISE 9G I

1 a 117ecm b ~10.8 cm
2 /3528 (or 4.2v/2)em~59cm 3 VI3m~3.6lm
4 ~144cm 5 ~274km 6 382m 7 3.46m

8 a Yes, exactly to the bottom of the window.
b It reaches to be 21 m long retract 3.81m ¢ 8 m
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9 128 km 10 a 26.6 km b = 2 hours 40 minutes
1 a B 32km, C 36km b 482km 12 ~361lm
13 ~520cm 14 a 4cm b 12cm?

15 a 15cm b 1005cm® 16 33.9 cm
17 28.3 cm x 28.3 cm 18 4.12 cm x 16.5 cm
19 11.5ecm 20 433 cm? 21 V40~6.32m

EXERCISE 9H I
1 V3~1.73cm 2 V34~583m
4 /50~ 7.07 cm

3 V352x5.92cm

EXERCISE 91 I

1 al b —1 < —2 d 4 e —6 f5
g —5 h 10 i —10 j7

2 a =~ 1.59 b ~2.71 ¢c ~—-464 d ~6.30
e ~ —12.6

3 azxz=2 b z=-5 cx=4 d =0
e r=-3 fr=-1 g = =100 h z=-9

h a rm~412 b 635 ¢ xx~-366 d x~9.65
5 ~6.69 cm

REVIEW SET 9A
b z =423

2 b 12 <5 d -3
3 a3v2 b 12v2 4 ~225cm 5 10cm

6 a x=+/170 b z=4V3 ¢ z=+10

7 a no, 52462 #£7% b yes,since (52)%+(122)% = (13z)?

1 a no solutions ¢z =122

a 11

8 3.32m 9 45~ 8.9 cm

REVIEW SET 9B

1 az=+47 b z=+V13 ¢ z=+12V3

2 a: b2 ¢4 35/2 ha=-5

5 az=+v69 b =65 ¢ anyvalueof >0

6 a yes, 18:24:30=3:4:5 b no, 10%+132# 172

7 VBb~742cm 8 206km 9 1.56m 10 89.4 cm
EXERCISE 10A.1 I

1 a kilometres b metres ¢ metres

e centimetres f millimetres

a B b C ¢ D

4 a 15000m b 24cm
e 4.32 km f 0.00384 km

5 a 9625cm b 9.625m 6

d centimetres

¢ 3200 cm d 4500 mm

a 6356m b 6.356 km

EXERCISE 10A.2 I
a 15cm b 22cm d 26 cm
2 a 1500m b 6000m ¢ $744 3 77m & 5 laps

5 a P=5z+5cm b P=6x—3cm
d P=6x+6cm e P=Txr+4cm
g P=a+b+cecm h P =9acm

¢ 30 cm

¢ P=4z+16cm
f P=8x+12cm
i P=3a+4cm

EXERCISE 10B N
1 a 37.7cm b 16.3m ¢ 19.5 cm

2 a 2513cm b 56.55m ¢ 4524km 3 ~22.0m
L ~157m 5 a 251.3cm b 25.13km ¢ 3979 times

6 a 257lecm b 27.00cm ¢ 2342cm d 31.42cm
e 34850m f 33.13cm g 37.70cm h 57.13 cm
i 56.55 cm

7 37.7cm 8 Both distances are the same; 47 metres

9 159cm 10 a 1.885m b = 53100 revolutions
11 a =~ 45200 km b = 26400 km per hour

12 a P=d4nzx bP:293+7T2—:1c ¢ P=mnr+2r
(%
d P=nx+2x e P=2mx+ 8 fP:Terg—l-Qr

EXERCISE 10C.1

1 am?2 bem?2 ¢mm?2 dha e m? f km?
2 a 2350000 cm? b 365000 m? ¢ 32.8 cm?
d 365.42 m? e 78.2ha f 880 mm?
g 500 ha h 30 km? i 50000000 m?
EXERCISE 10C.2
1 a 10.24m? b 54 cm? ¢ 42 m? d 85.5 cm?
e 10 cm? f 60 cm? g 120 m? h 35 cm?
i 72 cm2
2 ~ 3050 m? 3 37.5% & 640 bricks

5 a A=182z2 cm?
¢ A=3a%2+9a cm?
EXERCISE 10D e
1 a 153.94 cm? b 2463.01 cm?

b A=22+10z cm?

¢ 17671.46 mm?2

d 19.63 cm? e 37.70 m? f 40.11 cm?
2 a8l17cm b 53lcm? 3 363m2 4 91.6m?
5 a 550cm? b 31.4cm? ¢ 20.0 m?
EXERCISE 10E I
1 a 78m? b 46 m? ¢ 30 cm? d 55 m?
e 54 cm? f 78 cm?
2 a 17853.98 m? b 42.06 cm? ¢ 12.57 cm?
d 201.06 cm? e 16.86 cm? f 26.30 cm?
3 225 tiles 4 64.4 m? 5 ~153m? 6 37.7m?
7 2.39 m? 8 decreased by 1.14 cm

9 a A=10x+65 cm? b A =222+ 80z cm?

¢ A=322+9z cm?

EXERCISE 10F.1 I

1 a 150 mm? b 105.84 cm® ¢ 433.5 cm?
2 a 592 cm? b 8550 mm? ¢ 168 m?

3 a 108 cm? b 1056 cm? ¢ 510 m?

4 a 1264 cm? b 360 m?2 ¢ ~313m?

5 Surface area = 45.6 m?2
6 ~348m> 7 =~ £617
EXERCISE 10F.2 I

10 cans needed. So, €132.

1 a ~352cm? b ~ 341 cm? ¢ ~44.9 cm?
d ~ 100 m? e ~ 820 cm? f ~ 292 m?
a ~11300cm? b = 63.6 m? ¢ ~ 509 cm?
3 a A=15022 b A=14a2 ¢ A=>522+4 5622
d A=10m2? e A =9ma? f A= 6422 + 121/522
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EXERCISE 10G

1 ~21.5% 2 a ~1260cm®> b ~€8670 3 ~27.4m?
4 1734m 5 The rectangle has area 20 cm? extra.
6 ~252m 7 =~11.3cm 8 ~119cm 9 = 35.6 litres
10 565 balls 11 The sphere is 167~ 50.3 cm? extra.
12 ~5.15 x 10% km?

REVIEW SET 10A I

1 a 95cm b 4800 m ¢ 31500 m?
d 5.5 m? e 34000 cm? f 1.85ha
2 a 38cm b ~24.3m ¢ ~514m
3 a 50 cm? b ~ 23.4 m? ¢ ~ 31.7 cm?
4 a 76 cm? b ~ 478 cm® ¢ ~ 1260 cm?
5 a 352m? b $2252.80 6 ~ 13.7 cm?
7 a i P=6z+8cm ii A=2z245z4 3cm?

b i P=z(r+4)cm ii A=2$2+%7r1'20m2

REVIEW SET 10B I

1 a 6.89 km b 294 mm ¢ 0.88 ha

d 76000 m? e 8500 mm? f 3.4 cm?
2 a ~ 158 cm b 48 m ¢ 25.1 cm
3 a 12.7m? b 20.5 m? ¢ 7.28 m?
4 a 352 cm? b ~129cm? ¢ 208 cm?
5 P=10z + 2wz m, A =12z + 2rz? m?

6 a =37 b8 m 7 668m 8 89cm
EXERCISE 11A ——

1 az+5 bz+7 c¢a-9 da—2 e d+8 f%
g 2b h2x+11 i 3s+5

2ax—3b2:wa+4d§elﬂ—wf§
g 2r—3 h 3x+7

3 as8—uz bg ¢5c d30-z e x+1
fzrz+1, 24+2 g x+2 hzxz—1, z—2
iz—1, z+1 jx+7

4L a 7—a b b+1 cc—1, ¢c—2
d d+2 e p—2 p+2 fn—t

5 ant+(n+1) b n(n+2)
¢ 20z + 50(z — 2) pence d 60z + 80(x + 5) watts

EXERCISE 11B I

1 az+5=7 baz—3=—1 ¢ 2x+5)=33

d2x4+3=7 e2z=zxz-5 fdor=35—=x
2 az+(z+1)=21 b z+ (x+1)+ (z+2) =162
¢ xz+(x+2)="178 d z+(z+2)+(x+4) =123
3 al12(n+3)+23n =281 b 8h+6(11—h)=80
¢ 2(f+2)+5f=123
& a 3s+11=2(s+11) b 2z — 21 =3(z — 21)
¢ (z+10)+3=3(z+3)

EXERCISE 11C I

1 63,64 2 6 338 l|2% 56 6 36
7 14 of them 8 12 onions 9 9 small and 5 large
10 41,73 11 32,62 12 8,10, 12

13 8 years old 14 7 years old 15 17 years old

EXERCISE 11D I
1 a8cm b25m 2 a 10m b 10.5cm
3 a 8 cm b 12 planks

4 a 30 metres per second b 2.5 seconds
5 a2cm b 7cm 6 a ~637cm b ~3.09cm

EXERCISE 11E I

1 a S<40kmperhour b A>18 ¢ a>3 d b< -3
ed<b5 f 2022 g 4<y hz>0
2 ax>2 b b<5 €cc>2f dd<-T7
e a< —19 fp>-3
3 a o—s b — .
- X B e E——_
2 -3
< D —— b d — .
2 -1
e  — f <+——0 P
3 2
g -9 b h — .
-2 -2
L a true b false ¢ false d false e true f false
EXERCISE 11F I
o—
1 aa>2 é a
-—
< — rt
b b< -3 =3 b
~4———0
¢ c<6 -« é > C
“——+—0
d s<6 -« 6 L)
D ———
e b<—4 ) b
o—
ft>-5 =5 t
o
< —60 - L »
§ms Z60 "
>
h z>-5 - _‘5 > X
—»
ib>-2 -~ > b
-3
1 P c— -
I a>33 31 a
~4—0
k a< -2 - _'2 >
o—»
I b>5 s b
o
m s> -2 a—— =
B —— ]
n a<?2 2‘ a
«——+—0
o b<3 3 b
——»
Pb>1 -~ b
3
“——+—0

qn<-—2 -



3 ——»
rb}lz 5 b
[y

o—
ax>9 9 x
-—o
b b< -5 - _'5 > b
——»
c c>16 - L » C
- 16
40
d <9 9 x
~—
¢x>—4% — x
3
o—
foz>-2 D > X
-~
g <20 - 2‘0 » X
1 P c— -
hx>2§ 2l X
2
1 - 0 -
|$<9§ 9L x
3
40
a a<lb - 1'5 > a
——»
b b>-—1 - _'1 > b
-—e
c c<< —2 - _'2 »
D —)
d a<—6 —.6 a
>
6125% - 5‘1 » X
3
-—e
f r<3 - é » X
ac>1§ bag—% caél% d a< -1
1 1
e a>7 fa>§
axz<l1 bc> -2 cb< -2 d a>21
e d>14 f p<32
o——
ax>2 - é > X
-—e
b r< -3 - _‘3 » X
“+——0
cx<—1 - - > x
4 +—0
d.’l?<g r X
5
B —
e r< —3 - _'3 » X
——»
fz>-2 - L » X

REVIEW SET 11A I

2
I3

axz+5 b x—10 c 2x+1

ax+7 b a22-3 ¢ x+2 3 50x+ 10(x+ 2) cents
a2z—5)=64 bat+(z+1l)+(z+2)=12 5 6
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6 13 5-pence coins 7 a 28 metres per second b &~ 128 m
8 ax>7 b —-11<x 9 <3
10 a ® , b ‘ o
-~ x -~
5 3
1M az<3; ba<—4L caz<-3

REVIEW SET 11B I

1 az—5 b z+6 c x'gl
2 al2z—z bbzx—3 ¢ 25—z 3 10z + 20(2z) euros
4 a 3x=48—-=z b z+(z+2)=16
5 16 6 4 10-centcoins 7 a 320000 units b 10 cm
8 a *—>r a b -+—0 b
-2 -1
[ o—»
«——
0
9 axz<li baz<10 ¢ x>0 10 45 yearsold
EXERCISE 12A I
1 acmPorm® b m® ¢ em® d km® e mm?
fm?> gcem® hm® i mm?
2 a24cm® b 68x10%cm® ¢ 0.083 cm®
d 748 m3 e 3.48 x 10° mm® f 2 km?

g 7.2x10°m® h 381cm® i 3.5x 10% mm3

EXERCISE 12B

1 a360m® b 125cm® ¢ ~368cm® d 2.6 m?
e 175ecm® f ~111000cm?® or 0.111m3 g 819 cm3
h 576 cm® i ~0.0754 m3
2 a ~66.7cm? b ~ 236 cm3 ¢ 60 cm?
d 60 cm?3 e = 3020 cm? f ~ 149 cm?
3 a ~905cm? b = 556 m® ¢ ~56.5 m3
L a %mc?’ m3 b %TI’LL‘S m3 c %m?’ cm?
d 217a3 cm3 e 12mrz3 cm3 f 923 cm3
5 12 cm? ~ 6810 cm® 7 ~4.45cm® 8 =~ 6280kg
EXERCISE 12C.1 I
1 amL bl ¢mL d kL e ML f L
g L h kL
2 a 348L b 4850kL ¢ 0.0725kL d 8.6 ML
e 7800 L f 15300 mL g 0.545 L h 0.048 kL
i 3721 ML j 65L k 820L | 200000 mL
EXERCISE 12€.2 I
1 a 250cm® b 9000 cm® ¢ 3900m® d 750 mL
e 41L f 18.5 kL
2 ~7.07L 3 209kL 4 7 jars
5 a ~20900cm® b ~209L ¢ 698 boxes 6 200 kL
EXERCISE 12D
1 a ~147m? b ~ 1410 kg ¢ ~ £1130
2 21676 bottles 3 a 100m? b $1650
4 1145 sinkers 5 7.5 cm
6 3:5 inall cases, i.e., the same ratio
7 a ~ 550 cm? b ~0.110 m3 ¢ =~ $14.85
d ~ 267 kg
8 ~ 36200 cm?® 9 ~4.92cm 10 = 4.77 cm
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11 a ~156m b ~168m 12

13 {/4r:1~161:1

REVIEW SET 12A I
1 a 95cm b 4800 m

e 2.5x 10 cm?

2 a ~ 1570 cm?

¢ 1.85ha d 5.5 m?2
f 25L
b ~ 1190 cm? ¢ ~0.905 m3

1
3

14 h:r=4:1

3 44 door stops 4 3 minutes 36 seconds 5 69.1 cm

6 524% 7 a ~275m?

8 4 times larger

REVIEW SET 12B s

1 a 6.89 km
d 76000 m?

a ~ 14.3 cm?

a ~ 32.2m?

a 105 m2 b
~ 8.92 cm

2
3
k ~105min 5 40cm 6 =~ €1610
7
8

b 294 mm
e 8500 mm?2

b ~ 1130 cm?

b ~ 2.57 m3

2100 kL

b ~ 2970 cm?

EXERCISE 13A I—

1 P(3,-2), Q(—23,
2

—1), R(1%,2), S(0, -1), T(-3,2%)

by
-3 C.
G o
3 o
o B
<ol -
=2 3 X
-2
o
K E
\d
3 a 1Ist b 1Ist c 1st d 2nd e 4th f 3rd
g None, it is on the positive y-axis.
h None, it is on the negative x-axis.
4 a y b y
X )7:6 Y
x=0
d Ay
- %
‘y — £
\i

b = $6.60 million

¢ 74L

f 3200 mm?
¢ ~75.4m3

¢ ~ £193

=Y

=Y

4
-+
=Y

agy ° b
6 ° 6
5
4 ° 4
3
21 2
1
123456 7x 1 23456 x
i yes ii E i yes ii C

EXERCISE 13B

a Independent variable is number of tickets sold,
dependent variable is amount agent is paid.

b | t 0 1 2 3 4 5
200 | 230 | 260 | 290 | 320 | 350

1
t 6 7 8 9 10
I | 380 | 410 | 440 | 470 | 500

¢ yes d No, since we cannot sell part of a ticket.

e €30 f i €200 ii €30 per ticket sold

a n 0 1 2 3 4 5
C 0 0.85 | 1.70 | 2.55 | 3.40 | 4.25
n 6 7 8
C | 5.10 | 5.95 | 6.80

b A C (L)

—_ N W A
o

1 23 45678 | n

¢ Independent variable is the number of cartons bought,
dependent variable is the cost in dollars.

d yes e No, since we cannot buy half a carton.
f £0.85 g £3.40 h 7 cartons

1 2 3 4 5

5.5 7 8.5 | 10 | 11.5
7 8

13 | 145 | 16

(=] |l N Ken}

<|3I<[3

b Independent variable is the number of jugs emptied into the
container, dependent variable is the volume of water in the
container.
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c
20 T
V (litres)
15 ° 2
o
[
10 °
°
°
56—°
n
1 2 3 4 5 6 7 8
y
d yes
e Yes, since Jason can empty part of a jug into the container.
f 15L g 11.5L h 7jugs

4 b Independent variable is the temperature in degrees Celsius,
dependent variable is the temperature in degrees Fahrenheit.

ac 240 4 temperature in °F
200 (100,212)
160
120
80
404/ (0,32)
_ temperature in °C
=40 40| 80 120
vy 40

d —40°C e i 7.8°C ii 2.2°C

f| °F | 50 | 68 | 8 |104| 20 10 0
°C | 10 | 20 | 30 | 40 | —6.7 | —12.2 | —17.8

EXERCISE 13C

i Independent variable is x, dependent variable is y.

i|lz| 3| -2|-1]0 1 2 3
y | -3 | -2 | -1 0

—_
[\
w

b i Independent variable is x, dependent variable is y.

i[z] 3] -2]-1]0] 1] 2] 3
y| 6] 4] -2]01] 2] 46

d

e

i Independent variable is x, dependent variable is y.

ii|lx| 3| -2]| -1 0 1 2 3

EIEIEINIEIRNE
jii Ay
3 y =3
I ) 3 ~
43

Y

i Independent variable is x, dependent variable is y.

ii|lz| 3| —-2| -1

i Independent variable is x, dependent variable is y.

ilz] 3] -—2]-1]0] 1] 2] 3

y | =3 | -1 1 3 5 7 9

iii Ay
8 y=2x+3
6
4
/
-4 -2 2 4 6
D X
—2
A

i Independent variable is x, dependent variable is y.

ii|x| 3| —-2| -1 0 1 2 3

v| 9 7] 5 | 3] 1]|-1]-3

iii Ay

y==2x+3\|4

i Independent variable is x, dependent variable is y.
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NS
[
NS
woleo | N
sl oo

NI
(S

i y

h i Independent variable is z, dependent variable is y.

ilz] 3] -2]-1]0] 1] 2] 3
7] 35| 123 ]2
4 2 4 4 2 4
jii y
3
2
\\ y:_%x+1
1\
32 -1 T 2 3x

2 b, a, ¢ coefficient of = 3 sign of the coefficient of x

4 the constant term

EXERCISE 13D [

1 a y=ax+3 gives the connection between the = and
y-coordinates for every point on the line where the
y-coordinate is the x-coordinate plus 3.

b y = 5z gives the connection between the x and
y-coordinates for every point on the line where the
y-coordinate is five times the z-coordinate.

¢ y=2x — 6 gives the connection between the = and
y-coordinates for every point on the line where the
y-coordinate is twice the z-coordinate, minus 6.

d z+y =5 gives the connection between the = and
y-coordinates for every point on the line where the sum
of the « and y-coordinates is 5.

2 ay=4x by=x+2 c y=—2x
d y=3—=2 e y=2zx+1 fy=2zx-1
EXERCISE 13E.1 I
2 1 4 1
1 a 3 b -1 (4 3 d -3 e 5
f undefined g —3 h fé io

B — Y/
/.\ /..

T

3 1 3
3 a 7 b = (4 30
. e 1 e 3 . .
4 a i0 i = i ¢ v 1 v 2 Vi 4

vii undefined il —4 ix —1

b i O i undefined iii increase in magnitude
5 a OP,PQRS,TU b QR,ST,UV ¢ TU d ST
e VW f PQ
1 1
6 a3 b -5 ¢3 dl1 e —5 f -1

EXERCISE 13E.2

4 5 4
1a§ b*g C*g d o0
2 a3 b -2 ¢ -6 d -5 e undefined
fo g1 h 1 i-1 j-1

3 rule, grid needed is too large

4 a 0 b undefined
¢ 1 0 i 1 fiii undefined iv positive Vv negative

EXERCISE 13F.1

1 ay=2zx+11 b y=4x—-6 cy:f3m+%
d y=—-z+4 e y="7 fy:%erG
2 a i4 ii8 b i-3 ii2 ¢ i-1ii6
d i -2 i3 e io0 ii -2 f i-3 iill
g i3 Wi -5 h i-3 @3 i i2 i3
T I A O - A A L
EXERCISE 13F.2 I
1 a i slope =1, b i slope =—1,
y-intercept = 3 y-intercept = 4
ii iy i

y=x+3

¥ ¥
i slope = %,
y-intercept = —1

¢ i slope =2, d
y-intercept =

i Ay ii
/‘y:2x+2
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e i

slope = 3,
y-intercept = 0

A

3

Y

slope = —2,
y-intercept = 1

Ay

i slope = f%,
y-intercept = 0
ii iy
2

—
A

1
V=raX
\
i slope = f%,
y-intercept = 3
ii
y

EXERCISE 13F.3

y=x+4

d

T T X

/

Ll
w\

Y

2 No, graph using the origin and one other point.

EXERCISE 13G.1 I

1 a horizontal b vertical
Ly
-—3
y=3
DI
v
¢ horizontal
hy
DI -
e E Puid
y:—2 X
A J A\
2 a horizontal b vertical
3 ay=0 bzxz=0 cy=2 daz=-3
EXERCISE 13G.2 N
2 3
1 a2 b -3 c 3 d 3 e —2 f -1
2 ay=5—-z -1 b y=4—-2z, -2
¢ y=3z+5, 3 dy=§m72,§
e y=—35r+3, f% fy:%m+3, %
gyzfgmf& f% hy:%m72,%
i y=-—3z+10, ,%
3 aD bH ¢E dB eA fC gG heF
4 a ‘\Ay b y
6 x+y=6
Y 2x+y=4
- X - 2 -
"\ AN
y
< Ay d y
15 x 2x+3y=6
3x-y=5 x
_5* l 3\
e Ay f Iy
- 4/ !\_6 >
X X
x+3y=-6 =
7 3x—4y=12
y




dependent variable is the consultation fee.

b |t 0 1 2 3 4
75 | 195 | 315 | 435 | 555

¢ yes

o

Yes, since the lawyer may consult for part of an hour.
e anincrease of €120 f i €75 i €120 per hour

3 a|lx|-3|-2|-1]0]|1 2 3
Y 9 7 5 3|1} -1)] -3

y

= .

Y

7 a slope = %, b Vi
y-intercept = 2

522 ANSWERS
9 I h Y ¢ i3 i 3
4 y=—x+3 5 a2 b -2 6 -1 7 y=52-2
s <2 2x+7y=14 ) ° 3 3
- = 4 —
s 3 x 8 a slo.pe =-3 9 iy
_ — y-intercept = 2 /
A 2x-5y=10 ® Ay - >
y y /3)
-2
i Ay / 2x-3y=6
- 2%/t ¥
X
-2
/ 3x—4y=38 L
\ 0 a1l b -3 cy=z—3 11 yes
==
EXERCISE 13H I REVIEW SET 138
1 a i1 i1 iliy=z+l ! .
b i 2 i y=3z+2
¢ iz i 0 i y=1z
d i -1 ii2 i y=—z+2 2 a Independent variable is ¢, dependent variable is V.
e 1 -3 i o iii y=-3z b |t 0 1 2 3 4 5 6 7
£ _% =1 i yf—%x—l V | 400 | 375 | 350 | 325 | 300 | 275 | 250 | 225
g |_% i 1 il y=—2z+1 t| 8 9 10 | 11 | 12 | 13| 14| 15]| 16
h i % i1 i y—%z—l V1200 (175|150 (125100 | 75|50 25| O
i i % i —2 i y= %x_g ¢ yes d Yes, since the water flows continuously.
1 4 e V decreases by 25 L
3 alz | -2 -1 0 112
=
EXERCISE 131 v s 5 214
1 a yes b yes ¢ no d yes e yes f no
REVIEW SET 13A s
1 y=—2 y
- X
_zl
2 a Independent variable is the number of hours consultation,
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85 9 a-3 b3
10 al b P=r+4 11 no
EXERCISE 14A I
1 azxz=3 y=1 bax=7 y=4 cx=3 y=>5
d xz=3, y=9
a not correct b correct ¢ correct d correct

¢ y:,%m+3 EXERCISE 14E I
1 1181 and 813 2 97 and 181 3 —3and8
4 17and 68 5 35and 36 6 hammer $14, screwdriver $6
7 adults £14, children £6 8 blanket RM 56, sheet RM 22
9 peach ¥15, nashi ¥21

10 19 five cents and 14 twenty cents

11 14 rabbits, 21 pheasants 12 74 one litre, 23 two litre

3 az=3 y=1 b rx=4 y=2 ca=1 b=0 13 =3, y=5 14 =39, y=>52
dp=5 ¢g=2 15 Jane is 37, Anneis 17 16 woman is 42, son is 20
EXERCISE 14B I 17 Sam $1000, Ben $500
T az=1y=1 br=-1 y=2 REVIEW SET 14A
crz=-3 y=—7 dx=-2 y=7 1
ex=1 y=-1 f;z;:—3’y:_5 V4 y=2x—1
2 az=4 y=5 barz=-1,y=3 ca=1 y=3 3
dz=1y=0 ez=-1,y=-4 fz=-1y=5 y=x=2
3 a y‘/ / 3 ;
= 3
YRt 3 The lines are parallel
no solution exists. t=—1, y=—3

2 z=2 y=1 3 z=-1, y=3
4 a pencil 12 cents, ruler 25 cents
b 11 two cents, 14 five cents

Lines are coincident

REVIEW SET 14B I
infinitely many

I ) 1 v
solutions exist 513
eg, z =124, y=0.76 HEeqer y=2x-3
4 Solving by ‘trial and error’ and by graphing is okay if the solutions
= !
(L=1)

are whole numbers, but not if they are fractions.

EXERCISE 14C L1
1 az=4 y=5 ba=-1 y=3 caz=1, y=3 3 . )
d2z2=0,,y=—-4 e z=4, y=0 f no solution r=LYy=-
_ 13 _ 11 : s . _5 _
S z=—-%, y=— h no solution iz=3 y=0 2 x—4, y—4 3 2=-2 y=-3 Yes
— — 1 — — —
2 az=T7y=3 ba=3 y=4 cz=2 y=4 4 a Johnis 9, Paulais 7 b 6 loaves, 10 rolls
dz=1, y=-1 e x=5 y=-2
= —_ 17 e I
fz=0 y=—-4 g z=-1 y=-10 EXERCISE 15A
H 4 ~ ~ ~ 182 __
ho=-1 y=1 iz=-28 y=-%4 1 ~0253 2 ~0762 3 a ~0963 b 32 =091
3 a (2’ 7) b (72’ 75) ¢ (73’ 5) d (71’ 71) 4 a ~0.671 b ~ 0.329 5 ~0.142
e (2 _1 f (& Q) 6 a ~0.761, ~0.613
5705 17l b Assuming the can does not change shape, the difference is
EXERCISE 14D I almost certainly due to chance alone.
1 a dz—6y=10 b —3z—9y=-21
e
¢ 8x+20y=4 d —6z+4y=—16 EXERCISE 158
e 25z — by = 10 f 2z —5y=1 1 a | Colour | Freq. | Rel. Freq. b i ~0.603
2 a 4z —16 b 5z —15 ¢ 9 =12 Red 149 0.603 il ~0.397
d 3y=6 e 2y——2 f—y—4 Green 98 0.397
Total 247 1.000
3 az=4 y=1 b =3 y=-2
cx=-2 y=5 doz=-3 y=-2 2 a Tipe Freq. | Rel. Freq. b 500 seats
er=7 y=-1 fz=3 y=-5 Adult 238 0.476 ¢ 0.238
g =6, y=->5 h z=-3 y=38 Pensioner 143 0.286
k 2=5 y=—4 l 2=4, y=5 Total 500 1.000
maz=-1, y=-7 n =8 y=-7 d No, as we know exactly how many of each category are at
o zrx=4, y=-2 the concert.
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3 a | Fragrance | Freq. | Rel. Freq. b i ~0.228 3 a 500 b Brand Freq. | Rel. Freq.
Rose 59 0.187 ii ~0.516 ¢ i ~0.39 Wheat Bites | 198 0.396
Violet 72 0.228 i A 0.846 Corn Crisps | 115 0.230
\%V‘j‘éender 18014 g-ggg Rice Flakes | 110 | 0.220
T rteTze =i 1'000 Bran Snacks 7 0.154
ota : Total 500 1.000
L a | Model | Freq. | Rel. Freq. b 1 ~0.125
A 30 0.25 i ~ 0.400 4 a Fair hair | Dark hair | Total b i 995
B 112 0.35 Boys 418 577 995 ii 1215
C 40 0.125 Girls 327 638 965 iii 1960
D 88 0.275 Total 745 1215 1960
Total 320 1.000
¢ i ~0492 ii ~0.620 iii ~0.339
EXERCISE 15C I
1 a Instrument b i ~0.568 EXERCISE 16A I
Yes | No | Total ii ~0.435
3 -3 3 -3 5
sport |Yes | 19 [ 25 44 1oa (9) b (Z) < (%) 4 (37) (1)
No 11 | 14 25 f (:i) g (:i) h (Z)
Total [ 30 | 39 69
2 b
2 a Gender b i ~0.886 @
Male | Female | Total ii ~0.850
Licen Yes 62 17 79
leence ™o | 8 3 11
Total | 70 20 90
¢ The Male estimate is likely to be more accurate as it is a
much larger sample (70 compared with 20).
3 a Said b i ~0.76 c d
A B Total ii ~0.66
Given A 38 | 12 50
v B | 17 | 33 | 50
Total | 55 | 45 | 100
4L a Vote
Yes | Undecided | No | Total
Age under 30 15 19 14 48 e f
over 30 26 16 10 52
Total 41 35 24 100
b i ~0.500 ii ~0.240 iii ~0.160 iv ~ 0.604
REVIEW SET 15A I
1 ~0639 2 a 133 b i =0.541 ii ~0.459
3 a 156 families b Result Freq. | Rel. Freq.
c i ~0.397 3 boys 21 0.135
e 2 boys, 1 girl 62 0.397
ii ~0.115 1 bo)}/f, 9 gigrls 55 0.353 3 a a 25 units b /13 units ¢ 3 units
3 girls 18 0.115 d 4 units e 2v/5 units f 3/2 units
Total 156 1.000
oa b /a2 + b2 units
4 a Test b i ~0.688
iy || o || Wil N ~0.167 | EYERCISE 16B.1 ——
Studied |Yes [ 21 [ 7 [ 28 ¢ ~0.75
vt ™o [12 | 8 | 20 1 b
Total | 33 | 15 | 48
REVIEW SET 15B I
1 ~0.190
2 a Result Freq. | Rel. Freq. b i ~0.260
2 heads 78 0.260 ii ~0.757
1 head 149 0.497
0 heads 73 0.243
Total 300 1.000
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«

EXERCISE 16B.2 I
1 a : b : 4

2 A regular octagon 3 D

A B

i Yes, when it is a rectangle.

ii Yes, when it is a square.

b A circle. Any diameter is an axis of symmetry.
¢ 0 when scalene

L a

1 when isosceles

EXERCISE 16C.1 I

1 a s b A
C :
A
B | iC
AN
AB 90° 900
TN C
1
C
[4 A d
900 “-
2
A
C C B
A =
e f
_A LA
C 27 e B c el
Al = A
maps onto itself
2 a b
v
60°
A

120°
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< EXERCISE 16D I
1 a neither; A hassides 3:2, B 2:1 b enlargement
¢ reduction
2 ak=2 bk=5 c¢k=3 dk=4 ek=3
A' A
120° f k=2
3 a b 3 ak=41 bk=2 c¢ck=12 dk=1 e k=2
]
_5
EXERCISE 16E N
® 0 1 az=62 baz=20 c¢z=43 daz=3]
o _ 19l _nT
90 < e z =133 f =74
2 a true b true ¢ false
3 Inside rectangle has sides in 5 : 3.
Outside rectangle has sides in 7 : 5
and 5:3#7:5 not similar.

L a

4 a b
LT
7

K B

EXERCISE 16C.2 I
1 !

a4 b2 cinfinte d 2 e 3 f2 g4 h©o
3 a b

%ol 2 Regular Regular

pentagon octagon

order 5 order 8

b 12
6 4 8
5 10
4
14

EXERCISE 16F I
1 a ABE = DEB {alternate}, ACB = DCE {vert. opp.}

So, triangles are equiangular and .*. similar.

b PaR = STR {given}, PRQ = SRT {vert. opp.}
So, triangles are equiangular and .. similar.

¢ Both triangles are right angled
and BCA = DCE {vert. opp.}
So, triangles are equiangular and .. similar.

2 az=3 b =48 ¢ z=91
3 ~712mhigh & b ~922m 5 b ~287m
EXERCISE 16G.1
1 a ik=3 iisem b ik=% ii18cm?
[ ik:% ii 4cm?
d i k~0.548 ii ~4.38 cm
e I k=~0.758 ii ~3.18m
f 1 k=145 ii ~33.3cm?
a k=3 b 15mand 18 m c1:9
3 ak=+2 b x14.1cmby7.07cm
4 ak:% b ~62.0m
EXERCISE 16G.2 I
1 a 243 cm® b 3im ¢ 80 cm®
d ~55.6cm® e ~5.26cm f 8cm
2 ak=3 bdcm ¢ 27:1 or 1:27 3 6cm?
h a k=% b 14850 cm® ¢ 280 cm?
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EXERCISE 16H I
1 a Yes (SSS) b Yes (RHS) ¢ No
d Yes (AAcorS)
h Yes (SAS) i Yes (SAS)
2 (1) CB=CD {given}
(2) AC =EC {given}
3) ACB = ECD {vertically opposite}
these triangles are congruent {SAS}
Consequently ABC = EDC
[AB] || [DE] {equal alternate angles}

3 a congruent (SSS) b e ACN = BCN
CAN = CBN
[CN] L [AB]
BC = DC
BCA = DCA
e ABC = ADC

4 a congruent (SAS) b

5 a Hint: Show AAcorS

b e Opposite sides are equal in length.
e Opposite angles are equal.
6 a Hint: Show SSS

b Consequence is BAC = DCA and so [AB] || [DC].

Another consequence is ACB = CAD
and so [AD] || [BC].
.. ABCD is a parallelogram.

REVIEW SET 16A I

-3
1 a (_1) b
2 3 a
b There are no lines
of symmetry.
4 a b
[ [ [ ]
u ®
5 a order4 b order 2
6 7 ak=2
b 5.4 cm?
[ [ |
| |

e Yes (AAcorS) f No g No

8 a k=12 b 72 cm? ¢ ~ 1389 cm?
9 a not congruent b not congruent
10 a Hint: Show SAS

REVIEW SET 16B I

NI

o

‘\

2 a 3 of them

b Yes, where the 3 lines of symmetry meet.

5
3 a 4 e (5)
-3
b (25
5 6 ak=2
b x:4%
c 27:8
7
8 ~ 10.4 m high
9 Hint: A - B
1 » 1
D M > N C
Explain why As ADM, BCN are congruent, etc.
EXERCISE 17A I
1 a9 b5 c 4 d 25 e 14 12
2 a2z b 3y ¢ 32 d4 ey —4
g —q h 2a2 i —3t
3 a b a c5 dy e 8¢ 3d
g1 h 9y i 9z
k a st b zy ¢ 8z d z e a a?
g 2b h 5a i 662 j 7Tab k 8ab 9ab
m 5 n 2b o 4dzy
5 a (a+7) b 3(2+0b) c z(z—4) d 5(z—2)
e 2(x—1) f 3y(y+1)
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EXERCISE 17B I
4a—8=4(a—2)

3z+4+6=3(z+2)

k 42z +1)(z - 1)
m 4(z + 2) n —3(z+4)(5z+4)

EXERCISE 17D

I (3z+5)(5—x)

o 3z(zx+4)

b
€ 16-4b=4(4—b) d ldz+21+7(2z+3)
e 6p>2 —p=p6p—1) f 1522 + 10z = 52(3z + 2)
2 a6a+12=6(a+2) b 3b-3=30b-1)
€ 9+3c=33+c) d 16d—12=4(dd—3)
e 15zy+20y = b5y(3z+4) f 12y —18y% = 6y(2 — 3y)
g 3zy —zy? =2y(3—vy) h 5Szy—yz=1y(5x—2)
3 az2xz—2) b 7b+4) c 9(z—3) d 34+ux)
e 11(a+b) f r(p+q) g 7(5—2z) h xz(y+1)
i a(l1+0b) i z1—vy) k c(2+4d) I 2(7—y)
m g(p—8r) n bla—-c) o y(2z—2) p 6z(2-—3y)
4 a z(z+5) b 5z(z + 3) ¢ 2z(7—x)
d 4z(1 —4x) e 4x(2z +3) f 22(z+2)
g x(x2 +3) h z2(7z —1) i abla—10)
jz(l+xz+22) k 522—22+3) | 2z(z—4—22?2)
5 a22-a) b 3(b—5) ¢ 6(2d—c)
d y(3—=x) e z(y—1) f z(1—x)
g 6y(y —2) h b(2b—a) i c(l1-c¢)
6 a —8(zx+4) b —7(1+x) ¢ —3(z+y)
d —2(2c+d) e —x(y+1) f —5a(l+ 3a)
g —6b(2b+1)  h —2c(dc+3d) i —1le(2e+3)
7 a (z+1)d+=x) b (z—3)5+z) ¢ (z+7)(3—2x)
d (z+4)(z+1) e (c—1)(a-b) f 2+=z)(a—Db)
g (y+2)(z—1) h (z2—-2)(z+1)
8 a (z+1)(z+7) b (r+3)(5+x)
¢ (z+2)(z—12) d (z—9)(z—6)
e 2(a+3)(a+5) f (b—1)(a—b—23)
g 4(a+3)(3a+7) h —(z—8)(x+16)
i

—(m —17)(m +2)

i (n—3)(23—17n)

EXERCISE 17C I

1 a (c+d)(c—4d) b (m+n)(m—n)
¢ (n+m)(n—m) d (a+0b)(a—Db)
e (z+4)(x—4) f (z+6)(x—6)
g (a+5)(a—5) h (2z+1)(2z —1)
i (4b+5)(4b—5) i By+4)(3y—4)
k (T4+c¢)(7T—c¢) I (3+2y)(3—2y)
2 a 3(z+2)(z—2) b 8(z+3)(z—3)
¢ 2(a+5)(a—5) d (2z+5)(2z—5)
e 9(b+10)(b — 10) £ 3(b+4)(b—4)
g ©(R+r)(R—r) h 10(1+z)(1—x)
i plp+2)(p—2) i zz+1)(=-1)
K 2@+)@E—1) | oy@+y)—y)
3 a (7Ta+0b)(Ta—0) b (y+ 62)(y — 62)
¢ (3z+5y)(3z —5y) d (3a+ 4b)(3a — 4d)
e (a+9b)(a—9b) f (ab+ 2)(ab—2)
g (6z +pq)(6z —pq)  h (4a+ 5bc)(4a — 5be)
4 a (x+5)(z+1) b (z+3)(z—7) ¢ (x+5)(3—2x)
d (z+3)9—2) e (z+5)(z+3) f (5—=x)(x—3)
g (2¢+5)(2z—1) h (5 — 4z)(4z + 13)
i

(4 — 1)(5 — 22)

j Bz—11)(z—9)

1 a224+2c+1 and 22 —-2x+1
b z2+4x+4 and 22 —4x+4
¢ 22 +8c+16 and 22 —8x+ 16
d 422 +42x+1 and 422 —4z+1
e 922 + 12z +4 and 922 — 12z + 4
f 1622+ 722 +81 and 1622 — 72z + 81
g 4z2 +4dcx +c2 and 4x? — dex + 2
h 22+ 4dz +4d? and 22 — 4dz + 4d>
i a?c® +4ac+4 and a?c® —4dac+4
2 a (z+1)2 b (z-2)2 ¢ (z—-3)2 d (z+5)?
e (z—8)2 f (z+102 g (x—6)2 h (z+7)?
i (z—9)?
3 a (2z+12% b 4x—5)2 ¢ 22+7)?% d (2z-—3)?
e (3z+1)2 f (3z—5)2
5 a 2(x+1)2 b 2(x —3)? ¢ 3(z+5)2
d —(z—3)? e —(z+4)2 f —(z—8)2
g —2(z —10)2 h —(2b—17)2 i a(x—5)2
EXERCISE 17E
1 a 2and4 b 2and 7 ¢ 3and 7 d 6and —1
e —T7and1 f —11and2 g —2and —8 h —8and —3
2 a (z+1)(z+2) b (z+6)(x+4) ¢ (z+2)(z+9)
d (z+4)(z+9) e (x+5)(z+7) f (z+25)(x+1)
g (z+3)(z+4) h (z+9)(x+6) i (z+50)(z+2)
3 a(z—1(x—-9) b (z—2)(z—4) ¢ (z—12)(z—1)
d (z—2)(z—9) e (z—11)(x—3) f (z—6)(z—4)
g (z—9)(x—5) h (zx—20)(z—4) i (z—12)(x—4)
4 a (z—2)(z+1) b (z—-3)(z+2) ¢ (x+3)(z—2)
d (z+7)(z—4) e (z+9)(x—5) f (z—5)(z+3)
g (x—6)(z+3) h (z+9)(z—3) i (z—6)(z+5)
j (x+15)(x—2) k (z+12)(z—5) | (z—25)(x+4)
5 a 2(xz+2)(z+3) b 2(z+2)(xz+7)
¢ 3(z+3)(xz+4) d 5(z—3)(z+1)
e 4(x+9)(z+1) f 5(x+1)(z+3)
g 6(x—5)(z+1) h 10(z — 2)(xz — 6)
i 5(x—2)(z— 10) j 7(xz—2)?
k 6(z+6)(z—1) I 9(z —2)(x —4)
m z(z+6)(z+8) n z(z—12)(z+3)
o z(x+11)(x —b)
EXERCISE 17F
1 a 5a(a+2) b 6(b%+2) ¢ 5(z — 5y)
d (d+3)(d+9) e (z—3)(z—8) f (y—7)(y+3)
g —xz(z + 16) h ¢>(1+q) i abla—2)
i —T(x?+4) k (s=T7)(s+6) 1 2z(8—x?)
m 2z(1 — 14y) n m(m -+ 9n) o (y—3)(y—5)
p 6(x—3)(x+2) q 6(x—3)2 roz(z+1)2
2 a(z—4)2% b (z+8)(z—8) ¢ 9c+3)(c—3)
d 91+p)(1—-p) e 3(x+3)(z—3) f 5(a+1)?
g (5z+2y)(5z—2y) h z(z—1)% i 2(z—8)?
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-t o o

zly—z+1) b 322(x—1) ¢ zy(zy—5)
z(3+22)(3—22) e z(xz+1) f ylz+2z2)(z—=2)
(x4+2)(a=b) h (z+y)(B3—-2) i (a+b)(a—>b)

z(x+4)(z—4) k 3(z+5)?2 1| 22y+z)(2y—x)

REVIEW SET 17A I

1
2
3

Qo 0 o Qo o

3ab b 3(z+1)

z(x—3) b 3n(m+2n) ¢ ax(z?+2x+3)
—2z(z+16) b (t+2)(d—4) ¢ (z—1)(z—2)
(x+3)2x—5) e 3(g+1)(g—2) f (b—c)?
(3+4z)(3—4z) b (2z+5)2 ¢ (3z—1)2

5(x—2)2 e (3a+2b)(3a—2b) f 6(z+2)(z—2)
(+7)(x+3) b (z+7)(z—-3) ¢ (z—-T7)(x+3)
(z—2)(x—3) e 4(xz—3)(z+1) f —(z+9)(z+4)
(x+5)(x+4) h 2(z—6)(z+5) i 3(xz—2)(xz—38)

REVIEW SET 17B I

1
2
3

Qo QO o0 Qo o

2y b 2(z—2)

2z(z + 3) b —2z(y+2)
zy(y+4)(y—4) b 3(x —10)?
2¢d(2d — 3¢) e (k—3)(k—2)
2(z +5)(x — 5) b (z—6)2
(7+32)(7— 32) e 2(zx—1)2 f ox(x+4)2
(x+5)(x+7) b (z+7)(x—5) ¢ (x—5)(z—7)
2(x —7)(z +5) e (z—6)(x—5)
(z—10)(z+2) g (z—11)(z —3)

4(z — 11)(z + 2) i z(x+9)(z—4)

¢ ax(a+x—2)
¢ (a+2)(p—9q)
f z(z+2)
¢ (n—3)2

EXERCISE 18A N——

a
d

o o0 3 X .0 0 A0 O ACOoO W

-3

Q an o

numerical b categorical ¢ categorical
numerical e numerical f numerical
categorical h numerical

Ford, Mercedes, Fiat, Renault, ......

car, bus, train, bicycle, walk, ......

strings, woodwind, brass, percussion, ......
TV, newspaper, radio, internet, magazine, ......
categorical b quantitative discrete
quantitative continuous d quantitative continuous
quantitative continuous f quantitative discrete
categorical h quantitative continuous
quantitative continuous j categorical
quantitative discrete

quantitative discrete

I quantitative discrete
n quantitative discrete

census b sample ¢ sample d census e sample
Likely to be biased as members of a dog club generally like
dogs.

Likely to be biased as most students probably don’t realise
the benefit of homework.

Commuters at peak hour are more likely to be unhappy about
crowding in buses.

country of origin and frequency

frequency e

England
36 people France
England
Canada
Germany
Australia
Spain USA

7

a Dependent Frequency; Independent 7V Brand
b Probably biased as only one street was used. A random
sample of streets and people within them is essential.

cCc d A brand

1

> w QYU mm

] frequency
0 2 4 6 8 10 12 14

b 64° ¢ =~ 68.5° 9 1470 people

a 46°

EXERCISE 18B ——

a Gender
Male | Female | Totals
Basketball 21 20 41
Tennis 9 35 44
Totals 30 5 85
b females ¢ 48.2% d 79.5%
a 54.5% b 20.6% ¢ north
a Year
1997 | 2007
Yes 113 281
No 159 23 182
Totals | 272 304 576
b ~41.5% ¢ ~75T% d =~50.9%
a 79 b 433% ¢ 38.7% d under 30, Greek food

Preference

Totals
394

Home
computer

a Single People

18t0 35 | 36to 59 | 60+ | Total

1 bedroom 2 11 26 39

2 bedrooms 7 9 15 31

3 bedrooms 2 3 3 8
Totals 11 23 44 78

House by dwelling type

E el

1 bedroom

O 18 to0 35
036 to 59
060+

— T 1,

3 bedroom

2 bedroom

b House by age group

[ 1 bedroom
25 02 bedroom
20 [ 3 bedroom

s L=l X

18 to 35 36to 59 60+

¢ i 78
iv 18.0%
d i true

ii 28.7%
v 39.7%

iii false

iii 60+, 1 bedroom

ii true
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EXERCISE 18C

1 a [ ] Art | ]
] Geogr. | |
Boys [ ]Sciencel ] Girls
| ] Maths | ]
40 30 20 10 0 0 10 20 30 40 50
frequency
b Geography ¢ boys d Art

2 a

Favourite movie types

O under 30
|—’_‘ O over 30
O o
Action Comedy

Drama Horror

frequency
—_— N W B W
o O O O O

b No, the sample sizes were different because more people
surveyed were under 30 than over 30.

< Favourite movie types
g,‘ 0.4
: 03 ] O3 under 30
s U O over 30
0.2 ]
0.1 T

Action Comedy Drama Horror

This is a more sensible way of comparing the groups.

d over 30s e Comedy
3 a Arton Party Burnley
[ | Undecided [ ]
[ ] Independent [ ]
- | Liberal \
L] Labor [T
40 20 0 frequency 0 20 40

b Labor ¢ Burnley d Burnley

EXERCISE 18D |

1 a 820 b 40
¢ i The best friends of the surveyor would probably have
opinions like his.
ii The students in one class will not represent students of
all ages within the school.
iii People who would volunteer to fill in the survey would
be likely to have strong opinions and so not represent the
population.

2 Those standing outside the office building are more likely to be
smokers since smoking is banned in the workplace.

3 a Only people who do not work between 1 pm and 3 pm would

be selected.

b People who play golf are not likely to be representative of
the whole population.

¢ These people are likely to be students or the employed, not
the unemployed, senior citizens, etc.

d Only those people home at the time will be surveyed, and the
people in that street may not have opinions indicative of the
general population (street in a poor area, rich area, etc.).

EXERCISE 18E
1 a The fish sold at Market 2 looks to be 4 times as much as at

Market 1 whereas it is actually only double.

b A and B produce the same quantity of milk, but B looks more
because a bigger carton is shown.

¢ Because the y-axis does not begin at zero, it looks as though
the increases are far greater than they really are.

d The width of the boxes is increased, not just the height, so
the increase in exports looks greater than it really is.

2 a A b no, only about 30% [
REVIEW SET 18A I

b quantitative discrete

no

1 a categorical

2 a
b

type of food and frequency
Type of food is the independent variable, frequency is the
dependent variable.

¢ Only year 12 students were asked, so the sample is not
representative of all students.
d
25 frequency
20
15
10
5
0 -
pie hotdog  pasta  sand- apple chips
wich
3 a Radio type
Analogue | Digital | Totals
Under 30s 32 23 55
Age
Over 30s 38 21 59
Totals 70 44 114
b 59 ¢ 582% d 18.4%
4L a
2 150 O Friday
§ 3 Saturday
g 100
&
50
O .
adult concession children ticket
group
b Saturday ¢ children d concession
5
Hillsvale Sport Greensdale
O football [
[ baseball
CC0 baskewat [
[ ice hockey
/T gridiron
40 20 0 0 20 40
frequency
b ice hockey ¢ Hillsvale d football

6 Only people who visit the library will be able to fill out the
questionnaire, and this will not be representative of the public.
REVIEW SET 18B I
1 a quantitative continuous b categorical
¢ sample

c 42.4% d

b census
b 15.0%

2 a sample

3 a 635 no
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4 a
under 30 issues over 30
[ education [__]
O heath [ ]
[ inflaion [ ]
[ Junemployment ]

80 60 40 20 0 20 40 60 80

0 frequency

b unemployment ¢ education d health
5 a hotel
b No, many more males were surveyed than females, so the

sample is biased.

4
g 0.6 [ male
f 0.5 female
£ 04 =
0.3
0.2
0.1
0 >
hotel shopping park preference
d females

6 a Because the y-axis does not begin at zero, it looks as though
the increase is greater than it really is.

b employment (*000)

35 /
30 ¢
25
20
15
10
5
0 -
2005 2006 2007 2008 year
EXERCISE 19A I

1 aa=0o0orc=0 b b=0o d=0
ca=0,b=0o0rc=0 dzxz=0 e z=0o0r3
fz=0 gzx=5o0ory=0 hzxz=0o0 y=0

2 azxz=0orl b x=0o0r—5 ¢ z=0o0r —2
dz=1 e x=0o0r4 f z=0o0r -3
sx:()or—% hszor%

3 azxz=1lorb b x=-2o0r4 ¢ r=-3o0r—7
d x=—-T7orll e z=0o0r8 f z=—-120r5
g z=0o0r -7 hm:f%or?) ix=760r%
im:féorfﬁ km:Oorf% I x=31or—11
mx:—4or% n z=0o0r -3 oa::2or—%

EXERCISE 19B

1 azxz=0orl b x=00r13 ¢ z=0o0r -8
d z=0o0r -3 e x=0o0r —2 f x=0o0rb
g r=0o0r12 h z=0o0r -7 i z=0o0r4
i:c:()or% k z=0o0r5 Il z=0o0r —4

2 azxz=0or3 b x=00r10 ¢ z=0or—1
d z=0o0r —6 Q.T:OOI‘—% f z=0or5
g r=0o0r8& h z=0o0r6 iszor%
j x=00r —6 k x=00r2 Il x=0o0r1

EXERCISE 19C I

1 az=44 b z=47 c x==1 d x =45
e r==+12 f x =429 g v =22 h =43
iz=42 jx=42 k z==42 | no solutions exist

2 az=+43 r=+1 cax=+% dao=+3
e x::t% f a:::t% g no solutions exist h a:::t%

EXERCISE 19D

1 az=-20or-5 bx=-20or—4 ¢ x=—-1or—10
dx=2o0r6 e rx=1or4 f x=3o0r8
g z=-5 h x=6o0r -3 i x=-9o0r2
j x=11 k =3 Il =—-1or6
m z=4or—15 n r=3or —21 o xz=—4orl6

2 az=-2or—-5 b zx=3o0r—5 cx=6
d xr=3o0r4 e x=Tor—6 f z=—-2o0r—6

3 ax=-1lorlb b x=1or2 ¢ x="Tor —4
d xz=50r—4 e r=—-8orl f x=-30r8
g xr=—-4or3 h x=-50r9 i xz=2o0r8
jx=1 k z=—1or20 Il z=—-4o0r8

4 a r=-5o0r3 b xr=-50r12 cxz=1or6
d z=3o0r -2 e rx=1 f x=—4o0r2

EXERCISE 19E s

1 6or—7 2 Oorb 3 8or—7

4 6and7 or —8 and —7 5 12 o0r —3

6 12 and 13 or —13 and —12

7 11 and 13 or —11 and —13 8 —12o0r9

9 13 and 17 or —13 and —17 10 8 cm

11 a i z(x+5) ecm® i 4c+10cm b 22.91 cm?
¢ 54 cm

12 11 cm 13 50 cm

14 a width = 4v/2 cm b area:perimeter:8+8\/§
15 14mby12m 16 7cm
17 aa=3 b=-10 b a=3 b=23
18 a 22+2x—-35=0 b —7,-6,—5 or 56,7
¢ 22 =36 d —7,-6,—5 or 5,6,7
e Starting with the middle term being x.
19 9,11 and 13 or —9, —11 and —13
20 V2-1, V2 and vV2+1
21 —1,0,1,2,3 or —3, -2, —1,0, 1
22 a square: 8 m by 8 m, rectangle: 4mby 16 m b 72m
EXERCISE 19F I
1 az=3 y=9 or z=-2, y=4
bxrz=4 y=16 or z=-3, y=9
r=-4, y=16 or x =3, y=9

crz=y=1

0o O

z=1, y=T7Tor z=7 y=1

fz=1 y=-5o0or z=5 y=-1

r=y=2 h =3, y=-2 or z=-2, y=3

2 3and 8 or —3 and —8 3 4and 16 or —2 and 4

REVIEW SET 19A I

1 az=0 b z=-20r8 <
d z=0o0r—2 e r=8o0r —3 f

2 azxz=-3o0r4 b z=1or3

3 az=2 y=4o0rz=-1, y=1
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4
7

bzrz=-3 y=4o0r z=-4, y=3
8or —7 5 6cm 6 9cm
square: 16.8 cm by 16.8 cm
rectangle: 12.6 cm by 11.2 cm
2and —3 or —2and 3

REVIEW SET 198 I

A
7

b z=0or1 ¢ z=3o0rll

ax=0 5
f r=-30r—4

-1 — 1
dm_3 e z=0o0r3

a z=5or—2 bx=1or4

ax=4 y=—-2or x=-2, y=4

bx=-5 y=—-15or z=3, y=1

1lor—10 5 12cmby7cm 6 135 m?2

8,10 and 12 or —12, —10, -8 8 —land2 or —2and 1

EXERCISE 20A —

1
2

a 52 b 50 ¢ 76.9% d approximately symmetrical

a number of visits

b The number of visits to the doctor must be a whole number.
c 28% d 40% e ‘.. 1> f positively skewed

-]

6 and 7 are outliers

number of eggs laid ~ d Number of eggs laid each day

b discrete numerical Y
RN —
¢ | No. of eggs | Freq. 5 11‘3‘ —————— |
8 L R —]
9 0 116 —
10 1 9
11 2 8 = frequency
12 5 0 2 4 6 8 10 12
13 10
14 8 e negatively skewed
1lf5) 3 f 36.7%
Total 30 g 8 is an outlier

a number of magazines bought each week

b discrete, magazines can only be bought in whole number
amounts

< Magazines bought each week

frequency

3 4 number of
magazines bought

< |eooo000
N |eoe000

d positively skewed with no outliers e 24% f 36%
a | Number of sick days Tally Frequency
0 Il 4
L M 9
2 AT 12
3 M AT | 16
4 AT AT HT 1 19
5 M AT HT 15
6 M T | 11
7 HT I 8
8 Il 3
9 || 2
10 0
11 0
12 0
13 | 1
Total 100

b Number of sick days each year for smokers

[~}
f=}

—_
w

frequency

10

Z|_| HI_IH -,

01 23 456 78 910111213
number of sick days

¢ yes, 13 is an outlier d no
e The mode is higher for the smokers data (4 compared with 2
for the non-smokers data).

EXERCISE 20B "

1 a | Score Tally Frequency | b 10%
70 - 74 | T | 8 ¢ 20%
75 - 79 | T T T | 16 d “..75-79."
80 - 84 [T M | 12
85 -89 | |||| 4
Total 40
2 a Stem | Leaf b Stem | Leaf
11989 11899
2179741 2114779
31464305 31034456
41286 41268
51216 1|9 means 19 51126
3 a3 b 62 c 16 d 4 e 6.25%
4 a Stem | Leaf
1168797544026
21134989536740532
3578314324
411931
5|2 1|6 means 16
b Stem | Leaf
1102445667789
21012333445567899
31123344578
411139
512 1|6 means 16
¢ All of the actual data values are shown.
d i52 i 10 e 125% f 47.5%
g slightly positively skewed, no outliers
5 a Stem | Leaf b Stem | Leaf
06 | 28 06 | 28
07 | 48 07 | 48
08 | 3646 08 | 3466
09 | 016830 09 | 001368
10 | 9356428 10 | 2345689
11 |1 149097 111014799
12 | 0951 12 | 0159
13 | 6424 13 | 2446
14 | 052 14 1 025
15 |0 15 | 0
16 | 7 06 | 2 means 62 16 | 7
i 167 ii 62

¢ 100-109 d 4 e 225% f symmetrical g no
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EXERCISE 20C.1 I 2 a Andre Andrew
. " . " 8772 | 18 | 8
1 a ib561 ii6 ii6 b 1163 1ii 17 iii 18 907554221 | 19 | 1278
c 1248 ii 24.9 iii 23.5 8866431 | 20| 03566709
d i 128.6 ii 128 iii 115 and 127 87532 |21 (135677999
2 a mean: €42800; median: €43500; mode: €33 000 2122|0344 18 | 8 means 188
b The mode is the lowest value. b no
3 a median = 42, mode = 42 b median = 64, mode = 53 ¢ The data for Andre is positively skewed, while the data for
¢ median = 340. mode — 350 Andrew is negatively skewed.
’ d The data for Andrew has a higher mean (209.6 compared to
4 a Stem | Leaf 201.3) and median (211 compared to 201) than Andre.
16789 e Andrew generally serves the ball faster than Andre.
2100111222233455677889 3 Going to work Returning from work
310134 1|6 means 16 877 | 15
b i 23 i 24.1 9776653 | 16 | 568
887433211 | 17 | 24666799
5 a 19mm b 19 mm ¢ 17.7mm d 4 mm 952 | 18 | 25578899
6 $1287 7 8 hours 20 minutes 19 | 27
EXERCISE 20C.2 I— 2
T al b1 ¢ 143 22 | 3 16 | 5 means 16.5
2 a | No. of occupants | Frequency b 24 cars b yes, 22.3 is an outlier
1 5 c i2 ¢ Both distributions are approximately symmetrical.
2 7 ii 2.5 d The Returning from work data has a higher mean (18.2
3 6 jii 2.63 compared to 17.1) and median (18.1 compared to 17.1) than
4 4 the Going to work data.
5 2 e less
3 a i2 ii 2 i 2.76 REVIEW SET 20A I
b Number of times moving house 1 a number of children in a household
214 b discrete, only whole numbers are possible
2 C Number of children in a household
210 5
8 § S
6 g e 8 o
4 = o o o
H 8838 .
2 » no. of children
0 L I_I I_I (1= 1 2 3 4 5 6 7 8
mo deome dilan Jz I3nean i 27 65 6 7 no.gofmoves d positively skewed, 8 is an outlier
.. . 2 a 355 b 36.9 ¢ 36.8
¢ positively skewed, no outliers
d The mean is more affected by the higher values. e mean 3 a32kg b 9kg «¢55kg d5 e 20%
4 a i 2 i 2 iii 257 b i4 ii 4 iii 4.09 L a | Assists | Frequency b 128
¢ mean 1 5 c i2
d Yes, the mean is significantly higher for the smokers data. 2 10 ii 35
3 3 .
EXERCISE 20D I | | il 3.56
1 a Before advertising After advertising 5 6
4 |7 6 8
976 | 5 total 36
8643221 | 6 |9
98776544321 | 7 [ 0689 5 a Stem | Leof
984432 | 8 | 044589 019
431| 9 | 02233358889 1|88
10| 1134688 258492650387
47 means 47 i (5)3493419|;65635128
b yes, 47 is an outlier means
¢ Before advertising: symmetrical, b Stem | Leaf
After advertising: negatively skewed 0lo
d The After advertising data has a higher mean (90.0 compared 1188
to 74.4%) .and median (92.5 compared to 74.5) than the Before 2 02345567889
advertzxzng data. 3 12233445556699
e increased 4

00 1|8 means 18
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¢ All the actual data values are shown.
d i40 i 9 e 20%
a Intersection A Intersection B
2159

T3 777
987766532 (4|1 01367788
9997544311 |5 |1123578

5422 | 6| 2446

b Intersection A: 52; Intersection B: 48
¢ Intersection A: 52.3; Intersection B: 48.3

d Both distributions are approximately symmetrical.

REVIEW SET 20B

a number of goals scored
b discrete, only whole numbers are possible

Tally Frequency
Il 4

M
AT
A
M
AT

¢ | Number of goals

N O Uk W N E O
= O Ol Ut © g Ut

Total 36

3|7 means 37

d Number of goals scored by hockey team

A

1

no. of goals

S — N Wbk

0 2 4 6 8
e 30.6%

Leaf

1

95
887835
9085964164163
012567840
023922
14024117

© 00O Uk W

Leaf

311

4159

51357888

6 [ 0113445666899
71001245678

8

9

022239
01112447 3|1 means 31
¢ 197 ii 31 d 40% e C
a 65 b 75 ¢ 74.1
a 19 ii 9 iil 8.47
b higher than the national average ¢ negative
a 42 and 51 b 51 ¢ 523

3|1 means 31

10

frequency

6 a Doctors
17
18
94 | 19
9730 | 20
977653210 | 21
852 | 22
52 | 23
b yes, 171 is an outlier
¢ Doctors: symmetrical;

Lawyers:

Lawyers
1

7

6

0469
01456789
23688

20 | 6 means 206

negatively skewed

d The Lawyers data has a higher mean (220.5 compared to
214.2) and median (224.5 compared to 214) than the Doctors

data.

e From the samples above, it appears that lawyers generally
work longer hours than doctors.

EXERCISE 21A ——

1 3 1
g 2 h -1 i2 il
2 a —2 b 3 c1 d -1 e 5 f1
1 1 : 1 1
1 7
m —5 n 1z °o —3
EXERCISE 21B N
3
1 a= b3y ¢9 di e fow
2 a
13
g — h 7d
c
1 2 2
2 a -2 b-— ¢ d-4 e-= f —2d
2 2a 4 t
b 2b
_Z h =
s 2 3a
5 3b2
3 a25a b 52 ¢ = d 40 e — f 2¢2
a 2
g 9 h &
EXERCISE 21C e
2
1 alZ b1 < 2 d
3 6
2
1
zaa—b b 2 cb— d 2 e — f7
15 7 9 5a
9 y3 9(12 y2 a3
4 h — i = — k = I —
§ fe 2 27 z 8
3 6 )
2x Yy
3 1 1
2y 3x
i h 2=
sz: 2
EXERCISE 21D e
1a5—m bg—z cE d2—z
6 4 10 3
2aE I.aE c5—a d2
6 3 12 2
14 6 10 15 14 8
5 5 17 11 17k
g2 p2 Im o o 1Tk s
6 14 10 21 12 8
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s a 5 b 5 z+2 2—x EXERCISE 21E.3
T 2z 2x 2z 1
1 az+1 ba-1 [ d z—y
5 a 5q + 3p b 7s + 2r c 4q + 3p d 3t 2—m
pq TS pq 2s z—1 a+b T
e f —(z+4) g h -2
e 3a+ 14 9 g 5a + 3b h 3a+c 3 b Yy
21 2b 5b 3b 2 aaz+1 b —(z+y) ¢ -1 dz—2
a-+5 b—14 4c 8—d 1 x+ 6 x+ 2
6 a b c — d — e f 7 h
5 7 3 2 z—5 ot S z—4
12 14 — 8 1 4s — 3
e ;‘P f - q g "+ P ; x—3 i 1-=z k 2(z — 3) I z+4
T s T z+3 x+2 T —4
7 a2 b 1Y ¢ a 3 m ZFS n Azc 0 TES
12 6 p 6g z—8 T 5—x
2y + 5z f 2 19a h 5z
R T3z $ &5 > REVIEW SET 21A s
3a + 2 5+b 6d — 1 5— 4z 3 a? z? 5
8 a = bb2 4 = d > 1 a-3 b-2 ¢5 2a7 b—y ¢ —4dx
2 2 2 3
e 2H7 g 2 g2, td 2+6 _ 6-z 6  3d® 1 )
2 2 T 22 3 a b c—-d— e — fl3
9 o 9 3 3 3 a 50 2x
; 20 —a 6b% — 2 K 2x + x I z° —1 5
1 b2 2 22 & az+5 b3 ¢ -1 d =2 e z—5
2 2 _ 2 _ 2
m dx” +2 n 6x 1 o 3x 4 P 1+ 2z ' —_ 10— 2 10— 2 49
r r 4z 2 2 3z z+ 10 z— 12
.1 I
EXERCISE 21E.1 REVIEW SET 218
a+3 c—3
1 azxz—2 b ¢ 3(d+1 d 4
2 @+1) 2 1 a2 b-1 ¢-11 2 a4® b2 2
e 4 ] 3 g3 ho_Et2 5 z
z+3 2(1+z) 2(z — 2) 3 a2 o 3a+8b _2a 8964;2 5
LTy i a+2 1 | 2(p + q) 10 2ab 5 T ab
_ 4 2 -1
z 2 2(b—-4) 3 4 ad-z b7 ¢ - d =t z
r—1 cannot be cannot be o z=2 et3
2 a2z+1) b 5 < simplified d simplified ¢ 2 g z+7 h 4(z + 3) T —5
e a+2 cannot be . h r—2 r—3 z—6 3—x r—3
20a—2) simplified 3 % 2
EXERCISE 22A I
i 2 . cannot be o cannot be I 3
b simplified simplified T 12 1 a {red, blue} b {1,2 3, 4,5, 6}
¢ {hearts, diamonds, clubs, spades} d {A, B, C, D, E, F}
EXERCISE 21E.2 I e {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday,
cannot be cannot be Sunday}
1 a2z+3 simplified c simplified d z-3 f {A, B, C, D, Fail}
cannot be cannot be 2 al2 b i {2,4,6,8 10,12} ii 6
e 3a+1 simplificd 9 simplificd M ° 2 ¢ i {L234) @4 d i {4812} ii3
cannot be cannot be
i — j 3 {MM, MF, FM, FF
Pe=5 simplificd simplified | Y73 {MM, MF, FM, FF}
4
m 2z +8 nx+4 o m; P z+2 EXERCISE 22B
1 al bl ¢ d2 edi 2
2 2 b2 c¢2 di12 e7 1 gz 5 3 15 5 5 15
a i3 j at+c k b l a+c+1 2a%b%3a0b%‘%d%
3 az+3 bax—2 ¢3z dbz ed f 33 4 al bl c¢2 d1i
- 2_ - 2 g
g2x hz 1=z 1 jz kb |2 Sai% ii1—56 iii% iv}—é
cannot be L b ii and iii, or ii and iv
4 a — S ¢ —2 d -1z
simplified 3 6 a i % i 1l b a disc with an even number, %
1
e -4 t-1 g-- -2 7 all b2 18 g9
r 2 50 25 25



536 ANSWERS

EXERCISE 22C 3 goes a 0.64
1 . 1 1 08~ sailing b 0.18
$2 coin a3 4 fine
| 0.8 doesn’t go ¢ 0.66
3 0.2 o
< 3 7 sailing
H 01~ £
02 sailing
wet
H T $1coin § doesn’t go
1 1 ’ sailing
2 bagB a 3 b 3
1 2 4 2nd intersection a L
w ¢ 3 d 2 Istintersection 1 _ stops ;1
2 b L
R 4
1~ stops <L does 1
B <2 27 not stop <3
> %\ does 37 Sops d 3
R B bagA - ot stop<L does 1
3o e i {HA, HB, HC, TA, T ot stop
TB, TC} 12 b 11 5 1 23
C i 6 5 a 00 0.576 ¢ 0.036 6 3 5 8 £
. e
c i é il % i % EXERCISE 22F
A A 1 a g b l5times 2 a 3 b 25times 3 569 times
v 3
- =1 a1 P . 1
H T coin 4 a i i 2 i 7 iv 5
b a4 spinner2 b {11,12, 13, 21, 22, b €3: €; " €?'t751 '"€f0'50
. 23, 31, 32, 33} [ expect to lose
<9 ) . ) EXERCISE 22G
. d 15 ligliig 1 a il @26 il @i ¢ if i
1 v 2 viovili d i3 i e 12 2
1 2 3 spinnerl 2 a $40 b $53.33
5 oa coln b 12 3 a Race | Odds ®) Result Win/ | Money (3)
Bet Lose | Remaining
u 100
1 2:1 20 W 40 140
spinner 2 5:4 20 W 25 165
P23 456 3 |10:1] 5 | W | 50 215
¢ i L di i il oiwviov2ovi2 i 4 evens | 30 W 30 245
T2 1 6 6 6 12 12
5 1:4 60 w 15 260
EXERCISE 22D I
b he has won $160 ¢ he has lost $35
1 a % b % < % 2 a 2—54 b % d $0. Assuming the odds given accurately reflect the
3 a04 b0l ¢01 & a % b i_% % probability of each horse winning, the punter can expect to
5 1 break even.
62500 e The bookmaker would also have zero expectation in this case.
EXERCISE 22F In reality, the probability given by the odds are slightly higher
1 a ) b 4 than the horse’s true probability of winning. This allows the
. 2nd spin 25 bookmaker to make a profit.
Ist spin ¢ 4
2+~ B 5=
55 25 REVIEW SET 22A
/B él 22—+ R d 16 1
N s—— W 25 1 coin a 16
7, %/2' B e =2 1
g—’R%g—’ R 25 T o o 0o 0o 0o 0 © o b 1
1 25\“ W §f 12 H © o 0o 0 0 0 0 o ;. ¢ 3
2_ -~ B 25 e 1
\W%%—»R 1 2 3 45 6 7 8
5T W
] Bag Lolly a & 3 az
2 a i % ii % b Ist roll 2nd roll o M b 2 b 16
4 A 16 49
¢ i3 i3 2— C 9
A <] 5 ¢ 19
i 2 iv 3 HY 3~ B 1o
< y % _—M
L 2~
3 B <3 B <
T~ 8 C
B 16
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4 1st 2nd 3rd 4th 3
child child  child child 8
¢ =9
G< g
< B<B
G G
G
B<__ <](3}
B<B
G
G =
< g
B< B<B
G
G
9B
B<B
5 a $7.67 b lose $233.33
REVIEW SET 22B
i1
1 a b 1 51
D i 3
o i 3
e 1
i iii 3
die
123456
3 1 3
2 a 5 b 50 [4 30
3 a 02375 b 0.0375 ¢ 0.0125 d 0.7125
4 a Ist 2nd  3rd 2 b 75
child child  child
G
<G<B
G
G
B
<B
G
G<B

B<

G
B
<B
5 a £100 b 1 6 €2
EXERCISE 23A
1 a~6m b x~10m 2 =49 m high
3 A~60°, Ba45°, C~75° & ~1550 m

EXERCISE 23B.1

1 a i [AB] i [BC] i [AC]
b i [RQ] i [PR] i [PQ]
¢ i [X7] i [YZ] i [XY]

2 ab b ¢ cc dob

EXERCISE 23B.2 I—

1 a =0 b ~0.17 ¢ ~0.42 d ~0.50
e ~0.71 f ~0.87 g ~0.94 h ~1.00

3 a ~1.00 b ~0.98 ¢ ~091 d ~0.87
e ~0.71 f ~0.50 g ~0.34 h =0

5 ~(0.82,0.57) 6 6 | 0°]| 30° | 45° | 60° | 90°

sinf | 0 | 0.50 | 0.71 | 0.87
cosf | 1 |0.87 (0711050 0

[ay

EXERCISE 23B.3

1 a~=0 b ~0.18 ¢ ~0.27 d ~0.47
e =~ 0.70 f ~0.84 g ~ 1.00 h ~1.19

3 This would be impossible as the tangent would be infinitely long.

L 1‘ AOAB is right angled
— B, isosceles.
e s AB=0A=1

i i.e.,, tangent has length 1.
: So, tan45° = 1.
45° A

¥
5 a (cosf,sinf) b i cosf i sinf iii tan6

tanf  PM
ON ~ OM’

etc.

EXERCISE 23C.1 I

1 a sin68° = b cos37° = ¢ tanb8° =

d cos42° = e tanb51° = f tan71° =

8|l I8

glaels
{0l

2 a 834cm b 7.99 cm ¢ 6.11m d 18.60 km
e 7.02m f 28.48cm g 22.82m h 48.21 km
i 13.12mm j 17.78 cm  k 39.73 m I 20.78 km
3 a0=52 a=x11.2, b=8.T
b 0=27, a~21.2, bx~9.6
¢ §=52, s~30.3, t=~18.7

EXERCISE 23C.2

1 a 59.0° b 30° ¢ 48.6° d 30.8° e 37.3°
f 53.7° g 45.1° h 44.0° i 55.9° j 52.9°
k 51.3° I 18.4°

2 a 6~348, ¢~552, =57
b ax 574, B=~326, z~85
¢ a~44.3, b 457, xx6.2

3 a 5.724+42=4849~7%2 v
b 4.624+722=73~85%2 Vv
c 8.922 —6.382 ~ 38.86 ~ 6.22

4 Impossible triangle, the hypotenuse must be the longest side.

EXERCISE 23D I
1 ~203m 2 ~26.0m 3 ~17.5m L ~ 55.2°
5 ~375m 6 ~342m 7 =~ 32.0° 8 ~ 1.93 km
9 ~490m 10 =~129m 11 =245m 12 ~31.6m
13 ~199cm 14 ~30.3m 15 83.6° and 96.4°
16 = 384 km per hour 17 =~ 98.2 cm 18 ~8.12m
19 ~ 1545 m 20 =~ 54.7°

REVIEW SET 23A I

5 7 5
1apbrcrdp2aﬁbﬁc7
3 axz=643 b xx387 ¢ axx531 4 ~13.7Tm
5

~ 116 cm 6 ~15.8m 7 ~9.21° 8 ~71.7m

REVIEW SET 23B
1 ayx568 b yx189 ¢ y~ 550

2 af~214 b O=x353 ¢ H6~649 3 =1.71m

£3202m 5 ap bg ¢ i< 2 il
' ' P

6 a r~272 b 387 ¢ xx3.6

7 223 m 8 ~0.38°
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EXERCISE 24A I

1 a i 6 ii AB,AE, BF, BC, CD, CF, DE, EF
b undirected ¢ i BandE ii B, C,and E
d i A-B-F and A-E-F ii D-C-B-A and D-C-F-B-A

i A,B,C,D,and E 1ii 8 b directed

i AC,and E ii A,B,C,and D

i B-C, B-E-C, B-E-D-C

ii A-B-C, A-D-C, A-E-C, A-B-E-C, A-E-D-C

iii 8

Q an o

3 a the people b friendships between the people

¢ Paula and Gerry d Paula
e adding a direction 1
to the edge to make Alan
it an arc
Paula

4 a the tennis players b the matches between players ¢ 6
d add a direction to the edge
John Rupesh could indicate that John beat Rupesh.

5 Jon wakes up and has a shower and dresses. He eats his cereal
while he makes his toast. He drinks his juice while he makes and
eats his toast. He then cleans his teeth and leaves for school. He
listens to the radio from the time he wakes up until he leaves for
school.

6 Home — A — D — school takes 12 minutes, which is quicker
than home — C — D — school which takes 14 minutes.

EXERCISE 24B.1

1 R ] B .
20,
17 23 31 A
' ' ¢ 38 C
S
F
3 a b

outside

EXERCISE 24B.2 I
1 AandE, BandD, Cand F, Hand J, T and K

3 many other topologically
equivalent solutions possible

EXERCISE 24C I—

1 a Find a recipe, prepare ingredients, cook casserole, set table,
serve meal, clean up.

b Decide on trees required, dig the holes, purchase the trees,
plant the trees, water the trees.

2 Cook casserole and set table.

3
4 a | Task | Prerequisite task(s) b B can be performed
A = concurrently with A
B - and C.
A
B, C
D
E, F
5
B A
C B
D C
E -
F D, E
G F
H G

b Task E can be performed concurrently with any of the tasks
A, B, C or D. If the project is completed by a single person,
then task E may be performed with task D only.

6 a | Task | Prerequisite task(s)
A N
B A
C A, B
D A, B, C
E A
F A,D
G
A
. .

EXERCISE 24D

1 a6 b 20 ¢ 21 d 53
2 a3 b 16 3 a 17 b 86
REVIEW SET 24A I

1 a i5 ii 6 b undirected ¢ i1 B ii B,C,and E
d i A-B-D and A-B-E-D ii B-E, B-D-E and B-C-D-E

e 200
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2 It is topologically equivalent. It has the same number of vertices
and corresponding vertices have the same connections on both

diagrams.
3 Sam
Xi
Angelina
Malia
Sec
SM
PM
5
start finish
6 a7 b i3 i 34

REVIEW SET 24B I
1 a5 b is directed
¢ i D-A-B, D-C-B, D-A-C-B and D-E-C-B
ii no path exists

2 a thetowns b by edges ¢ 24 km d 29 km
e add a direction to the

edge to make it an arc

Brod

Anya

Dave

5 a Task Prerequisite task(s)

Read instructions -
Preheat oven -
Contents into bowl A
Add milk and eggs @
D
E

Beat the mixture
Place in cooking dish
Cook cake B, F
Ice cake when cool G

TOTmmgoOw R

b Heating the oven can be done at the same time as A, C, D,
E, and F.

EXERCISE 25A I—

TN /7

parabola

2 fence

locus of points
«— equidistant from
each fence

fence
4 a b
Pa #ﬁrln—A Py Pa © o Py
5 B

Standing in
this region.

2m oy 30m 2m
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7 a
8 a
475m4>1)<75m4>
fence
4m
b Im
fence P
. 1
fence
c «—4im—pa—>4im—»
circle
d
4m
P3m +
Im
2m 2m *
———

EXERCISE 25C "
1

P lies on a circle centre R and radius 4 cm.

3
1 cm
A 2 cm B
P lies on an ‘athletic track” with straights 2 cm long and semi-
circular ends of radius 1 cm.
4 A
f K }
B 2 cm 2 cm C
v
5
6
The locus is a circle of
radius 2 cm and a circle
of radius 6 cm.
7
The locus is a circle
of radius 6 cm and its
centre.
8 b
1cm

radius 1 cm
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9 a b
/ set of all
3cm .
% points
4 i outside
/ the circle
P

1
A—A—b—B .
1%m A line segment parallel to
_Xﬂ._ [AB] and [CD] that is half way
l'em between them.
Cv—3P—D
cm
b The locus is the A__ 3em, B
points P and Q. X7 T
P« ) Q
%, X7
2cm - <72 cm
3cm
12 a, b R
O
T 3cm
N
REVIEW SET 25 I
1 a radius ]
1 cm '1 cm
] 4 cm
1 cm
y
b
1 em The locus is a circle of
radius 3 cm and a circle
of radius 1 cm.
4 4 cm
—_—

2cm

|

2cm

*f

2 The region shaded is the set of points that are more than 2 cm
from A, B, C and D.

3
fence
4 a b
c
5 The locus is the circumference
\ of a circle where [AB] is the
B diameter, excluding the points
A A and B (angle in a semi-
\ circle).
Q
6 a

» due east
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INDEX distance-time graph 124

distributive law 100

divisible 30

dot plot 403
acute angle 151 ellipse 229
adjacent angles 151 enlargement 337
algebraic equation 134  equation 59
algebraic fraction 70 equation of line 286
algebraic product 57 equilateral triangle 151
alternate angles 153 equivalent fractions 38
apex 159  expanded fractional form 41
area 223 expansion 100
average 61 expectation 449
back-to-back bar chart 380 expression 59
biased sample 373  factor 28
capacity 268  factorisation 356
Cartesian plane 278  formula 251
categorical variable 372 fraction 37
census 373 frequency 317
centre of rotation 334 general form 296
circumference 218 gradient 287
co-interior angles 153 highest common factor 29
coefficient 59  horizontal bar chart 373
coincident lines 306 horizontal line 288, 295
collinear points 152 hypotenuse 196
complementary angles 151 image 330
complementary event 440  improper fraction 38
composite figure 230  included angle 347
composite number 50 independent variable 281
compound interest 93  index laws 176
concurrent lines 152 index notation 50
cone 265 inequation 253
congruent triangles 346  integer 32
constant term 59  inverse operation 137
continuous 372 irrational number 191
corresponding angles 153  isosceles triangle 151
cross-section 264  kite 168
cube root 209  like terms 59
cubic units 262  line graph 122
cylinder 236  line segment 152
data set 372 line symmetry 333
decimal number 4] linear equation 134
denominator 37 locus 486
dependent variable 281  loss 81
diameter 218 lowest common denominator 143
difference 61 lowest common multiple 29
directed graph 472  mean 409
discrete 372 median 409
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mixed number
mode

multiple

multiplier

natural number
negatively skewed
network diagram
Null Factor law
number line
numerator

odds

ordered pair

origin

outlier

parallel lines
parallelogram
percentage change
perfect squares
perimeter
perpendicular lines
pie chart

point of intersection
polygon

positively skewed
precedence table
prime factored form
prime number
principal
probability
product

profit

pronumeral

proper fraction
pyramid
Pythagoras’ theorem
Pythagorean triple
quadrant

quadratic equation
quadrilateral
quantitative variable
quotient

radical

radius

ratio

rational number
raw data
reciprocal
rectangle
reduction

38
373,410
29
85
28
404
472
390
253
37
450
278
278
406
152
167
121
108
216
152
120
305
162
404
477
51
50
91
316
61
81
56
38
265
197
203
279
390
162
372,402
61
112
219
46
37
372
37
168
337

reflex angle

regular polygon
relative frequency
revolution

rhombus

right angle

right angled triangle
rotation

rotational symmetry
sample

sample space

scale factor

scalene triangle
scientific notation
segment bar chart
selling price
side-by-side column graph
significant figures
similar figures
similar triangles
simple interest
simultaneous solution
sphere

square

square root
stem-and-leaf plot
straight angle

sum

supplementary angles
surd

surface area
symmetrical distribution
tally-frequency table
terms

theoretical probability
translation
transversal

trapezium

tree diagram
trigonometric ratios
unit circle

variable

vertex

vertical column graph
vertical line
vertically opposite angles
volume

Voronoi diagram

151
162
317
151
168
151
196
334
335
373
438
337
151
183
373
87
380
186
338
340
90
305
237
168
112
406
151
61
151
191
233
404
403
59
439
330
152
168
445
460
457
59
472
373
288, 295
151
262
492
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